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PREFACE

This is a book about graph homomorphisms. While graph theory is now an
established discipline (within the field of combinatorics), the study of graph ho-
momorphisms is only beginning to gain wide acceptance. As little as a few years
ago, most graph theorists, while passively aware of a few classical results on
graph homomorphisms, would not include homomorphisms among the topics of
central interest in graph theory. We believe that this perception is changing,
principally because of the usefulness of the homomorphism perspective in areas
such as graph reconstruction, products, and fractional and circular colourings,
and applications in complexity theory, artificial intelligence, telecommunication,
and, most recently, statistical physics. At the same time, the homomorphism
framework strengthens the link between graph theory and other parts of math-
ematics, making graph theory more attractive, and understandable, to other
mathematicians.

We feel that the time is ripe to introduce this exciting topic to a wider
audience. It was our intention to bring together what we see as the highlights
of the theory and its many applications. We hope that our book will be seen
as a sampler of this rich theory, of its most interesting results, techniques, and
applications. Sample additional results have been included in the Exercises and
referred to in the Remarks. We hope that the reader will be motivated to further
explore the rich literature. We have tried not to set our focus too narrowly; thus
the techniques and points of view vary, from algebraic and algorithmic to applied,
extremal, and randomized. The resulting lack of homogeneity means that we have
had to occasionally make certain compromises on continuity, level of exposition,
terminology, or organization. We hope the reader will be understanding.

One challenge we faced was the intermingling of the various versions of
graphs, digraphs, and more general systems. It is typical of the area to freely
jump from graphs to digraphs, allowing or disallowing loops, as is dictated by the
context. We have tried to be clear at each point what is the correct context, but
the reader may find it useful to keep in mind the main possibilities, illustrated
in Fig. 1.1. In general, our most basic context is that of digraphs, i.e., sets with
one binary relation; graphs are viewed as a subclass of digraphs. Occasionally,
we shall consider more general relational systems, i.e., sets with several rela-
tions of various arities. Homomorphisms are defined the same way in all these
contexts—they simply have to preserve all the relations. Most homomorphism-
related concepts transfer between these contexts without difficulty—this is pre-
cisely what makes jumping between the contexts possible. Many of the results
we shall discuss apply in the most general context of relational systems; however,
if the generalization does not bring a new perspective, we usually just stick to
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the context of digraphs, or even just graphs. One generality we have, for the
most part, completely avoided is infinite graphs. By definition, all our graphs,
digraphs, and relational systems are finite. This includes, in the case of general
relational systems, the number of relations and their arities. However, it does
not include sets of graphs and associated notions such as category and partial
order; these sets (categories, orders) can be infinite.

If the book is to be a sampler, we have written Chapter 1 as a mini-sampler.
In it, we introduce motivational examples and applications, which are usually
taken up in more detail in later chapters. It gives the flavour of algorithmic as-
pects, to be taken up again in Chapter 5, retractions, to be further discussed
in Chapter 2, duality, investigated in Chapters 3 and 5, constraint satisfaction
problems, discussed in Chapter 5, as well as structural properties of homomor-
phism composition, to which we devote Chapter 4. The highlights of Chapter 1
include a simple proof of the Colouring Interpolation Theorem, a generalization
of the No-Homomorphism Lemma, the construction of a triangle-free graph to
which all cubic triangle-free graphs are homomorphic, a case of the Edge Re-
construction Conjecture, and a generalization of a theorem of Frucht on graphs
with prescribed automorphism groups.

Chapter 2 focuses on certain basic constructions that occur frequently in the
rest of the book, emphasizing the product and the retract, but also consider-
ing other constructs. These include the shift graph, the exponential graph, and
the Lovasz vector—each of which plays an auxiliary role in Chapter 2, and is a
useful concept in its own right. Other basic constructions are discussed in later
chapters; we mention here the replacement operation alluded to in Chapter 1
and explored in greater detail in Chapter 4, the indicator and subindicator con-
structions described in Chapter 5, the Kneser graphs and the rational complete
graphs studied in Chapter 6, and so on. Taken together, such constructions are
the common thread and the leitmotiv of this book. The highlight of the sections
on products include a linear algebra based lower bound on the dimension of a
graph, a stronger version of the edge reconstruction result from Chapter 1, a
discussion of cancellation and unique factorization properties, a construction of
graphs with arbitrarily high odd girth and chromatic number, an exploration
of the Product Conjecture, and an elementary proof of the multiplicativity of
oriented cycles of prime power length. In the sections on retracts, we prove that
an isometric tree, and a shortest cycle, is always a retract of a reflexive graph;
we prove a similar result for shortest odd cycles in irreflexive nearly bipartite
graphs. We characterize absolute reflexive retracts in several different ways, in-
cluding characterizations in terms of majority functions, in terms of the variety
of paths, and in terms of the Helly property (or the absence of holes). We prove
that a reflexive graph admits a winning strategy for the cop, in the game of cops
and robbers, if and only if it is dismantlable, and relate dismantlable graphs to
absolute reflexive retracts. Finally, we introduce median graphs and relate them
to retracts of hypercubes; we also discuss an application of median graphs and
retractions in a resource location problem.
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In Chapter 3 we consider the order homomorphisms induce on the set of all
cores. This order is rich enough to represent all countable partial orders. We
consider antichains in the homomorphism order, i.e., collections of incomparable
graphs (graphs without homomorphisms between any two of them). Of partic-
ular interest are finite maximal antichains, and their structure turns out to be
surprisingly revealing. Graphs only have trivial finite maximal antichains, while
digraphs have many such antichains, of all possible sizes, arising from duality
relationships. This chapter also contains the (probabilistic) proof of the Sparse
Incomparability Lemma, of the fact that asymptotically almost all graphs on n
vertices are cores, and of the fact that the number of incomparable graphs on n
vertices differs little (asymptotically) from the total number of non-isomorphic
graphs on n vertices. The density of the homomorphism order is related to dual-
ity, revealing an unexpected connection between these two seemingly unrelated
concepts. Finally, we show that one can gain interesting insights into many tradi-
tional graph topics, such as, say, Hadwiger’s conjecture, when interpreting them
as statements about the homomorphism order.

In Chapter 4, we explore the structure, as opposed to just the existence, of
the family of homomorphisms among a set of graphs. The difference is notice-
able with even just one graph—consider, for instance, a graph having only the
identity homomorphisms to itself. Such graphs are called rigid and they are the
building blocks of many constructions. We construct many useful examples of
rigid graphs, prove that asymptotically almost all graphs are rigid, and construct
infinite rigid graphs with arbitrary cardinality. The homomorphisms among a set
of graphs impose the algebraic structure of a category. We show that every fi-
nite category is represented by a set of graphs. This is the generalization of the
theorem of Frucht alluded to above. Also, as in the case studied by Frucht, we
show that the representing graphs can be required to have any of a number of
graph theoretic properties. However, we prove that these properties cannot in-
clude having bounded degrees—somewhat surprisingly, since Frucht proved that
cubic graphs represent all finite groups.

In Chapter 5, we explore algorithmic aspects of graph homomorphisms and
of similar partition problems. The highlights include the dichotomy classification
of graph homomorphisms to a fixed target graph H, a proof of the fact that di-
chotomy for digraph homomorphisms would imply dichotomy for all constraint
satisfaction problems, a presentation of consistency-based algorithms, and asso-
ciated dualities, that seem to be applicable to all known polynomial cases of the
digraph homomorphism problem. We also discuss the use of polymorphisms for
the design of polynomial algorithms, and prove that graphs with the same set
of polymorphisms define polynomially equivalent problems. We explain how the
polymorphism known as the majority function can be used to construct a poly-
nomial time algorithm. We prove the dichotomy classification of list homomor-
phism problems for reflexive graphs. We present list matrix partition problems
in the language of trigraph homomorphisms, and illustrate the richness of the
associated algorithms on the case of clique cutsets and generalized split graphs.
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Finally, Chapter 6 sets out certain particular classes of homomorphism prob-
lems that have been investigated as variants of colourings. The homomorphism
perspective unifies these concepts and offers new questions. We include a discus-
sion of the circular chromatic number, the fractional chromatic number, the
T-span, and the oriented chromatic number. The highlights include a num-
ber of equivalent definitions of the circular chromatic number, in terms of H-
colourability, in terms of a geometric representation, in terms of orientations,
implying, say, Minty’s result on chromatic numbers, and in terms of schedule
concurrency. For fractional chromatic numbers we also give equivalent formula-
tions, in terms of Kneser graphs, integer linear programs, and zero-sum games,
and relate them in several ways to the circular chromatic numbers. We discuss
homomorphisms amongst Kneser graphs and a proof of Kneser’s conjecture. We
prove that the span, for any set T, of the cliques K, has a limit, closely related
to the fractional chromatic number of an associated graph. We also give bounds
on the oriented chromatic numbers of planar and outerplanar graphs, and relate
the oriented chromatic numbers to acyclic chromatic numbers.

Our book can be used as a textbook for a second course in graph theory, at
the level of a beginning graduate student. (In fact, we have used it for just such
a course at Simon Fraser University, Vancouver, Charles University, Prague,
Eidgenossische Technische Hochschule Ziirich, Universidade Federal do Rio de
Janeiro, and Universitat Politecnica de Catalunya.) Because of the relative inde-
pendence of the chapters, the book can also be used as a supplementary text for
a more varied course (at the same graduate or even undergraduate level). One
can, for instance, just present Chapter 1, our mini-sampler. In addition, Chapter
1 can be supplemented by a sequence of combinatorial topics from Chapters 2
and 6. If time permits, a more intensive sequence could complement Chapter 1
with a selection of algebraic topics from Chapters 2, 3, and 4, or of algorithmic
topics from Chapters 2 and 5.

The exercises vary in difficulty. The first few are usually intended to give the
reader an opportunity to practice the concepts introduced in the chapter; the
later ones explore related concepts or even introduce new ones. For the harder
exercises we usually give a hint or a reference.

We thank our students, friends, and collaborators for checking some of the
details in this book. Special thanks to M. Balek, T. Feder, J. Foniok, J. Fiala,
J. Huang, A. Kazda, J. Kratochvil, L. Lovasz, J. Matousek, R. Naserasr, A.
Raspaud, V. Rédl, R. Sdmal, I. Svejdarové, and U. Wagner, who have made
numerous suggestions. We are particularly grateful to C. Tardif and X. Zhu for
their valuable input; with their participation, we are currently writing a more
comprehensive follow-up book. Last but not least, we express our deep gratitude
to our teachers, and pioneers of the area, Zdenék Hedrlin, Ale§ Pultr, and Gert
Sabidussi.

We are the only ones to blame for any remaining errors and inconsistencies.
The book was written over an extended period of time, and we can only hope
that we have managed to make all the parts fit together.
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We will maintain a webpage at
www.cs.sfu.ca/~pavol/hombook.html

to record any corrections found after printing, and provide other useful informa-
tion and links. The reader’s input would be appreciated.

Finally, we dedicate this book to all who have encouraged and inspired us in
this endeavor, especially Marion Hellova, Helena Nesetiilova, Heather Mitchell,
Catherine and Julia Taylor-Hell, Jakub Nesettil, Sam and Erin Hogg, and Jan
and Lenka Hfebejk.

Pavol Hell, Jaroslav Negetfil
Vancouver, Prague, Christmas 2003.
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1

INTRODUCTION

In this introductory chapter we shall describe some basic views of homomor-
phisms, and mention a few typical examples, which should help the reader de-
velop intuition about homomorphisms, and which illustrate some of their appeal.
We will return to many of these topics in subsequent chapters.

1.1 Graphs, digraphs, and homomorphisms

Our most basic objects are digraphs. A digraph G is a finite set V = V(G) of
vertices, together with a binary relation E = F(G) on V. The elements (u,v) of
E are called the arcs of G. A digraph is symmetric, or reflexive, or irreflexive,
etc., if the relation F is symmetric, or reflexive, or irreflexive, etc., respectively.
Later on we shall introduce more complex systems consisting of a finite set with
several relations of various arities, for instance a set with two binary relations and
one ternary relation. Much of the theory extends to such systems, and sometimes
they offer interesting new insights.

Symmetric digraphs are more conveniently viewed as (undirected) graphs.
Formally, a graph G is a set V = V(G) of vertices together with a set £ = E(G)
of edges, each of which is a two-element set of vertices. If we allow loops, i.e.,
edges that only consist of one vertex, we have a graph with loops allowed. Finally,
if every vertex has a loop, we have a reflexive graph.

Suppose G is a graph with loops allowed. The corresponding symmetric di-
graph (of G) is obtained from G by replacing each edge {u, v} with the two arcs
(u,v), (v,u), and each loop {w} with the arc (w,w). This correspondence allows
us to view each graph as a digraph. Specifically, a graph with loops allowed
corresponds to a symmetric digraph (and conversely), a graph corresponds to
an irreflexive symmetric digraph (and conversely), and a reflexive graph corre-
sponds to a reflexive symmetric digraph (and conversely). We prefer this slightly
cumbersome terminology so that we can have the basic term ‘graph’ reserved for
the object most commonly investigated, i.e., an irreflexive symmetric digraph.

It is important to bear in mind that even though we speak of graphs as a
different kind of objects from digraphs, we view the class of graphs, with loops
allowed, as a subclass of the class of digraphs, via their corresponding symmetric
digraphs. In Fig. 1.1, we indicate the relationship amongst the various graph
classes, and illustrate them by examples.

There are additional natural transformations between graphs and digraphs.

Given a graph G, we may replace each edge {u, v} with exactly one of the arcs
(u,v), (v,u), obtaining an orientation of G. (If G is a graph with loops allowed,
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Graphs
Irreflexive *
digrapts ! DA NREANVZANY

Reflexive graphs

Goans g g VV
¢ N TN

Symmetric digraphs

Graphs withToops allowed

Digraphs

FiG. 1.1. Digraphs, graphs, reflexive graphs, and graphs with loops allowed.

we replace each loop {u} with (u,u).) An oriented graph is an orientation of some
graph; clearly a digraph is an oriented graph if and only if it has no symmetric
pair of arcs, i.e., no pair (u,v), (v,u) for some vertices u, v.

Given a digraph G, the underlying graph of G is the graph with the same
vertices as G, in which {u, v} is an edge whenever at least one of (u,v), (v,u) is
an arc of G. Finally, the symmetric part of G is the graph with the same vertices
as G, in which u and v are adjacent whenever both (u,v) and (v, u) are edges of
G.

We shall use the usual simplified notation for arcs and edges, in which uv
represents the arc (u,v), or the edge {u,v}, depending on the context. A loop
at u is written as wu. If uv € E(G), we say that v and v are adjacent. If G is
a graph, we have uv = vu. If wv is an arc in a digraph, we say that v and v
are adjacent in the direction from u to v, or that u is an inneighbour of v and v
is an outneighbour of u. In any case, v and v are adjacent in a digraph as long
as at least one of uv,vu is an arc; in that case we also say that u and v are
neighbours. The number of neighbours of v (other than v) is called the degree
of v; the number of inneighbours respectively outneighbours of v is called the
indegree respectively outdegree of v. We say that G is a subgraph of H, and H
a supergraph of G, if V(G) C V(H) and E(G) C E(H). Also, G is an induced
subgraph of H if it is a subgraph of H and contains all the arcs (edges) of H
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amongst the vertices in G. A clique in a graph G is a complete subgraph of G.
All other standard notions (bipartite graph, planar graph, regular graph, etc.),
will be used in their usual sense, as in, say, [36,339].

These definitions mean that all our graphs and digraphs, and the more general
systems to be introduced later, are finite. Occasionally, we will allow infinite
graphs or digraphs, in which case we make a point of explicitly mentioning this
fact. They also mean that all our graphs and digraphs are simple, in the sense
that parallel edges, or arcs in the same direction, are not allowed. Note that the
definitions allow the possibility that the vertex set is empty; however, we shall
normally avoid complicating the statements of theorems by considering digraphs
with empty vertex sets.

The fact that we deal with various versions of graphs at various times makes
a certain demand on the reader, to keep in mind the right context. This is
typical of the area, and the ease with which most notions and techniques transfer
amongst the variants, while others offer substantial differences, is one of the area’s
characteristic features.

Here is our most basic definition.

Let G and H be any digraphs. A homomorphism of G to H, written as
f+ G — His a mapping f : V(G) — V(H) such that f(u)f(v) € E(H)
whenever uwv € E(G). A homomorphism of G to H is also called an H -colouring
of G (Proposition 1.7 suggests why). If there exists a homomorphism [ : G — H
we shall write G — H, and G /4 H means there is no such homomorphism. If
G — H we shall say that G is homomorphic to H, or that G is H-colourable.
It is easy to see that the composition f o g of homomorphisms g : G — H and
f:+ H — K is a homomorphism of G to K (cf. Section 1.7). Thus the binary
relation ‘is homomorphic to’ on the set of digraphs is transitive. We denote by
HOM(G, H) the set of all homomorphisms f : G — H, and let hom(G, H) denote
the number of elements in HOM(G, H).

If G and H are graphs, we can apply the above definition of homomorphism to
the corresponding symmetric digraphs of G and H. Clearly, this is equivalent to
reading the same definition of f : G — H as a mapping f : V(G) — V(H) such
that f(u)f(v) € E(H) whenever uwv € E(G), with f(u)f(v) and uv being edges
rather than arcs. Hence homomorphisms of graphs preserve adjacency, while
homomorphisms of digraphs also preserve the directions of the arcs. Therefore,
a homomorphism of digraphs G — H is also a homomorphism of the underlying
graphs, but not conversely.

Note that for graphs (or, more generally, for irreflexive digraphs) f(u)f(v) €
E(H) implies that f(u) # f(v), since each edge of H consists of two distinct
elements.

1.2 Homomorphisms preserve adjacency

For simplicity, we begin by focusing on graphs.
The fact that homomorphisms are mappings of the vertices that preserve
adjacency has interesting implications, for instance, for homomorphisms of paths
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and cycles. A walk in a graph G is a sequence of vertices vg, vy, - -+ ,vx of G such
that v;_1 and v; are adjacent, for each i = 1,2,--- , k. A walk is closed if vg = v.
A path in G is a walk in which all the vertices are distinct. The integer k is called
the length of the walk, respectively path.

The graph with vertices 0,1, --- , k and edges 01,12, --- , (k—1)k is called the
path Py. Note that Py has k + 1 vertices and k edges (Fig. 1.3).

Proposition 1.1 A mapping f : V(P;) — V(G) is a homomorphism of Py to
G if and only if the sequence f(0), f(1),---, f(k) is a walk in G. O

In particular, homomorphisms of G to H map paths in G to walks in H, and
hence do not increase distances. If we denote by di(u,v) the distance (length of
a shortest path) from w to v in G, then we have the following fact.

Corollary 1.2 If f : G — H is a homomorphism, then dg(f(u), f(v)) <
de(u,v), for any two vertices u,v of G.

Proof If u = wg,v1,---,v; = v is a path in G, then f(u) = f(vo), f(v1),
-+, f(ur) = f(v) is a walk of the same length &k in H. Since every walk from
f(u) to f(v) contains a path from f(u) to f(v), we must have dg (f(u), f(v)) < k.

O
A cycle in a graph G is a sequence of distinct vertices v1,va, -+ , v of G such
that each v;,e = 2,3,--- |k, is adjacent to v;_1, and v; is adjacent to v;. Note

that a cycle is a closed walk, and thus the definition of length is still applicable.

The graph with vertices 0,1,--- ,k—1 and edges i(i+1) fori =0,1,--- ;k—1
(with addition modulo k) is called the cycle Ci. Note that Cy has k vertices and
k edges.

Proposition 1.3 A mapping [ : V(Cx) — V(G) is a homomorphism of Cj to
G if and only if f(0), f(1),---, f(k—1) is a closed walk in G. O

Corollary 1.4 Co;y1 — Coq1 if and only if | < k.

Proof An odd cycle has no closed odd walk shorter than its length, and has a
closed walk of any odd length greater than or equal to its length. O

Figure 1.2 illustrates a homomorphism f : C; — Cs; the images f(v),v €
V(C7) are shown in Cs. (Hence we see the closed walk f(0), f(1),---, f(6), £(0)
in C5)

A homomorphism f : G — H is a mapping of V(G) to V(H), but since it
preserves adjacency it also naturally defines a mapping f# of E(G) to E(H)
by setting f#(uv) = f(u)f(v) for all uv € E(G). We shall call a homomor-
phism f : G — H wertez-injective, or vertex-surjective, or vertex-bijective, if the
mapping f : V(G) — V(H) is injective, or surjective, or bijective respectively;
and call it edge-injective, or edge-surjective, or edge-bijective, if the mapping
f#: E(G) — E(H) is injective, or surjective, or bijective, respectively. Finally, a
homomorphism f is an injective homomorphism, or a surjective homomorphism,
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f(0)

f(4)=1(6) f(2)

(@= (2

Fic. 1.2. A homomorphism f : C7 — Cs.

or a bijective homomorphism, if it is both vertex- and edge- injective, or surjec-
tive, or bijective, respectively. Note that a homomorphism that is vertex-injective
is also edge-injective (but not conversely), and, as long as H has no isolated ver-
tices, a homomorphism that is edge-surjective is also vertex-surjective (but not
conversely). In other words, injective homomorphisms are the same as vertex-
injective homomorphisms, while surjective homomorphisms are, in the absence
of isolated vertices, the same as edge-surjective homomorphisms.

We denote by INJ(G, H) the set of all injective homomorphisms of G to
H, and let inj(G, H) denote the number of elements in INJ(G, H). The sets
SUR(G, H), B1J(G, H), and numbers sur(G, H), bij(G, H), are defined analo-
gously.

An FEuler trail in a graph G is a walk vg,v1,--- ,v; of G such that v;_jv;,
i=1,2,---,k, contains every edge of G exactly once. An Euler circuit is a closed
Euler trail.

In the following proposition m denotes the number of edges of G.

Proposition 1.5 Let G be a graph. Then

e an FEuler trail is an edge-bijective homomorphism of P, — G, and
e an Fuler circuit is an edge-bijective homomorphism C,, — G.

Proof Propositions 1.1 and 1.3 explain how such homomorphisms can be viewed
as the corresponding trails. O

We now turn to digraphs. The definitions of injective, surjective, and bijective
homomorphisms apply verbatim. Many other definitions also extend to digraphs
if we interpret, as defined above, the word adjacent to mean adjacent in at least
one direction. Hence we may apply the definitions of walks, paths, cycles (and
their lengths), to digraphs, since we have stated them in terms of adjacency.
Note that these walks, paths, and cycles, do not require the edges to be oriented
in the same direction; to underline this fact, we usually refer to them as oriented
walks (respectively paths or cycles).
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Specifically, an oriented walk in a digraph G is a sequence of vertices vg, vy, - -,
vk of G such that v;_; and v; are adjacent in G, for each i =1,2,--- | k. An arc
vi—1v; € E(QG) is called a forward arc of the walk, and an arc v;v;,_; is called a
backward arc of the walk. The net length of a walk is the difference between the
number of forward arcs and the number of backward arcs, in the walk. Note that
the net length may be negative. A directed walk in a digraph G is an oriented
walk in which all arcs are forward arcs. Oriented and directed paths and cycles
are defined correspondingly. Oriented and directed walks are used to define the
connectivity of digraphs. A digraph is connected if any two vertices are joined by
an oriented walk, and it is strongly connected if any two vertices are joined by a
directed walk (in each of the two directions).

Directed paths and cycles P, and Cj, are defined exactly as the graphs P, and
C}, only this time (i + 1) are arcs and not edges (see Fig. 1.3).

o——0° o—0—0
0 1 2 0 1 2

Fic. 1.3. The paths P, and ]32.

Much of what we have discussed for graphs also applies, with obvious changes,
to digraphs. In particular, homomorphisms from ﬁk are directed walks, since
homomorphisms not only preserve adjacency but also directions of the arcs. Euler
trails are directed walks that contain every arc exactly once, and they correspond
to edge-bijective homomorphisms of ﬁm, and similarly for closed Euler trails and
edge-bijective homomorphisms of ém,, exactly as in Proposition 1.5.

On the other hand, the notion of net length is specific to digraphs, and we
have the following observation.

Proposition 1.6 Let G and H be digraphs, and f : G — H a homomorphism.
If vo,v1, -+, vk s a walk in G, then f(vo), f(v1), -, f(vk) s a walk in H, of
the same net length. O

1.3 Homomorphisms generalize colourings

A good way to develop intuition about homomorphisms is to relate them to
a notion familiar to all students of graph theory, namely vertex colourings. A
k-colouring of a graph G is an assignment of k colours to the vertices of G,
in which adjacent vertices have different colours. Denote by K} the complete
graph on vertices 1,2,--- ,k, and suppose that these integers are also used as
the ‘colours’ in k-colourings. Then a k-colouring of G may be viewed as a mapping
f:V(G) — {1,2,---  k}; the requirement that adjacent vertices have distinct
colours means that f(u) # f(v) whenever uv € E(G). It now only remains to
observe that the condition f(u) # f(v) is equivalent to the condition f(u)f(v) €
E(K}), and we may conclude the following fact.
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Proposition 1.7 Homomorphisms f : G — Ky are precisely the k-colourings
of G. O

This observation allows us, in particular, to derive the following corollary
concerning chromatic numbers. Recall that the chromatic number, x(G), of a
graph G, is defined as the smallest k& such that G admits a k-colouring.

Corollary 1.8 If G — H then x(G) < x(H).

Proof Let h : G — H be a homomorphism. Whenever H has a k-colouring
f:+ H — Ky then ho f is a k-colouring of G (cf. Section 1.7). Thus G has a
X (H)-colouring, and x(G) < x(H). O

We have a similar result concerning odd girth, Exercise 2: if G — H, then
the odd girth of G is at least as large as the odd girth of H. The odd girth of a
nonbipartite graph G is the minimum length of an odd cycle in Gj; the girth of a
graph with cycles is the minimum length of a cycle in G.

Corollary 1.8 and Exercise 2 allow us to obtain graphs G and H that are
incomparable, in the sense that G 4 H and H -/ G. Suppose that G and H
are graphs such that the chromatic number of G is greater than the chromatic
number of H, and the odd girth of G is greater than the odd girth of H. Then
G 4 H by Corollary 1.8 and H /4 G by Exercise 2. This is a construction
repeatedly used in this book. (A typical example is Proposition 3.4.) However,
it depends on the existence of graphs with arbitrarily high chromatic numbers
and odd girths. The following landmark result of ErdGs guarantees that there is
a graph with arbitrarily high chromatic number and arbitrarily high girth (and
hence odd girth).

Theorem 1.9 For any positive integers k, £ there exists a graph of chromatic
number k, and girth at least £.

We will prove this fact in Chapter 3, as Corollary 3.13. That construction
uses random graphs; however, in Section 2.5 we will give an explicit construction
of graphs with arbitrarily chromatic numbers and arbitrarily high odd girths.

The more traditional ‘static’ view defines a k-colouring of a graph G as a
partition of V(G) into k independent sets. (A set of vertices is independent in G if
it contains no pair of adjacent vertices.) If f is a k-colouring as defined above, i.e.,

as an assignment of colours mapping V(G) to {1,2,- - , k}, then we associate with
f the partition 8 of V(G) into the independent sets f~*(1), f~(2),---, f (k).
Conversely, to each partition 6 of V(G) into independent sets S1,Sa,- - , Sk, we

associate the mapping f that colours each vertex of the set S; with the colour .

This is just the standard association between mappings and partitions, and it
is equally useful for dealing with homomorphisms. If G, H are digraphs, and f :
G — H a homomorphism, the associated partition 6y consists of the preimages
of f, i.e., the sets f~1(z),z € V(H). If there is no loop at vertex x, then the
set S, must be independent, as before. (Hence if H is a graph, or an irreflexive
digraph, all parts of the associated partition are independent.) The structure of
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If f is any homomorphism of G to H, then the digraph with vertices f(v),v €
V(G), and arcs f(v)f(w),vw € E(G), is called the homomorphic image of G
under f, and denoted f(G). Note that f(G) is a subgraph of H, and that f :
G — f(G) is a surjective homomorphism. Conversely, if f : G — H is a surjective
homomorphism, then H = f(G). In fact, there is a close connection between
quotients and homomorphic images, made explicit in the following corollary.
(Isomorphisms are formally introduced in Section 1.5).

Corollary 1.11 Every quotient of G is a homomorphic image of G, and con-
versely, every homomorphic image of G is isomorphic to a quotient of G.

Proof Suppose 6 is a partition of V(&) into nonempty parts S;, i € I. Then the
canonical mapping f : V(G) — I defined above is a surjective homomorphism of
G to its quotient G/6, and hence G/# is the homomorphic image of G under f.
Conversely, the partition 8 associated to a surjective homomorphism f : G — H
defines the quotient G/6;, which is isomorphic to H, via the isomorphism that
assigns to each part f~1(z) of §; the vertex = of H. O

For digraphs, the situation is analogous, and we give an example partition
and its associated quotient (homomorphic image) in Fig. 1.5.

-

Fic. 1.5. A partition and its quotient, for a digraph.

A surjective homomorphism of a graph G to the complete graph K} is called
a complete k-colouring of G. Thus each complete k-colouring of G is associated
with a partition of V(@) into k& nonempty independent sets, any two of which
are joined by at least one edge. Note that any k-colouring of a graph G with
X(G) = k must be complete.

The following result, called the Colouring Interpolation Theorem is most nat-
urally proved in the framework of associated partitions.

Corollary 1.12 If a graph G admits a complete k-colouring and a complete
{-colouring then it admits a complete i-colouring for all i between k and £.

Proof Let Aj, Ay, -+, Ai be a partition of V(G) into k independent sets, and
let By, Ba,---, By be a partition of V(G) into ¢ independent sets, with &k < £.
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Clearly, it will suffice to construct a complete (k + 1)-colouring of G. For each
i=0,1,2,---,¢ let C; = Ui<;<;Bj, and consider the partition 6, of V(G)
into those sets from By, Bs,---,B;, A1 — C;, Ay — C;,--- , Ap — C;, which are
nonempty. The partition 6y has parts Ay, Ao, -+, Ag; the partition 8, has parts
Bi,Bs, -+, By (since the other parts are empty). Therefore, G/, is isomorphic
to Ky, and there must exist a first subscript ¢, ¢ = 0,1,2,--- , ¢, such that G/0;
is not k-colourable. Note that the minimality of ¢ implies that G/6; is (k + 1)-
colourable—just colour B; with the (k+1)-st colour. Then G/0; is a homomorphic
image of G that admits a complete (k+ 1)-colouring, and hence so does G. O

The largest k such that the graph G admits a complete k-colouring is called
the achromatic number of G. Thus we conclude from the Colouring Interpolation
Theorem, that G admits a complete k-colouring for any k between its chromatic
and achromatic number.

As a last remark on quotients, we note that the concept of a minor also easily
fits into this framework. Suppose G is a graph and 6 a partition of V' (G) in which
each part induces a connected subgraph of G. Then the graph G’ obtained from
the quotient G/ by deleting all loops is called a contraction of G. A minor of
G is a contraction of any subgraph of G.

1.4 The existence of homomorphisms

Graph colourability is not the only property that can be nicely expressed in the
framework of homomorphisms. Consider the following two natural concepts for
digraphs.

We say that a digraph G is acyclic, if it does not contain a directed cycle,
and that G is balanced, if every cycle in G has net length zero.

The transitive tournament fk has vertices 1,2, -,k and arcs 75 for all i < j.
(Occasionally, we may take a different set of k vertices.)

Proposition 1.13 A digraph G with n vertices is

e acyclic if and only if G — T‘nq, and
e balanced if and only if G — P,_1.

Proof If G — fn, then G cannot have a directed cycle since a homomorphism
must take a directed cycle to a directed closed walk, and T,, has no such walks.
On the other hand, if G is acyclic then we label each vertex v of G by the integer
F(v) = 1+ f(v), where f(v) is the maximum number of arcs in a directed
walk in G, ending at v. The absence of directed cycles in G implies that f(v)
is well defined, and at most equal to n — 1. It is clear that if vw € E(G) then
f(w) < f(w), thus F is a homomorphism of G to T.,. The partition associated
with f is sometimes called a topological sort of G.

Similarly, it is easy to see that P,_1 is balanced, and hence so is any G with
G — PB,_1. On the other hand, if G is balanced, we may label its vertices by
integers as follows. In each component of G, pick a vertex and label it 0. Once
a vertex has been labeled by the integer 7, label all of its outneighbours by i + 1
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and all of its inneighbours by ¢ — 1. It is easy to see that this labeling will produce
unique labels (after the initial choices of one vertex per component with label
0). Indeed, if a vertex should obtain two different labels starting from the same
initial vertex, then by tracing back the way the two labels propagated, we obtain
two paths of different net lengths between the same pair of vertices—creating a
closed walk of net length not equal to zero. It is easy to see that such a closed
walk would contain a cycle whose net length is not zero. Since the labels we
obtain must be consecutive, we can shift them (add the same positive integer to
all labels) so that the smallest label is 0 (and the largest at most n — 1). Now
the labels define a homomorphism G — ]3”,1. ]

In Exercise 14, we ask the reader to consider when G — ﬁk for0<k<n-—1.

Let G be a connected balanced digraph. The procedure explained in the above
proof assigns nonnegative integer labels to the vertices of G, so that if uv € E(G),
then the labels of v and v are ¢ and 7 + 1, for some nonnegative integer i. Since
G is connected, and the smallest label is zero, the labels are unique. We call the
label of u the level of u, and we call the maximum level of a vertex the height of
G. Tt follows from the above proof that any walk from a vertex u to a vertex v
has a net length equal to the difference between the height of u and the height
of v.

Proposition 1.14 If G and H are two balanced digraphs of the same height,
then any homomorphism of G to H preserves the levels of vertices.

Proof Suppose a vertex u of level i is mapped to a vertex f(u) of level j, with
Jj # i, under some homomorphism f : G — H.If j < i, then consider an oriented
walk in G from any vertex of level 0 to the vertex u. It is easy to see that such a
walk must have net length i. Therefore, Proposition 1.6 implies that the image
of this walk, under f, also has a net length ¢. However, in H there is no walk
of net length 7 ending in f(u), since the level of f(u) is j < 4, and levels are
nonnegative. A similar consideration of oriented walks starting in w and f(u),
and the fact that G and H have the same height, leads to a contradiction in the
case when j > 1. O

Next we discuss when G — Cj. (Recall that Cl, is the directed cycle with
vertices 0,1, -+, k—1.) In terms of the associated partition, we have the following
condition. A given digraph G satisfies G — Ch if and only if the vertices of G
can be partitioned into k independent sets Sy, S1, -+, Sk—1 so that each arc of G
goes from S; to Siy1 for somei=0,1,---  k—1 (with addition modulo k) (Fig.
1.6).

We will develop a criterion to decide when such a partition exists, i.e., when
a digraph G satisfies G — Cr. The criterion turns out to be intimately related
to a (polynomial time) algorithm to find such a partition. This brings us to the
first discussion of algorithmic aspects of homomorphisms, featured prominently
in Chapter 5.
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F1G. 1.6. A partition whose quotient is the directed cycle Cs.

We shall again try to construct a homomorphism f : G — Ch by labeling
each vertex v with the label f(v). The algorithm proceeds as above, by choosing
a starting vertex in each component of GG, to be labeled 0, and then whenever
a vertex has been labeled i, all its outneighbours are labeled ¢ 4+ 1, and all its
inneighbours are labeled ¢ — 1. This time, however, all calculations are done
modulo k; hence the labels are automatically vertices of C_"k.

We wish to show that our algorithm is correct, i.e., the labels define a homo-
morphism f: G — C, if and only if such a homomorphism exists. This is best

accomplished by simultaneously providing the following good characterization of
graphs G with G — Ck.

Proposition 1.15 The following statements are equivalent.

1. The algorithm succeeds (all vertices obtain unique labels)
2. G— Cy
3. the net length of every closed walk in G is divisible by k.

Proof It should be clear that 1 implies 2 (the labels define a homomorphism
of G to C_"k)7 and that 2 implies 3 (homomorphisms do not change the net length
of a closed walk, cf. Proposition 1.6). The proof that 3 implies 1 is analogous
to the proof of Proposition 1.13. The only way that our algorithm can fail is by
trying to label a vertex by two different labels. Hence there must exist between
two fixed vertices two walks of net lengths not congruent modulo k. Then the
concatenation of the first walk with the reversal of the second walk is a closed
walk of net length not divisible by k. O

From the equivalence of 1 and 2 we obtain the following.

Corollary 1.16 The algorithm is correct, i.e., it will find a homomorphism of
G to Cy if and only if one exists.

From the equivalence of 2 and 3 we obtain the following.
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Corollary 1.17 A digraph G satisfies G — Cr if and only if the net length of
every closed walk in G is divisible by k.

It is worth noting how the proof of the correctness of the algorithm and the
proof of the characterization theorem are interconnected, and each acts as a tool
for proving the other.

Recalling that a closed walk is a homomorphic image of a cycle, we can
reformulate the last result as follows.

Corollary 1.18 A digraph G satisfies G /> Ch if and only if C — G, for some
oriented cycle C' of net length not divisible by k.

Thus the nonexistence of one homomorphism is equivalent to the existence of
certain other homomorphisms. We refer to this kind of good characterization as
homomorphism duality, and we will return to it on several occasions, in Chapters
3 and 5. Exercise 8 suggests why one may want to use the term ‘duality’ here.
A prototype example of this sort of homomorphism duality is the well-known
theorem of Konig, characterizing bipartite graphs as graphs without odd cycles.
In the above formalism it can be expressed as follows.

Corollary 1.19 A graph G satisfies G /4 Ks if and only if Cy — G for some
odd integer £ > 3. O

We have stated it as a Corollary, since it follows from Corollary 1.18 for k = 2
by considering the associated digraphs.

There are many additional homomorphism duality results on digraphs. For
instance, a more careful analysis of the proof of Proposition 1.13 implies the
following duality of homomorphisms to transitive tournaments T, and homo-
morphisms from directed paths ﬁk.

Proposition 1.20 A digraph G satisfies G /> T if and only if B, - G.

Proof It is clear that ﬁk 4 fk since ﬁk has k + 1 vertices and fk has only k&
vertices and no directed closed walks. Hence if ﬁk — G then G 4 fk, otherwise
the composition of such two homomorphisms would imply that ﬁk — fk. On the
other hand, if B, + G then G is acyclic and the labeling F' defined in the proof
of Proposition 1.13 is a homomorphism of G to fk, since there does not exist in
G a directed walk with k arcs. O

Proposition 1.20 implies the following well-known fact.

Corollary 1.21 A graph G is k-colourable if and only if there exists an acyclic
orientation of G which does not contain the directed path Pj.

Proof IfG is k-colourable, then orienting all edges from lower numbered colours
to higher colours produces an acyclic orientation of G which does not contain
B,. On the other hand, if G is not k-colourable, then any orientation G of G
satisfies G -+ fk, and hence B, — G by Proposition 1.20. If Gis acyclic, then it
must contain ﬁk. O
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The corollary in fact holds for all orientations of G, i.e., we can remove the
word ‘acyclic’. Indeed, for an arbitrary orientation Gof G Wthh does not contain
B, we can apply the above statement to a maximal acyclic subgraph G’ of G
resulting in a colouring of the underlying graph of G’. It is the easy to argue
that this is a colouring of the entire graph G. While it is not difficult to prove
Corollary 1.21 directly, the above interpretation sheds some additional light on
it, since Proposition 1.20 replaces a global assertion about all orientations by a
local assertion about each orientation.

Homomorphism duality allows us to certify the nonezxistence of homomor-
phisms by the existence of certain other kinds of homomorphisms. This is one
of very few tools available to certify the nonexistence of homomorphisms. One
other tool is Corollary 1.8 (and similar results are proved in Sections 6.1 and
6.2). Another useful tool is explained in the following proposition. Let X,Y be
arbitrary graphs; we denote by n(X) the number of vertices of the graph X, and
by n(X,Y’) the maximum number of vertices in an induced subgraph of X that
is homomorphic to Y. A graph H is said to be vertex-transitive if for any vertices
u,v of H some automorphism of H (i.e., a bijective homomorphism of H to H,
cf. Section 1.5) takes u to v.

Proposition 1.22 Suppose G, H, K are graphs, where H is vertex-transitive. If
G — H then
n(G, K) < n(H, K)
n(G) — n(H)

Proof Suppose Hi, Hs,---, H, are all the induced subgraphs of H homomor-
phic to K with n(H, K) vertices. Since H is vertex-transitive, each vertex of
H belongs to the same number, say p, of the subgraphs H;. Thus gn(H, K) =
pn(H). We now fix a homomorphism f : G — H and denote by G; the subgraph
of G induced by the vertex set f~1(V (H;)). Since each G; is homomorphic to K,
and each vertex of G belongs to p subgraphs G;, we must have gn(G, K) > pn(G).
The result follows. O

In particular, when K = K, the value of n(X, K)/n(X) is known as the
independence ratio of X, and will be denoted by i(X). We denote, as usual, by
a(X) the independence number of the graph X, i.e., the maximum size of an
independent set of vertices of X. Thus #(X) is the ratio of a(X) to the total
number of vertices of X. The following special case of the proposition is known
as the No-Homomorphism Lemma.

Corollary 1.23 Suppose H is a vertez-transitive graph. If G — H then i(G) >
i(H). O

For certain classes of graphs, homomorphisms always exists. For instance,
the Four Colour Theorem asserts that all planar graphs are homomorphic to Kjy.
Similarly, the theorem of Grétzsch says that all triangle-free planar graphs are
homomorphic to K3. Consider also the following example; the construction will
be generalized in Chapter 3. (A graph is cubic if it is regular of degree three, and
triangle-free if it doesn’t have a subgraph isomorphic to K3.)
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Proposition 1.24 There exists a triangle-free graph to which all cubic triangle-
free graphs are homomorphic.

Proof Let X be a set with at least 22 elements. We define a graph U(X) as
follows. The vertices of U(X) are ordered pairs (z,T), where x € X and T is
a set of three distinct elements (a triple) of X such that ¢ T. Two vertices
(x,T),(«',T") are adjacent in U(X) if T and T” are disjoint and € T', 2’ € T.
It is clear that U(X) is triangle-free, as any vertex (a”,T") adjacent to both
adjacent vertices (x,T), (¢/,T') would have to have 2" € T NT’ contradicting
the fact the T, T are disjoint.

Consider now a cubic triangle-free graph G. We construct a homomorphism
f: G — U(X) as follows. The graph G’ obtained from G by joining any two
vertices of distance at most three in G (the ‘third power’ of G) is easily seen to
have all degrees at most 21. (In G a vertex has three vertices at distance one,
at most 6 vertices at distance two, and at most 12 vertices at distance three.)
Therefore, there exists a 22-colouring of G, i.e., a colouring ¢ of the vertices of G
by the elements of X such that c¢(u) # ¢(v) whenever u, v have distance at most
three in G. We now define each f(u) to be the pair (c(u), ¢(N(u))), where ¢(N(u))
is the triple of colours c(uy), c(uz), c(us) of the three neighbours wuy, ug, us of w.
It follows that each f(u) is a vertex of U(X), since all of ¢(u), c(uq), c(uz), c(ug)
are distinct. Moreover, if u and v are adjacent, then the colours of the neighbours
u1,ug,u3 of u and the colours of the neighbours vy, vs,v3 of v are all distinct,
since their mutual distances in G are at most three. Since u is one of vy, ve, vs,
and v is one of uy, uz, ug, we have f(u) adjacent to f(v) in U(X), and f is indeed
a homomorphism. O

In Chapter 3 we will interpret Proposition 1.24 in the context of the partial
order of graph homomorphisms, and extend it in various ways; cf. Exercise 8 in
Chapter 3.

Let U be any U(X) with X having at least 22 elements. We can interpret
Proposition 1.24 as the following ‘single-graph’ duality theorem for cubic graphs.

Corollary 1.25 A cubic graph G satisfies G / U if and only if K3 — G.
O

This duality is simpler than those mentioned in Corollaries 1.18 and 1.19, in
that the nonexistence of a homomorphism to U is equivalent to the existence of
a homomorphism from one single graph, K3. Without degree restrictions we do
not have nontrivial single-graph dualities of this sort, but we shall discuss them
for digraphs in Section 3.8.

There is, however, one trivial single-graph duality that is useful to keep in
mind:

G 4 K if and only if K3 — G.
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1.5 Homomorphisms generalize isomorphisms

Further intuition can be derived from comparing homomorphisms to isomor-
phisms. For digraphs G, H, an isomorphism of G to H is a homomorphism
f: G — H which is a bijective (i.e., both vertex- and edge- bijective). In fact, it
is easy to see (by counting) that it suffices to require that f be a vertex-injective
homomorphism and |V (G)| = |V(H)|,|E(G)| = |E(H)|. (Recall that digraphs
are by definition finite.) We write G ~ H if the digraphs G, H are isomorphic,
i.e., if there exists an isomorphism G — H. An isomorphism f : G — G is called
an automorphism of GG, and the set of all automorphisms of G is denoted by
AUT(Q).

Recall that a digraph G is a subgraph of a digraph H provided V(G) C V(H)
and F(G) C E(H). If G is a subgraph of H, then the inclusion mapping i : G —
H, defined by i(u) = u, for all u € V(G), is an injective homomorphism.

It is easy to see that every homomorphism is a composition of an injective
homomorphism and a surjective homomorphism.

Proposition 1.26 Let G, H be any digraphs. Every homomorphism f: G — H,
can be written as f = i os where s is a surjective homomorphism and i is an
injective homomorphism.

Proof Note that f(G) is a subgraph of H and a quotient of G with respect to
the partition 6. Thus we can take s to be canonical surjective homomorphism
of G onto G/ = f(G), and i the inclusion homomorphism of f(G) in H. O

We may refine this argument to derive a useful identity involving the number
of homomorphisms f : G — H. Recall that we use hom(G, H) to denote the
number of homomorphisms of G to H, and inj(G, H) to denote the number of
injective homomorphisms of G to H. We denote by O the set of all partitions of
V(G).

Corollary 1.27 For any digraphs G and H,

hom(G, H) = > inj(G/6, H).
6co

Proof We have associated with each homomorphism f : G — H the pair
(s,i), where s is the canonical surjective homomorphism onto G/8y = f(G),
and 4 the natural injective homomorphism of f(G) to H. Grouping together all
homomorphisms f with the same s, we obtain the identity. O

A similar identity is obtained by further grouping all homomorphisms f with
the same (i.e., isomorphic) graph f(G), cf. Exercise 7.

Counting injective homomorphisms turns out to be crucial in a nice applica-
tion of homomorphisms to the following Fdge Reconstruction Conjecture.

Conjecture 1.28 Graphs G and H are isomorphic if and only if all their edge-
removed subgraphs are isomorphic, i.e., if and only if there exists a bijection
B : E(G) — E(H) such that G — e ~ H — ((e) for every e € E(G).
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This conjecture, and especially a corresponding vertex reconstruction conjec-
ture, where edge-removed subgraphs are replaced by vertex-removed subgraphs,
has captured the imagination of many graph theorists. It is customary to speak of
a deck of G, meaning the collection of (nonisomorphic) subgraphs G—e, e € E(G),
and restate the Edge Reconstruction Conjecture as follows.

Conjecture 1.29 Two graphs are isomorphic if and only if they have the same
deck.

The conjecture fails for a few (four, to be exact) pairs of small graphs, and
consequently is understood to be restricted to graphs with at least four edges.
Clearly, the condition is necessary; it is the sufficiency that is the essence of the
conjecture.

Since we are only making statements about isomorphic graphs, we may as-
sume that both G and H have the same vertex set V. In fact, all graphs in this
proof will have the vertex set V, and we shall describe them by simply giving
their edge sets. If the desired bijective mapping 3 between FE(G) and E(H) ex-
ists, we may extend it to associate subsets of E(G) with subsets of E(H) so that
for any nonempty set of edges A we have G — A ~ H — 3(A). Equivalently, for
any set of edges A not equal to the entire set F(G) we have the graph formed
by A isomorphic to the graph formed by (A). This is possible, as can easily be
seen by counting. Assume that A consists of k < |E(G)| = |E(H)| = m edges,
and let N(G) denote the number of copies of A in G, and N¢(G) the number of
copies of A in G — e. Then counting in two ways we obtain

(m—k)N(G) =Y Ne(G) =) N(H) = (m—k)N(H),

and hence the number of copies of any particular A is the same in G and H.

Later on in the book we shall prove one of the strongest known results sup-
porting the validity of the conjecture (Theorem 2.16). In this section we illustrate
the technique by proving a simpler version. The crux of both the simpler version
and the full version is that the Edge Reconstruction Conjecture holds for graphs
with sufficiently many edges, and both are proved by counting homomorphisms.
Theorem 1.30 Let G, H be graphs with n vertices and m > %(g) edges. If there
exists a bijective mapping 08 : E(G) — E(H) such that G —e ~ H — ((e) for
every e € E(G), then G ~ H.

Proof We shall apply the inclusion—exclusion principle to count the number of
injective homomorphisms of G to the complement H of H. Let e = vw be an
edge of G; we say that an injective mapping f : V' — V has the property Pe,
if f(v)f(w) is an edge of H. Thus an injective mapping is an injective homo-
morphism of G to H if and only if it has none of the properties P,, e € E(G).
The number of all injective mappings V to V' is equal to inj(®, H) (recall that
we give a graph by describing its set of edges, so @ denotes the graph S with
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V(S) = V,E(S) = ©). Similarly, the number of injective mappings with prop-
erty P. (and perhaps others) is equal to inj(A, H), where A = {e}, and so on.
Letting A denote an arbitrary subset of E(G) (and hence an arbitrary subgraph
of G), we obtain

inj(G, H) = inj(0, H) — > inj(A,H)+ Y inj(4,H)

|A]=1 |A|=2

= > inj(A,H) + - + (-1)™inj(G, H).
|A|=3

In particular, the number of injective homomorphisms of H to H can be calcu-
lated as follows (the sums are over subsets A of E(H)).

inj(H, H) = inj(@, H) — Y inj(A,H)+ Y _ inj(A, H)
|A|=1 |A]=2
= > j(A, H) 4+ (=1)™inj(H, H).
|A|=3

Note that, except for the last term, the subgraphs induced by particular A’s in
G and in H are in one-to-one correspondence (according to our assumption that
A ~ ((A)). Hence most of the terms on the right-hand side of these expressions
are pairwise the same, and we obtain

inj(G, H) —inj(H, H) = (-1)"(inj(G, H) — inj(H, H)).

The left-hand side of this expression is zero as both G and H have too many
edges. On the other hand, inj(H, H) # 0, as the identity mapping on H is an
injective homomorphism, and hence inj(G, H) # 0 also. Thus there exists an
injective homomorphism G — H, and, since G, H have the same number of
vertices and edges, we conclude that they must be isomorphic. O

We close this section by pointing out that counting homomorphisms has
a long tradition in graph theory. Indeed, for a fixed graph G, the function
hom(G, K}) turns out to be a polynomial in the variable k, and is called the
chromatic polynomial of G. Much effort has been devoted to understanding the
properties of the chromatic polynomial.

1.6 Homomorphic equivalence

Two digraphs such that each is homomorphic to the other are called homomor-
phically equivalent. It is easy to verify that homomorphic equivalence is indeed an
equivalence relation. It follows from Corollary 1.8 that homomorphically equiv-
alent graphs have the same chromatic number.

Suppose that the digraph H is a subgraph of the digraph G. A retraction of G
to H is a homomorphism 7 : G — H such that r(z) = z for all z € V/(H). If there



HOMOMORPHIC EQUIVALENCE 19

is a retraction of G to H we say that G retracts to H, and that H is a retract of
G. When H is a retract of G, we have the retraction homomorphism of G to H
and the inclusion homomorphism of H to G, thus G and H are homomorphically
equivalent.

Figure 1.7 shows a retraction of the whole graph to the subgraph induced by
the black vertices (each black vertex is mapped to itself). Clearly, K,, is always
a retract of any n-colourable graph that contains it. On the other hand, K,, does
not have a retract other than itself. Similarly, an odd cycle Cy or any directed
cycle C does not have a retract other than itself.

F1G. 1.7. An example retraction.

The study of retractions has a long tradition, especially in topology, and we
shall return to it in the next chapter. For the time being, we shall use them
to define the following useful construct, and give an example application in a
certain graph pursuit game.

A core is a digraph which does not retract to a proper subgraph. As we
observed above, any K, is a core, as is C for odd ¢, or any ék.

Proposition 1.31 A digraph is a core if and only if it is not homomorphic to
a proper subgraph.

Proof If G retracts to a proper subgraph, then it is homomorphic to it. Con-
versely, if G is homomorphic to a proper subgraph, then let H be a proper
subgraph of G with the fewest vertices to which G is homomorphic. Then H
must not be homomorphic to a proper subgraph of itself, and hence any homo-
morphism of H to H must be an automorphism of H. Let f be a homomorphism
of G to H. Thus the restriction a of f to H is an automorphism of H, and hence
it has an inverse automorphism a~'. Then clearly a~! o f is a retraction of G to
H. O

Note that if both subgraphs H and H’ are retracts of G then there exist
homomorphisms f: H — H' and g : H — H. If both H and H' are also cores,
then fog and go f must be automorphisms, hence H and H' must be isomorphic.
Therefore, each digraph has a unique (up to isomorphism) retract that is a core,
i.e., has no proper retracts itself. We say that H is the core of G.
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Corollary 1.32 FEvery digraph is homomorphically equivalent to a unique core.
O

If r : G — H is a retraction, then each part r—(x) of the associated partition
0, contains the corresponding vertex x; therefore, if any vertices u,v in the
parts r~1(z),r1(y) (respectively) have uv € E(G), then also 2y € E(H). (In
particular, a retraction is a surjective homomorphism.) This observation has an
interesting application in the game of cops and robbers. The game, played on an
arbitrary graph G, proceeds as follows. First, the ‘cop’ occupies a vertex v and
the ‘robber’ occupies another vertex w. Thereafter, they continue taking turns,
moving from their current vertex to an adjacent vertex. The whole graph, as well
as the current position of both the cop and the robber is known to each player.
The objective of the cop is to capture the robber, i.e., to be in the vertex occupied
by the robber. The objective of the robber is to continue evading the cop. It is
clear that when G is a path, then the cop has a winning strategy (consisting of
moving towards the robber); in fact, the cop will win in any tree G. On the other
hand, if G is a cycle of length greater than three, then the robber has an obvious
winning strategy (keeping as far away from the cop as possible).

Proposition 1.33 Suppose that H is a retract of G. If the robber has a winning
strategy in H then he has a winning strategy in G.

Proof Let r be a retraction of G to H. The strategy of the (male) robber in
G will simulate his strategy in H as follows. Suppose the (female) cop begins
by occupying a vertex v € r~1(x), and suppose that in the game on H if she
first occupied x then the robber’s response was to occupy the vertex w. Then his
response in G is the same vertex w. Throughout the game, the robber will stay
on the vertices of H, which allow him the greatest possible freedom to move.
Regardless of which vertex of r~!(z) the cop is at, she is able to make moves
only to a set 7~ (y) with y adjacent to . Thus her moves in G can be translated
to moves in H. On the other hand, the replies of the robber in H can be viewed
as moves in G, since H is a subgraph of G. |

1.7 The composition of homomorphisms

Homomorphisms compose—this simple fact is an important aspect of homomor-
phisms, which they share with ‘morphisms’ of other structures, such as, say,
group or ring homomorphisms, continuous maps of topological spaces, or mono-
tone mappings of ordered sets. The composition of two homomorphisms, if possi-
ble (i.e., if the codomain of the first homomorphism is the domain of the second
one), is also a homomorphism. Specifically, if, say, g : G — H,f : H — K are
homomorphisms, then fog: G — K is also a homomorphism. This composition
operation endows any set of digraphs with a structure of algebraic flavour. For-
mally, such a structure is best viewed from the perspective of a category, and we
shall sketch how to do that in Chapter 4. But one can easily illustrate the ideas
without being too formal. The point we wish to make is that this (categorical)
setting offers new perspectives and motivates new questions.
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We have noted that homomorphisms generalize isomorphisms, and therefore
also automorphisms. In the case of automorphisms, the structure of composition
has been much studied, and is best viewed using the concept of a group. In-
deed, the set AUT(QG) of all automorphisms of a digraph G forms a group under
composition, and the group embodies the ‘structure’ of the composition. What
would be an analogous notion for homomorphisms?

While an automorphism is related to one single digraph, a homomorphism
relates in general a pair of digraphs, and so to study the composition structure
of several homomorphisms we need to take into account several digraphs.

" :-’ }-\ a h
o P @l 0 Cy b @
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F1G. 1.8. Three digraphs with all their homomorphisms.

Figure 1.8 depicts three very simple digraphs, A, B, C, and all the eight ho-
momorphisms a, b, ¢, d, e, f, g, h that exist amongst them. In part (a) of the figure,
the homomorphisms are depicted (by the labeled dotted lines) as they map the
individual vertices; part (b) of the figure depicts the homomorphisms without
reference to the vertices of A, B,C, revealing just the domain and codomain
of each homomorphism. The homomorphisms a,d, and h are identities on the
respective digraphs, A, B, and C, and will play a special role.

The composition of these homomorphisms is summarized in a ‘composition
table’, which has a row and column for each homomorphism, and the entry in row
x and column y is the composition zoy. While the composition of automorphisms
is always defined, homomorphisms can be composed if and only if the codomain of
the first is the domain of the second; thus composition is only a partial operation
(whence the blank entries in Table 1.1).

Note that the table contains the information about which homomorphisms
can be composed (by the presence or absence of an entry), and hence also about
their domains and codomains.

Indeed, suppose we are looking at a table such as Table 1.1 that records
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Table 1.1 The composition table for Fig. 1.8.

the compositions of all homomorphisms of a set of digraphs, but that we don’t
have the information about what digraphs and what mappings they represent.
What can we recover from the table? The key is to begin with the identity
homomorphisms. Whatever were the digraphs that produced the table, each of
them admitted an identity homomorphism to itself. Thus we can recover the di-
graphs involved—Dby associating one digraph to each identity in the table. In our
table there are three identities—a,d and h—and we associate three digraphs—
A, B and C—with them. The other elements of the table must correspond to
other homomorphisms of these digraphs. We can easily detect their domains and
codomains: the domain of an element x is the digraph associated with the iden-
tity 7 for which z o ¢ is defined, and the codomain of z is the digraph associated
with the identity j for which j o = is defined. For instance, b can compose with
a on the right and d on the left—hence b has domain A and codomain B.

To capture the structure of the composition of automorphisms, we abstract
away the structure of the digraphs and view the automorphisms as elements of
an abstract group—satisfying just the axioms of a group. Thus automorphisms
were taken as an abstract notion, without reference to a mapping, as was the
composition on them; the axioms of a group was all that was required. In a sense,
we have encoded the structure of composition in the multiplication table of an
abstract group. The group is the multiplication table (satisfying the usual group
axioms of associativity, having an identity, and each element having an inverse).
We can proceed similarly for homomorphisms—noting that each homomorphism
has a ‘domain’ and a ‘codomain’, which are some kind of ‘objects’, and that
there is a partial binary operation, ‘composition’, which applies if and only if
the domain of the second morphism is the codomain of the first one. We can
then list the axioms that the morphisms have to fulfill—axioms that are, of
course, motivated by the properties of homomorphisms, such as the associativity
of composition and the existence of identities. We shall do just this in Chapter
4. This will amount to axiomatizing what a table of composition (such as Table
1.1) will have to satisfy in order to correspond to the homomorphisms of a set
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Lilflilr]c]|d]
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Table 1.2 A full composition table is a monoid.

of digraphs.

To show the flavour of that definition, and the questions that these notions
motivate, we shall look in this introduction at the special case of homomor-
phisms of one digraph G. In this case, there are only the homomorphisms of G
to G—which we call endomorphisms of G. Thus the composition is a full binary
operation—defined for any two endomorphisms of G—and the essential features
of the composition structure simplify to just an associative binary operation with
an identity.

We define a monoid to be a finite set M with a special element 1, € M
(called the identity of M), and an abstract binary operation o that associates to
each m,n € M the element m on € M, such that for any m,n,p € M, we have

(mon)op=mo(nop)and 1y om=moly =m.

(Thus a monoid is just a semigroup with identity.) Note that, continuing with our
focus on finite structures, we defined a monoid to be finite. A group is a monoid
in which each element m has an inverse m~' with m om™! !
(In particular, we also consider only finite groups.)

We note that it follows from the definition that the identity in a monoid is
unique. (If ¢ and j are identities, then i =ioj = j.)

The o-operation table of a monoid has no blank entries; in fact, it looks very
much like the multiplication in a group, except some elements may lack inverses.
For instance, we give below an example monoid on six elements, 7, f, [, 7, c, c’; the
element ¢ is the identity.

We see in the example that i is the identity of the monoid, and that ¢ and f
are invertible, while I, 7, ¢, ¢’ are not.

Let END(G) denote the set of all endomorphisms of G, for an arbitrary
digraph G. It is clear that END(G) is a monoid under composition. It is called
the endomorphism monoid of G.

Two monoids M, M’ are isomorphic if there exists a bijective mapping b :
M — M’ such that b(mon) = b(m) o b(n) for all m,n € M. Note that it follows
that b(lM) = 1M’-

Figure 1.9 shows a digraph G for which END(G) is isomorphic to the monoid
given in Table 1.2. The endomorphisms corresponding to i, f,l,r are depicted

=m om = 1y.
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by the labeled dashed lines. The endomorphisms corresponding to ¢, ¢’ are the
constants taking all vertices to the left respectively right vertex with a loop.
Note that the automorphisms of GG are precisely the invertible elements—in this
example 7 and f. In other words, a monoid M is a group if and only if each
element m is invertible (m on =nom = 1), for some n).

F1G. 1.9. A digraph with the given endomorphism monoid.

It is a basic result of R. Frucht that every group is isomorphic to the auto-
morphism group of a graph. In other words, we can ‘represent’ every abstract
group—a multiplication table—by the group of automorphisms of some graph.
Theorem 1.34 below extends Frucht’s result to endomorphisms of digraphs. In
Chapter 4 we shall further extend this result in two ways: we shall replace di-
graphs by graphs, properly generalizing Frucht’s theorem, and also from monoids,
which are one-object categories, to all finite categories. We shall, moreover, show
that the graphs can be required to have some typical graph theoretic properties.

Theorem 1.34 FEvery monoid is isomorphic to the endomorphism monoid of a
suitable digraph G.

The proof resembles the usual proof of Frucht’s theorem for automorphism
groups in several aspects.

We first establish the result for a more flexible structure. A binary relational
system S is a finite set V = V(9), together with a finite family of binary rela-
tions R;(S),i € I, on V. To specifically mention the finite set of indices I, we
sometimes call such an S a binary I-system. If I has one element, S is a digraph;
otherwise we can visualize S as a digraph with arcs of various ‘colours’, as illus-
trated in Fig. 1.10. Note that a pair of vertices may be joined by several arcs
of different colours (belonging to different relations). Elements of V' are called
vertices and elements of R; arcs of colour i.

For binary I-systems S, T, we define a homomorphism f : S — T as a map-
ping f : V(S) — V(T) such that (f(u), f(v)) € R;(T) whenever (u,v) € R;(S).
(We emphasize that S,7 must have the same index set I.) Note that the ho-
momorphisms of digraphs viewed as binary systems are precisely the homomor-
phisms of digraphs as previously defined. Now many of our other definitions
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apply easily to binary systems, including the concept of endomorphism monoid
END(S) of a binary system S.
We now prove the following first step towards Theorem 1.34.

Theorem 1.35 FEvery monoid M is isomorphic to the endomorphism monoid
of a suitable binary relational system S.

Proof The proof has two stages. In the first stage we represent M by a set of
mappings on some set V, i.e., find mappings L,,,m € M, on V, so that the set
L,,,m € M is a monoid under composition, which is isomorphic to M. This is
accomplished by taking V = M, and letting L,, be the ‘left multiplication’ by m
(taking x to m o x for each x € V). Tt is easy to see that Ly,on = Ly, © Ly, (they
have values (m o n)(x) = m(n(zr)) on an arbitrary = € V), for any m,n € M.
Thus the representation m — L,, is an isomorphism.

In the second stage we add a finite set of binary relations R;,i € I, on the
set V', whose role will be to ‘select’ as homomorphisms exactly the mappings
L., m € M, chosen to represent the elements of the monoid M. In other words,
we wish the endomorphisms of the resulting relational system S to be precisely
the mappings L,,,m € M. We again let I = M, and define each relation R; to
be the ‘right multiplication’ by i (consisting of all ordered pairs (z,z014),z € V).
Now each left multiplication L,, preserves all relations R;, since (a,b) € R;
means b = a o4 and hence mob = mo (aoi) = (moa)oi which in turn
means L,,(a)L,,(b) € R;. Furthermore, no other mapping preserves all edge
sets R;,i € M. If 7 is a mapping of V to itself which preserves each R;, then
(m(1ar),7(i)) € R; (as (1pr,4) € R; by definition), and so 7(i) = w(1ar)d, for
alli € V,ie., m= Ly, Consequently, the endomorphisms of the system are
precisely the mappings L,,, which we have shown to form a monoid isomorphic
to M. O

The role of the binary relational systems is auxiliary—once we have a binary
relational system S with the desired endomorphism monoid, we can transform it
into a digraph G. This is the third and final stage of constructing a digraph with
a prescribed monoid of endomorphisms. The idea is to choose for each relation R;
a suitable digraph J;, and to replace each arc of R; by a different copy of J;. Each
J; comes with two specified vertices j;, j/, and we replace an arc of relation R;
by a copy of J; so that j; is identified with the beginning of the arc, and j, with
the end of the arc. It is easy to see that each endomorphism of the binary system
gives rise to a corresponding endomorphism of the resulting digraph G, in which
copies of the replacement digraphs map to each other according to the mapping
of the arcs of the various colours. We want to be careful when choosing the
replacement digraphs J;, so that there are no other endomorphisms of the final
digraph G. In other words, every endomorphism of G arises (in the above way)
from an endomorphism of S. For this purpose, we shall choose the digraphs J; in
such a way that each homomorphism of J; to G takes it identically onto a copy
of the same J;. We devote Section 4.4 to analysing this replacement operation,
and we view it as one of our basic tools. We can, for instance, make the resulting
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digraph G have certain desired properties by carefully choosing the replacement
digraphs J;. This will allow us to claim results such as every monoid (respectively
group) is isomorphic to the endomorphism monoid (respectively automorphism
group) of a three-colourable graph; or of a balanced digraph; etc. For the time
being we shall give an example family of replacement digraphs that suits our
purpose.

AN

G

FiGg. 1.10. A binary relational system S with two relations, two replacement
digraphs, and the resulting digraph G.

The replacement digraph J; has a directed path vi,ve,--- ,v;, all vertices of
which are outneighbours of a vertex u. Moreover, the vertex j; has as outneigh-
bours u, vy, and the vertex j; has as outneighbours vertices u, v;. In Fig. 1.10,
we illustrate the replacement construction. The figure shows a binary relational
system S with two relations, and for each of the relations R; (one represented
by solid lines and the other by dotted lines) the replacement digraph J;. After
the replacement operation is performed, we obtain the last digraph in the figure.
Note in particular the effect of identifying the vertices j; and j; of J; when the
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replacement is applied to a loop. We shall denote by J;* the homomorphic im-
age of J; when j; and j] are identified. (In other words, the quotient of J; with
respect to the partition in which {j;,j/} is the only nonsingleton part.) These
replacement digraphs J; have the following property.

Lemma 1.36 Let S be any relational system with two binary relations, and let
G be obtained from S by the replacement operation, using the above replacement
digraphs Ji,Js. Then every endomorphism of G arises from an endomorphism

of S.

Proof First we notice that each J;, as well as each J;, is very highly connected—
any two vertices can be joined by an oriented path x1,z9,- - -,z in which x;z;9
or T;tox; is an arc for each i =1,2,--- |k — 2. (In other words, we can join any
two vertices by a sequence of oriented triangles, with consecutive triangles shar-
ing an arc.) This high connectivity must be preserved under homomorphisms,
hence any homomorphism of a J; or a J; to G must take it to a subgraph of
some Jj, or Jj.

We claim that a homomorphism J; — Ji is only possible when ¢ = k, and
in that case it must be the identity. Similarly, we claim that J — J} implies
that ¢ = k and the mapping is the identity. Finally, we claim that there is no
homomorphism of J;* — Jj, for any 4, k, and that J; — J}/ implies that i = k and
the homomorphism is the canonical mapping onto the quotient. It will follow from
these claims that each endomorphism of G faithfully mimicks an endomorphism
of S.

To prove the claims we note that each J;, J;* is irreflexive and acyclic. Hence
we only need to consider possible irreflexive and acyclic quotients of the J;, J;'.
Hence no two vertices joined by a directed path can be identified by a homomor-
phism of some J; or J; to some J; or J7. Since J; has a Hamiltonian directed
path, it does not admit any proper irreflexive acyclic quotient. Similarly, J; has
a directed path joining any two given vertices, except for j;,j/. Thus all homo-
morphisms amongst the digraphs J;, J;*, are either injective, or are the canonical
homomorphisms J; — J. It is easy to check that no J; or J is a subgraph
of another Ji or J}, and that the only automorphism of each J; and J is the
identity. O

The lemma ensures that the endomorphism monoid of G is isomorphic to
the endomorphism monoid of S, and hence Theorem 1.34 follows from Theorem
1.35. O

A digraph is rigid, if it has no endomorphism other than the identity. We
claimed in the above proof that the replacement digraphs J; are rigid. Rigid
digraphs and graphs are discussed in detail in Chapter 4.

1.8 Homomorphisms model assignments and schedules

A homomorphism of G to H is an assignment of vertices of H to the vertices of
G, satisfying the adjacency constraints. Thus it is a useful model for situations
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where we need to assign one kind of objects to another kind of objects, while
preserving some sort of adjacency.

The simplest assignment problems can often be modeled just with graph
colourings. For instance, in the exam scheduling problem one is assigning exam
periods (colours) to courses, so that courses with common students obtain differ-
ent colours. By defining the course graph G to have the courses as vertices and
two courses adjacent just if they have a student in common, we model the exam
scheduling problem as a problem of colouring the course graph G. (Typically,
one wants to minimize the number of colours, i.e., the number of required exam
periods.)

In more complex situations, the constraints cannot be modeled just by graph
colouring. There is a general paradigm for modeling problems where constraints
are to be satisfied—the constraint satisfaction problem (CSP). Most assignment
and scheduling problems can be modeled as CSPs. In our terminology we can
formulate the constraint satisfaction problem as follows.

A general relational system S is a finite set V = V(S) (the vertices of S),
together with a finite set of relations (the relations of S) R;(S),i € I, where
R;(S) is a k;-ary relation on V. The finite set I and the integers k;,i € I,
describing the arities of the relations form the pattern (or type) P of the general
system S. (Binary relational systems are general relational systems in which all
k; = 2.) For general relational systems S,T with the same pattern, we define
a homomorphism f : S — T to be a mapping f : V(S) — V(T) such that
(f(v1), f(va), -+, f(vk;)) € Ri(T) whenever (vy,va,- - ,vg,) € R;(S). Note that
the homomorphisms between relational systems which are binary coincide with
the homomorphisms of binary relational systems as defined in Section 1.7 (and
thus the same holds for systems which are digraphs or graphs).

A constraint satisfaction problem (or CSP) is simply the problem of finding
a homomorphism between two general relational systems S, T

For instance, consider a crossword puzzle in which the words to be entered are
given, but without specifying their exact locations. This is in effect an assignment
problem—we wish to assign to each ‘block’ of the puzzle (a horizontal or vertical
line of consecutive blank cells) one of a given set of words. We construct two
general systems. In the block system S the vertices are the blocks of the puzzle.
There is a unary (arity one) relation R; consisting of all blocks of length 4 (for
all possible 7). There is also, for each possible a and b, a binary relation R,
consisting of all pairs of blocks u,v such that the a-th cell of block u coincides
with the b-th cell of block v (this happens only if one of the blocks a, b is horizontal
and the other vertical). Finally, there is another binary relation D consisting of
all pairs of different blocks. In the word system T the vertices are the given words.
The unary relation R; consists of all words of length i. The binary relation Ry, ,
consists of all pairs of words w, v such that the a-th letter of word u is the same
as the b-th letter of word v. Finally, the binary relation D’ consists of all pairs of
different words. A homomorphism of S to T must take different blocks to different
words, observe the length, and match the common letters of intersecting words.
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Therefore, the solutions of the crossword puzzle are precisely the homomorphisms
of StoT.

In this book, we shall always consider constraint satisfaction problems in
which the second relational system (T) is fixed. Thus let T' be a fixed general
relational system with the pattern P, called the template. The constraint satis-
faction problem, with template T, written as T-CSP, is the decision problem in
which we ask whether or not an input general relational system S with the same
pattern P admits a homomorphism to 7.

Consider, for instance, the fixed system N with vertices 0, 1, and one ternary
relation R = {(1,0,0),(0,1,0), (0,0,1),(1,1,0),(1,0,1),(0,1,1)}. We can view
an input system S (with the same pattern, i.e., one ternary relation) as follows.
Each vertex of S corresponds to a Boolean variable; value 0 corresponds to
mapping the vertex to 0 in NV and value 1 to mapping it to vertex 1 of N. In this
sense, the triples in the ternary relation of S correspond to clauses, where each
clause is to have a true and a false variable. In other words, N-CSP is precisely
the problem NOT-ALL-EQUAL 3-SAT without negated variables.

To model this way the better known three-satisfiability problem 3-SAT, we
need several ternary relations, since in this problem the disjunctive clauses may
contain negations of the variables. Each clause has precisely three literals. A lit-
eral is either a variable or a negation of a variable. We define the relational system
T with vertices 0,1 and eight ternary relations R{gg, Roo1, " » Ri11, where

R(/)OO = {(ivj’ k) : (ivj, k) # (0,0,0)}
R601 = {(Zvj, k) : (ivj, k) # (anv 1)}

Rllll = {(i7j7 k) : (i7j7 k) 7& (L 17 1)}

Now, each instance of 3-SAT), i.e., a set of disjunctive clauses of three literals
each, corresponds to a relational system S whose vertices are the variables, and
whose relations Rgp. are defined as follows.

Rooo consists of all ordered triples (z,y, z) for which z Vy V z is a clause;

Roo1 consists of all ordered triples (z,y, z) for which z V y V Z is a clause;

Ry11 consists of all ordered triples (z,y, 2) for which TV gV Z is a clause.

It is easy to see that satisfying truth assignments are precisely the homomor-
phisms of S to T'. Note that the system T is fixed for the entire problem 3-SAT,
while each system S corresponds to one instance of 3-SAT. In this way, we have
modeled 3-SAT as T-CSP.
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Sometimes the problem T-CSP is also called the homomorphism problem
with respect to the template T'. In particular, when the template T has just one
binary relation, i.e., T is a digraph (or a graph if the relation is symmetric),
we always refer to the problem as the homomorphism problem for digraphs (or
graphs). In the special case when T is the complete graph K,,, the homomorphism
problem is precisely the well-known problem of graph n-colourability. By analogy,
we sometimes denote the problem 7-CSP also as T-COL. This is always the
notation we use when T is a digraph (or graph); in that case it is customary to
use H in place of T

We have seen that graph colourings can model some assignment and schedul-
ing problems, but for the most general problems we need constraint satisfaction
problems (i.e., homomorphisms of general relational systems). Graph homomor-
phisms are a robust subclass of CSPs. It can be argued that graph homomor-
phisms are more applicable and flexible than graph colourings, yet retain much
of their combinatorial appeal and elegance. On the other hand, graph homo-
morphism problems, while not as flexible as the general constraint satisfaction
problems; exhibit much of CSP’s complexity and modeling power.

One of the important open problems in theoretical computer science asks
whether or not, for each template 7', the problem T-CSP is polynomial time
solvable or N P-complete. Such dichotomy is only known for a few subclasses of
CSPs, including the homomorphism problem for undirected graphs (the template
T has one symmetric binary relation), which we shall discuss in Section 5.2.
The Dichotomy Conjecture (Conjecture 5.13) states that dichotomy holds for all
CSPs. The important role homomorphisms play is underscored by the following
seminal result of T. Feder and M. Vardi, which will follow from Theorem 5.14
proved in Chapter 5.

Theorem 1.37 If there is dichotomy for the homomorphism problem for di-
graphs then there is dichotomy for all CSPs.

Let us now consider some assignment problems which are naturally modeled
by graph homomorphisms.

A typical example is the problem of assigning frequencies to transmitters
for wireless communication. Since the range of usable frequencies is small (say
3kHz-300GHz), the International Telecommunication Union, and its national
homologues, apportion bands of frequencies to various applications and opera-
tors. (For instance, the range of 300MHz-3GHz is reserved for cellular phones,
global positioning systems, and UHF television.) An operator acquires a band
of frequencies and divides them into channels; thus different channels ensure
a certain minimum separation of frequencies. Let us focus on the example of
a GSM cellular phone network in a typical European country; in todays tech-
nology, it may have on the order of 100 channels available. These channels are
assigned to the so called transmitter /receiver units (TRXs). A typical cell of the
system (corresponding to an antenna of a base transceiver station) may have
up to about a dozen TRXs, and the whole network may have on the order of
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10,000 TRXs. Hence the operator must find a way to reuse the channels, in a
way which minimizes interference. This is known as the frequency assignment
problem or channel assignment problem.

Interference will surely happen on two TRXs on the same antenna; these
must receive different channels. Interference may also happen, to a smaller de-
gree, on two TRXs on different antennas but in the same base transceiver station,
or located in a particular way with respect to a geographical feature, etc. Fur-
thermore, there may be interference even if two such TRXs operate on adjacent,
or nearby, channels, or on a channel and its harmonic. There may also be re-
strictions on which channels a TRX may use—for instance at the edge of the
operator’s territory there may be constraints imposed by a neighbouring country
or operator.

Trying to extract a simplified model of all these requirements is not easy.
However, the following simplification (obtained, basically, just by ignoring the
degree of interference) typifies the problems handled in practice. Let G be the
graph of the transmitters, where the vertices are the TRXs and two TRXs are
adjacent if they are located so that there could be interference. Let H be the
graph of the frequencies, where the vertices are the channels and two channels
are adjacent if they are separated so they cannot interfere with each other. Now
a suitable assignment of frequencies to transmitters is precisely a homomorphism
of G to H.

The graphs H that arise in practice are often very simple; for instance the
vertices (channels) may be 1,2,---, N and the edges may be all ij with |i — j|
not from a specified sets of forbidden integers. Homomorphisms to graphs H of
this type are called T-colourings; we discuss them in Section 6.3.

Suppose G, H are graphs and each vertex v € V(G) has a list (set) L(v) C
V(H). A list homomorphism of G to H, with respect to the lists L, is a homo-
morphism f : G — H such that for each v € V(G) we have f(v) € L(v). If each
TRX has a (possibly) restricted list of allowed channels, we are looking for a list
homomorphism of the graph of transmitters to the graph of channels.

List homomorphisms naturally arise in a number of other assignment prob-
lems. A very simple example of this is as follows. Given a set of tasks T" and a
set of processors P, find an assignment of the tasks to the processors with the
property that the tasks that need to communicate frequently are executed on
processors that are directly connected. Such an assignment is clearly just a ho-
momorphism of the appropriate graphs. If there are further constraints, requiring
each task t € T to be assigned to one of a ‘list’ L(¢t) C P of allowed processors,
we need again a list homomorphism. Figure 1.11 shows an example set of tasks,
processors, and allowed lists, as well as a possible assignment, indicated by the
black dots.

We note that in practice, there may be other constraints, such as having
roughly the same number of tasks assigned to each processor, etc.

The task graph T has the tasks as vertices and two tasks are adjacent just if
the tasks need to communicate frequently. The processor graph P has processors
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Fi1G. 1.11. Assigning tasks to processors.

as vertices and two processors are adjacent just if they are directly connected.
The processor graphs are reflexive by convention. A suitable assignment is a ho-
momorphism of the task graph T to the processor graph P. (Note how reflexivity
is a natural assumption here—tasks that need frequent communication can cer-
tainly be scheduled on the same processor.) If there are list constraints on which
tasks can be executed by which processors, we obtain a list homomorphism. In
Section 5.6, we shall investigate algorithms for finding homomorphisms and list
homomorphisms. It will turn out, for example, that this problem can be solved
in linear time, if the processor graph is an interval graph, i.e., the intersection
graph of a family of intervals on the real line. (Note that we take an interval
graph to be reflexive, since each interval intersects itself. It is easy to see that
the graph in Fig. 1.11 is an interval graph.)

Recently, graph homomorphisms have been found useful to model configura-
tions in statistical physics A configuration is an assignment of ‘spins’ or ‘states’
to the sites of a (usually very symmetric, crystal-like) structure, such that certain
constraints are satisfied. For instance, in the Widom—Rowlinson gas model with
three kinds of particles, there is a regular grid of sites each possibly containing
one of the particles of types a, b, c. A configuration in this model must not have
two particles of different types in adjacent sites. Of course, there may be sites
that are not occupied by any particle. Thus a configuration is an assignment
of labels a, b, ¢, or ‘blank’ to the sites. (The label ‘blank’ represents an unoccu-
pied site.) In Fig. 1.12 we depict a (reflexive) graph H which has one vertex for
each kind of particle, and a central vertex adjacent to all other vertices, which is
unlabeled. An assignment of labels to a given graph of sites which satisfies the
adjacency constraint, i.e., a configuration in the three-particle Widom—Rowlinson
gas model, is precisely a homomorphism of the graph of sites to H.

In statistical physics much effort has gone into counting the number of con-
figurations, finding its generating functions, or at least obtaining good estimates.
A number of individual cases, like the Widom—Rowlinson configurations, have
been studied more or less independently under various names. Graph homomor-
phisms offer a unifying perspective. Nevertheless, these problems are inherently
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Fic. 1.12. The graph H for the three-particle Widom—Rowlinson gas model,
and an example configuration.

very difficult, even for the simplest of models, cf. Exercise 9. Finally, we note, as
we observed at the end of Section 1.5, that counting colourings has a long tradi-
tion in graph theory, in the theory of chromatic polynomials. All these problems
can be viewed as special cases of counting homomorphisms.

1.9 Remarks

The study of graph homomorphisms is over forty years old. It was pioneered
by G. Sabidussi [308], and by Z. Hedrlin and A. Pultr [146]. (We are proud to
count all three as our teachers.) Since digraphs are just binary relations, there
were earlier developments for general mathematical structures [125]; however,
by focusing on such a restricted world, interesting new problems arose. There
was also an earlier paper in graph theory by K. Culik [70], who set himself the
same goal of investigating properties of general structures restricted to graphs;
however, he chose a different definition of homomorphisms. (It is explored in
Exercise 10.) The term homomorphism was initially also used for minors [78].
More background on history is given in Section 4.9.

The Colouring Interpolation Theorem, Corollary 1.12, is from [138]; it seems
to find its proper setting in the context of universal algebra, [241, 326], cf.
also [34]. For achromatic numbers see [94, 184] and Exercise 16. Corollary 1.21,
for which we presented an unusual proof, is a theorem of T. Gallai [113] and
B. Roy [304], which was in fact proved earlier by L. Vitaver [333] and M. Hasse
[139]. The No-Homomorphism Lemma, Corollary 1.23, is due to M. Albertson
and K. Collins [2]; its extension in Proposition 1.22 is from [35]. In Chapter 3
we shall view such results (including Exercise 2) as describing monotonicity of
the various graph parameters with respect to the so called homomorphism order.
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Proposition 1.24 is from [133]; its meaning in the homomorphism order, together
with extensions from [81], will be discussed in Chapter 3. (See also Exercise 8
in Chapter 3.) The algorithmic implications of Corollary 1.25 are explored in
Exercise 16 in Chapter 5. The Edge Reconstruction result in Theorem 1.30 is
due to L. Lovész [227]; in Chapter 2 we discuss an extension from [250], which
more substantially uses graph homomorphisms. The game of cops and robbers,
and its connection to retractions in reflexive graphs, was independently inves-
tigated by R. Nowakowski and P. Winkler [286] and by A. Quilliot [298]. The
importance of cores in the study of graph homomorphisms was independently
discovered by several people (who gave them different names such as ‘minimal
graphs’ and ‘unretractive graphs’) [108,169,200,287]; our approach follows [169].
(We remark that for infinite graphs there are complications; even Proposition
1.31 no longer holds [31].) The composition structure of graph homomorphisms
was systematically investigated by the so called Prague School of Category The-
ory, see Section 4.9. Theorem 1.35 is from [87], Theorem 1.34 is due to Z. Hedrlin
and A. Pultr [147], and the corresponding result of R. Frucht on automorphism
groups, which it generalizes, is from [112]. Graphs with given automorphism
groups and prescribed graph properties were studied by G. Sabidussi [305], cf.
also [189]. Constraint satisfaction problems have been identified as a useful mod-
eling tool since [248], and their formulation as homomorphism problems for gen-
eral relational systems is due to T. Feder and M. Vardi [105,106]. The Dichotomy
Conjecture and Theorem 1.37 is also due to T. Feder and M. Vardi [105, 106].
It has been verified, for instance, for all T-CSPs where T has only two or three
vertices [48,313]. For frequency assignments, we followed [88], and for a graph
theoretic perspective on the applications in statistical physics, we suggest [45,46].
Much general information on graph homomorphisms, often complementing the
results discussed here, can be found in the survey [135], and the book [122]. For
general reference we recommend the books [36,195,236,339].

Exercise 9 is from [45]; it corresponds to the so called hardcore gas model, and
illustrates how difficult counting homomorphisms can be. (Counting independent
sets is an intractable problem.) Exercise 15 is from [162]; it is shown there that
there are only a few noncomplete graphs H with this property. (For complete
graphs, see Exercise 16, and also Exercise 27 in Chapter 5). Exercise 18 is also
discussed in [135]; see also [335].

1.10 Exercises

1. Prove that for cycles we have Cy — Cy if and only if k is even, or /£ is odd
and ¢ < k.

2. Prove that G — H implies that the odd girth of G is at least as large as
the odd girth of H. Does such a statement hold for girth?

3. Prove that a graph G has an odd cycle if and only if Cy — G for an odd
k. Does such a statement hold for even cycles?
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Prove that for directed cycles we have ?k — Oy if and only if ¢ divides k.
Deduce that the set of directed cycles C),, where p is a prime, is incompa-
rable, i.e., Cp, — Cy if and only if p = g.

. Prove that the core of a connected graph is connected.

Prove that the core of a vertex-transitive graph is vertex-transitive.

. Suppose G is a vertex-transitive graph in which the number of vertices and

the maximum size of an independent set are relatively prime. Prove that
G is a core.

Suppose G is a vertex-critical graph, i.e., that the chromatic number of G
is greater than the chromatic number of any subgraph G — u. Prove that
G is a core.

Show that if f: G — H is an injective homomorphism, then G is isomor-
phic to the subgraph f(G) of H.

Prove that hom(G, H) = >, sur(G, Q) - inj(Q, H), where the summation
is over all (nonisomorphic) graphs @ such that G admits a surjective ho-
momorphism to Q.

. Show that a graph G satisfies the duality statement

G 4 K, if and only if K11 — G

if and only if the chromatic number of G is equal to the size of a maximum
clique of G. Deduce that such a duality holds for any class C of perfect
graphs G. (A graph G is perfect if G and all its induced subgraphs have
their chromatic number equal to the size of a largest clique.)

. Show that the number of homomorphisms of a graph G to the graph H in

Fig. 1.13 is precisely the number of independent sets of G.

— Y

FiGc. 1.13. A special graph H for counting independent sets.

Let G, H be graphs. A full homomorphism f: G — H is a homomorphism
which satisfies f(u)f(v) € E(H) if and only if uwv € E(G). Prove the
following statements.

(a) If G is an induced subgraph of H then the inclusion mapping i : G —
H is a full injective homomorphism.

(b) If f: G — H is a full injective homomorphism then G is isomorphic
to an induced subgraph of H.

(¢) There exists a full homomorphism f : G — H if and ouly if the
vertices of G can be partitioned into independent sets S,,z € V(H),
such that if xy ¢ E(H) then no edge of G joins the set S, to the set
Su, and if xy € E(H) then all vertices of S, are joined in G to all
vertices of .Sy.



36

11

12.

13.

14.

15.

16.

17.

18.

INTRODUCTION

. Prove that if G and G1,Ga, - , Gy are graphs such that
E(G)=E(G1)UE(G2)U---UE(Gy),

then
X(G) < x(G1) - x(Ga) - -+ X(Gk).

Show that each oriented graph G, in which the binary relation E(G) is
transitive, retracts to some fk.

Suppose G1, Go are graphs such that V/(G1) = V(G2) and every component
of each G, is a complete graph. (Each relation F(G;) is an equivalence.) Let
G be the graph with V(G) = V(G1) = V(G2) and E(G) = E(G1)UE(G2).
Prove that the core of G is a complete graph.

Give a polynomial time algorithm to decide whether or not an input di-
graph G admits a homomorphism to the directed path ﬁk, k fixed. Deduce
from the algorithm that G /4 P, if and only if P — G for some oriented
path of net length k + 1.

A graph G is point determining if distinct vertices have distinct sets of
neighbours. Prove that for H = K; 3 and H = C4 there exist only finitely
many point determining bipartite graphs which do not have H as a homo-
morphic image.

[161] Let G be a graph, and let 6 be the equivalence relation on V(G) in
which two vertices are equivalent if and only if they have exactly the same
set of neighbours. Let ¢(G) denote the number of equivalences classes of 6.
(Note that a point-determining graph G has ¢(G) = |V (G)].)

Prove that the achromatic number of G is bounded both below and above
by a function of ¢(G).

Deduce that the number of nonisomorphic point-determining graphs with
a given achromatic number is finite.

[144] Prove that if a graph G admits a surjective homomorphism to both K,
and K, 41, then it also admits a surjective homomorphism to some graph
X with n + 2 vertices such that X admits a surjective homomorphism to
both K,, and K, 4.

[309] Prove that every vertex-transitive graph is a retract of a Cayley
graph. (The Cayley graph of a group T' and a set S of generators closed
under taking inverses, is defined to have vertices v € T', and edges v(sv)
forallvel,se€S.)
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PRODUCTS AND RETRACTS

In this chapter, we shall introduce some basic algebraic constructs, emphasizing
the product and the retract. One can frequently aid the analysis of a complex
digraph by writing it as a product of simpler digraphs. Even if this is not possible,
we may gain some insight by embedding the digraph in a product of simpler
digraphs. This turns out to be most useful when the given digraph is a retract
of the product.

2.1 The product

The product most relevant to homomorphisms is defined as follows.

Let G and H be digraphs. The product of G and H is the digraph G x H with
the vertex set V(G x H) = V(G) x V(H), in which (u,v)(u',v") € E(G x H)
whenever vu’ € E(G) and vv’ € E(H).

The definition is stated in terms of digraphs, but applies to graphs (even when
loops are allowed) via their corresponding symmetric digraphs. This amounts to
applying the definition as written, with uu’,vv’, and (u,v)(v’,v’) being edges
(and loops) rather than arcs. In Fig. 2.1, we illustrate the product of two (a)
digraphs, (b) graphs with loops allowed, (c) graphs, and (d) reflexive graphs.

The relevance of this product to graph homomorphisms is based on the fol-
lowing simple facts (Fig. 2.2).

Proposition 2.1 For digraphs G and H,

e GXH—-GandGx H—H
e if X -G and X — H then X — G x H.

Proof Indeed, consider the two projections m,p defined by m(u,v) = u and
p(u,v) = v for all (u,v) € V(G x H). It follows from the definition of G x
H that the projections are homomorphisms 7 : G x H — G and p : G X
H — H. Moreover, if X is a digraph and if 7/ : X — G,p’ : X — H are
two homomorphisms, then the mapping f : X — G x H defined by f(z) =
(7'(x), p'(x)) is also a homomorphism. O

We can strengthen this observation by noting that the homomorphism f in
the above proof satisfies mo f = 7’ and po f = p/, and is the unique mapping with
this property. In fact, these properties characterize products (and projections),
and we have the following theorem.

Theorem 2.2 For any digraphs G, H, there exists a unique (up to isomorphism)
digraph P and homomorphisms p: P — G,r : P — H such that

37
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FiGg. 2.1. Example products.

e for every digraph X with homomorphisms p' : X — G,r" : X — H there is a
unique homomorphism f: X — P withpo f=p' andro f=1".

p ~ © '
P/fmx
Bra el

Fic. 2.2. Commuting diagram.

Proof We have observed above that P = G x H and p = 7,r = p have the
required property. Suppose now that P; with homomorphisms py, 71, and P> with
P2, 72 both have the required property. In particular, there exist homomorphisms
f:Pr— Py, f': Py — Pywithpaof = py,raof =711, and prof’ = pa,riof’ = ra.
Consider now the composition f/of : P — Pj:since pro(f'of) = p1,rio(f/of) =
r1 we must have f’ o f equal to the identity mapping on P;, according to the
uniqueness property. Similarly, fo f’ must be the identity mapping on P», whence
f' = f~!is an isomorphism of P; and P;. O
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We interpret the theorem to mean that we didn’t have any choice in defining
the ‘correct’ product for digraphs. If we want the product to satisfy these basic
homomorphism properties, we must define it this way. Because of the theorem,
one can also define the product of digraphs to be the unique P from the theorem.
Such a ‘vertex-free’ definition has its disadvantages—we do not learn directly
what are the vertices and edges of the product. But it also has some advantages—
for instance it applies to general relational systems. In Exercise 1 we ask the
reader to give a direct definition of the product of general relational systems,
which satisfies the properties in Theorem 2.2. In Exercise 2 we explore a similar
‘vertex-free’ definition of the disjoint union G + H of graphs.

We also conclude that the numbers of homomorphisms to the product can be
computed from the numbers of homomorphisms to the factors.

Corollary 2.3 For any digraph X,
hom(X,G x H) = hom(X, G) - hom(X, H).

Proof Every homomorphism f : X — G x H is uniquely determined by the
pair of homomorphisms (7 o f, po f). |

It is easy to see (directly from the definitions or by using Theorem 2.2) that
the product is commutative and associative, and that it distributes over the
disjoint union +.

Proposition 2.4 For any digraphs G, H, K, we have

e GxH~HXxG,
e Gx(HxK)~(GxH)x K, and
e Gx(H+K)~GxH+GxK. O

Because of the associativity we may speak of the product [],.; G; of a finite
family of digraphs G;. We may also define [];.; G; directly. Given digraphs
Gi,i € I we let [[;c; G:i be the digraph on the vertex set [[,c; V(G;), with
(ui)ier(uj)ier € E(][;c; Gi) whenever wyu; € E(G;) for each i € I. We also
define, for each j € I, the j-th projection m; : [[,c; Gi — G by mj(u;i)ier = u;.
Note that this definition allows infinite index sets I, cf. Exercise 6.

Let L denote the one-vertex digraph with a loop. Clearly each digraph G
is isomorphic to G x L. A digraph which is isomorphic to a product of two
smaller digraphs will be called composite, and a digraph which is not composite
is called prime digraph. It is clear that a digraph is (isomorphic to) the product
of prime digraphs—either it is prime itself, or is isomorphic to a product of
smaller digraphs, each of which in turn is either prime, or a product of smaller
digraphs, and so on. Since our digraphs are finite, we must eventually end with
a product of prime factors—called a prime factorization of G, in analogy with
prime factorization of integers. Unlike the case of integers, prime factorization
need not be unique, even for graphs, as we illustrate in Fig. 2.3. (On the other
hand, see Theorem 2.14.)
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For instance, for graphs with loops allowed, we can just notice that 2L x Ky =~
2Ks ~ K9 x K5, and both 2L and K5 are prime, as they have a prime number
of vertices. (In fact, 2L x G ~ 2G ~ Ky x G, for any bipartite graph G.) In
Fig. 2.3, we illustrate a similar situation for graphs (without loops). The heavier
edges are intended to be a visual aid in seeing an isomorphism between Cg x Ko

o
i

o—0 o—0
K, K,

Fic. 2.3. Cg x Ky >~ 20 ~ 2035 x Ks.

The construction of the product is deceptively simple, yet, as we hope to
demonstrate, very useful. We explore this theme in the next few sections, and
return to it repeatedly.

2.2 Dimension

The product construction allows for very complex structures to be built from
extremely simple building blocks. Even starting with complete graphs yields a
surprisingly rich family of products. In this section we focus on graphs.

Theorem 2.5 Fvery graph is isomorphic to an induced subgraph of a product
of complete graphs.

Proof Let G be any graph, and K a complete graph on the same vertex set
V(G). Let I = HOM(G, K) and take the product [ [, o, F where each Fj, = K.
For each h € I (a homomorphism G — K), we can define a homomorphism
fn: G — F, = K by setting fr(x) = h(z). We now claim that the mapping f
defined by f(u) = (fn(w))ner is an isomorphism of G to an induced subgraph
of [[,cr Fn- It is easy to check that f is a homomorphism. It is injective, since
one of the h € I is the identity mapping on V(G) and hence u # v implies
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fn(u) # fn(v). Finally, it is an isomorphism onto an induced subgraph of the
product, since if u, v are not adjacent in G then some h € I has h(u) = h(v) and
50 frn(u), frn(v), and hence also f(u), f(v) are not adjacent in the product. O

An isomorphism of a graph G to an induced subgraph of a product of complete
graphs will be called an encoding of G. An encoding of GG associates to each vertex
v of G a vector, which is a vertex in the product of complete graphs; we call this
vector the code of v, in the given encoding of G. In Fig. 2.4 we write the codes
as strings.

11 22 13 21
@ @ @ @

FiG. 2.4. An encoding of P3 in Ky X Ks.

The last proof is essentially identical to the well-known proof showing that
every partial order is a suborder of a direct product of chains. (That result may
be formulated in our context as follows: every reflexive, transitive, and antisym-
metric digraph is isomorphic to an induced subgraph of a product of reflexive
transitive tournaments.) As for ordered sets, we wish to measure the complexity
of a graph by how many factors are needed in such a product.

The dimension of G, denoted dim G, is the smallest integer d such that G is
isomorphic to an induced subgraph of a product of d complete graphs. Theorem
2.5 ensures that dim G is well defined, but its proof only yields the upper bound
dim G < |I| < n™. In order to obtain better bounds we consider the following
reformulation.

Proposition 2.6 Let G be a graph. Then dim G < d if and only if there exist
equivalence relations Ry, Ra,- -+ ,Rq on V(G) such that

1. two adjacent vertices of G are nonequivalent in all R;,
2. two nonadjacent vertices of G are equivalent in some R;, and
3. two distinct vertices of G are nonequivalent in some R;.

Proof Condition 3 says that the equivalences ‘separate’ vertices, while condi-
tions 1 and 2 say that the union of the equivalences is the complement graph
G. If G is encoded in the product of d complete graphs, we set R; to be the
equivalence relation in which two vertices are equivalent just if they have the
same i-th coordinate. Conditions 1, 2, 3 are now easy to check. Conversely, if
Ry, Ry, - -+, Rq are equivalence relations on V(G) satisfying 1, 2, 3, we can en-
code G in a product of d complete graphs, by setting the i-th coordinate of a
vertex v € V(G) to be the name of the equivalence class of R; containing v.
O

Corollary 2.7 If G is a graph with n vertices, then dim G < n.

Proof Since the maximum degree in G is at most n — 1, Vizing’s theorem
implies the edges of G can be coloured with n colours, so that incident edges
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obtain different colours. Let E; denote the set of edges of colour i =1,2, -+, n.
Even though some E; may be empty, we can define equivalence relations R;,7 =
1,2,---,n, as follows. Each equivalence relation R; corresponds to the partition
of V(G) in which the classes are the two-vertex subsets corresponding to the
edges of F; (if any), and the one-vertex subsets corresponding to the vertices
not belonging to any edge of E;. (Recall that each vertex can belong to at most
one edge of any F;.) This collection of equivalence relations clearly satisfies 1-3.

O

In fact, it can be shown that with a small number of exceptions, dim G < n—1.
(In this sense the situation resembles the theorem of Brooks.)

The chromatic index of a graph is the minimum number of colours needed to
colour the edges of G so that incident edges have different colours. The preceding
proof implies that the dimension of G is at most the chromatic index of the
complement G, as long as this number is at least two. (When G has chromatic
index one, we need an extra equivalence to ensure condition 3.) If, in addition,
the complement G is triangle-free, then we need to consider only equivalences
with classes of size one or two (as above).

Corollary 2.8 Let G be a graph. If the complement G is triangle-free and has
chromatic index k > 2, then dim G = k. O

This corollary allows us to find graphs of arbitrarily high dimension, by taking
triangle-free graphs with high minimum degree, and hence high chromatic index.
Another very useful technique from linear algebra relies on matchings. A
matching M of a graph G is a set of disjoint edges z;y;, i = 1,2,--- , k, of G.
A matching M = {z1y1, x2y2, -+, Txyr} of G is strict if x;y; ¢ E(G) whenever
1< 7.
Theorem 2.9 If G has a strict matching with k edges, then dim G > log, k.

Proof Suppose G is encoded in a product of m complete graphs. We may
assume that the code of each vertex v of G is an m-vector of positive integers,
éw) = (e(v)1,e(v)a, -+ ,c(V)m). Let L = {1,2,---,m}. We further associate
to v two 2™-vectors @(v) = (a(v)s)scr and b(v) = (b(v)s)scr, where a(v)s =
[lics c(v)i; and b(v)s = [[,¢5 —c(v);. This definition implies that for two vertices
x,y of G, the dot product of vectors @(z) and b(y) is [T, (e(x); — c(y)i), which
is zero if and only if z and y are nonadjacent in G.

Let now M = {ziy1,x2y2, - ,Tryr} be a strict matching in G. It then
easily follows from what we have just observed that the matrix of dot products
(@(x;) - b(y;))s.; is nonsingular. Therefore, the vectors @(zy), @(x2), - - , @(zx) are
linearly independent. Indeed, 37 | \;@(z;) = 0 implies 37" | A (@(x:)-b(y;)) = 0,
forall j =1,2,---, k. This is a system of homogeneous linear equations with the
above matrix we have just proved nonsingular. Hence all \; are zero. Finally, we
observe that since there exist k linearly independent 2™-vectors, we must have
E<2m, O
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It can be deduced that the dimension of a product of m nontrivial complete
graphs is exactly m, i.e., cannot be also expressed as a subgraph of a product
of fewer than m complete graphs. Consider the product of m copies of Ks. It
is readily seen to be the union of 2™ disjoint copies of K5, and hence admits a
strict matching with 2™ edges. Thus we obtain another family of graphs with
arbitrarily high dimension.

Corollary 2.10 dim(K3)™ = m. O

Of course, a similar result holds about dim(K,,)™.

2.3 The Lovasz vector and the Reconstruction Conjecture

It turns out that the numbers of homomorphisms uniquely describe a digraph.
Two digraphs are isomorphic if and only if they have exactly the same number
of homomorphisms from every other digraph.

Theorem 2.11 Let G, H be digraphs. Then G and H are isomorphic if and only
if for every digraph X we have

hom(X,G) = hom(X, H).

Let X3, Xo, -+ be a fixed enumeration of all nonisomorphic digraphs. (In
other words, these digraphs are pairwise nonisomorphic and each digraph is iso-
morphic to one of them.) Then the Lovdsz vector of a digraph G is the countable
sequence (n1,ng, - - - ), where each n; = hom(X;, G).

The theorem states that two digraphs are isomorphic if and only if their
Lovész vectors are equal. Recall the deck introduced for the Edge Reconstruction
Conjecture (Conjecture 1.29). While we don’t know that the deck is sufficient to
reconstruct G, the Lovdsz vector is sufficient.

Proof Clearly, the cardinality condition is necessary. To prove its sufficiency,
note that it is enough to prove that it implies, for every digraph X,

inj(X, G) = inj(X, H),

since taking X = G and X = H implies the existence of both an injective
homomorphism of G to H and an injective homomorphism of H to G—and
thus of an isomorphism between G and H. We verify the above equality by
induction on the number of vertices of X. When X has only one vertex, then
every homomorphism of X is injective, so the equality holds by assumption. Let
us assume we have already proved the equality for all digraphs which have fewer
vertices than X. We have observed in Lemma 1.27 that

hom(X,Y) =Y " inj(X/6,Y),
4

where the sum is taken over all partitions 6 of V(X). Let ¢ denote the trivial
partition in which each class is a singleton. Then
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hom(X,Y) = inj(X,Y) + ) inj(X/0,Y).
0+

Since each X/6 on the right-hand side has fewer vertices than X, we have
inj(X/0,G) = inj(X/0, H) by the induction hypothesis, and hence we conclude
that inj(X, G) = inj(X, H). O

We now return to the question of factorizations, which motivated Theorem
2.11. We have seen that the same digraph may have two different prime factoriza-
tions. In fact, we had seen examples where G x K ~ H x K without G ~ H—an
equation from which it is impossible to cancel K. Theorem 2.11 allows us to
prove the following cancellation law for digraphs.

Corollary 2.12 IfG, H, K are digraphs, where K contains a loop, then GX K ~
H x K if and only if G ~ H.

Proof Clearly the condition G ~ H is sufficient. For its necessity, take any
digraph X and note that using Corollary 1.27, we obtain

hom(X,G) - hom(X, K) = hom(X,G x K)
=hom(X, H x K) = hom(X, H) - hom(X, K).

Since K has at least one loop, the factor hom(X, K) is not zero and hence
hom(X,G) = hom(X, H). O

For graphs, it turns out that any odd cycle in K (not just a loop, i.e., a
one-cycle) ensures that K can be cancelled.

Theorem 2.13 [224,225] If K is a nonbipartite graph, then G x K ~ H x K
if and only if G ~ H.

On the other hand, for connected reflexive and nonbipartite graphs much
more can be proved.

Theorem 2.14 [240] The class of connected nonbipartite reflexive graphs has
unique prime factorization.

Another interesting result that follows (in a similar fashion) from Theorem
2.11 is the following corollary dealing with numeric powers G¥ = G x G x ---x G
of digraphs.

Corollary 2.15 G* ~ H* if and only if G ~ H. O

We now return to the original Edge Reconstruction Conjecture. Recall that
we have proved the conjecture, in Theorem 1.30, if the graphs G and H have n
vertices and more than %(g) edges. The approach based on counting homomor-
phisms can be extended to prove a stronger result. For simplicity we shall again
stay with graphs, even though the technique applies equally to digraphs (and
more general structures).
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Theorem 2.16 Let G, H be graphs with n vertices and m > n(logyn—1) edges.
If there exists a bijective mapping 5 : E(G) — E(H) such that G —e ~ H — ((e)
for every e € E(G), then G~ H.
Proof As in the proof of Theorem 1.30, we shall apply inclusion—exclusion, but
this time in a somewhat more sophisticated way. Let e = vw be an edge of G;
recall that we say that an injective mapping f : V' — V has the property Pe,
if f(v)f(w) is an edge of H. We say that f is an injective homomorphism of G
to H with defect D (D C E(G)), if it has precisely the properties Pe,e € D.
Let inj (G, H) denote the number of injective homomorphisms of G to H with
defect D. o

We have previously shown that inj(G, H) = inj(Q, H) — >, 4= inj(4, H) +
Djaj—2 nj(A H) =37 4 _3inj(A, H) + -+ (=1)"inj(G, H). A similar equation
can be derived, by inclusion-exclusion, for inj, (G, H).

inj, (G, H) =inj(D,H) — > inj(DUA,H)+ Y inj(DUA,H)
[Al=1 |Al=2
— > ij(DUAH)+ -+ (=1)" Plinj(G, H).
|A|=3

The sets A are assumed to be subsets of F(G) — D. For 0 < d < m, we let
inj;(G, H) denote the sum

> injp(G, H);
|D|=d
then we can rewrite the above equations as follows, with all sets B C F(G):

inj,(G,H) = Y inj(B,H)— Y (df)inj(B,H)

|B|=d |B|=d+1

+ ¥ < >1nJBH) 3 (d;’l_g)inj(B,H)

| B|=d+2 |B|=d+3
+o (=)™ (i;) inj(G, H).

(Note that taking d = 0 yields the formula derived in the proof of Theorem 1.30.)
If we again let H = G, we obtain the equation (with all sets B C E(H))

injg(H,H) = Y _ inj(B,H)— > (dji_l)inj(B,H)

|B|=d |B|=d+1

+ ¥ (d+2>1nJBH) 3 <d;3>inj(B,H)

| B|=d+2 | Bl=d+3

b (1)l <ZL) inj(H, H).
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Except for the last term, the subgraphs corresponding to any particular B’s in
G and in H are in one-to-one correspondence, as before. Thus most of the terms
on the right-hand side of these expressions are pairwise the same, and we obtain

i (G ) inja1.F0) = (-1 () ) (G ) . 1)

Assume, for a proof by contradiction, that G and H are not isomorphic, i.e., that
inj(G, H) = 0. Summing up the above equations over all 0 < d < m, we obtain

2™ < 2™inj(H, H) =Y _|inj,(G, H) — inj,(H, H)| < 2n!
d=0

since Y, inj(G,H) = n! . From n! < (n/2)" we conclude that m < 1 +n
(logyn — 1), contrary to our assumption. O

2.4 Exponential digraphs
Let G, H be digraphs. The exponential digraph H has as its vertices all mappings
V(G) — V(H) and as its edges all ff’ such that f(v)f'(v') € E(H) for every
v’ € E(G). The exponential digraph H¢ is also called (the G-th) power of H.
If G, H are graphs, the exponential graph H® is, in general, a graph with
loops allowed. In fact, f is a loop of G if and only if f : G — H is a homomor-
phism.
In Fig. 2.5, we illustrate the exponential digraph C O for directed cycles
Cg, C’3 Note that there are no loops in this power, since Cy -+ C’g

/\ § /\ .

N

10
Fia. 2.5. The exponential digraph C_'?z for directed cycles 52, Cs

The exponentiation of digraphs has properties that are very similar to the
usual laws of exponentiation of real numbers. We explore some of these properties
in the next proposition, and a few more are taken up in the exercises (Exercise
8).
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Proposition 2.17 For any digraphs F,G, and H
1. HEHF ~ G x g7
2. HO*F ~ (HYF,

Proof We prove 2 and leave 1 as an exercise. To each mapping m of V(F) to
V (HY) we assign the mapping ®(m) of V(G x F) to V (H) which maps the vertex
(u,v) of G x F to the vertex (m(v))(u) of H. (Recall that m(v) is a mapping
from V(G) to V(H).) Tt is clear that ® is a bijective mapping between V ((GH)T")
and V(HS*F). Tt is also easy to check that ® is a homomorphism from (G#)¥
to HE*F Indeed, if mm’ € E((GT)F), then ®(m)®(m') € E(H*F), since
(®(m))(u,v) = (m(v))(u) is adjacent to (®(m’))(u',v") = (m/(v"))(u’) whenever
(u,v) is adjacent to (v/,v') in G X F. O

Corollary 2.18 G x F — H if and only if F — HC.

Proof In fact, it is clear that hom(G x F, H) = hom(F, H%), as both sides
count the number of loops in (H)¥. O

‘We make two other observations.

Proposition 2.19 For any digraphs G and H

1. H is isomorphic to an induced subgraph of HE
2. GxHY - H

Proof The constant mapping fr : V(G) — V(H), which takes all vertices of G
to the vertex h € V(H), is a vertex of HY. It is easy to check that the association
h — f is an isomorphism of H onto an induced subgraph of H“, proving 1. To
prove 2, define 1 to be the evaluation mapping on V(G) x V(H)V(E)  i.e., let
n(u,m) = m(u), where m € V(H)V(@ vy € V(G). It is again a simple exercise
to show that 7 is a homomorphism G x H® — H. O

2.5 Shift graphs

Theorem 1.9 states that there exist graphs of arbitrarily high chromatic number
and girth. The constructive proofs of this result are quite difficult. In contrast,
there are simple constructions of graphs with high odd girth and chromatic num-
ber. Recall that the odd girth of a nonbipartite graph G is the length of a
shortest odd cycle in G, and that the odd girth is more relevant than girth from
the perspective of graph homomorphisms (cf. Exercise 2 in Chapter 1).
General shift graphs have as vertices fixed-length strings over a fixed alpha-
bet, and adjacency is defined as follows. If £ > 2, the string ajas - - - ag is adjacent
to bibg - - - by just if b; = a;4q for all i = 1,2,--- £ — 1. The generic shift graph
(known as the de Bruijn graph) dB(n,{), has as vertices all strings of length ¢
over the alphabet 0,1,2,--- ,n—1. For our purposes we shall take an induced sub-
graph of the de Bruijn graph. The shift graph R(n, ) is the subgraph of dB(n, {)
induced by all monotone strings, i.e., strings ajas - - - ay with a1 < as < --- < ay.
We observe that shift graphs have an inherent orientation—reading the defini-
tion (“is adjacent £0’) in the context of digraphs results in a shift digraph R(n,?).
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This digraph has arcs from a vertex aias---ay to all vertices agas - - - aga, for
all characters a,a > ay. In this way the arc from ajas---ay to asas---apar41
can be associated with a string of length ¢ + 1, namely ajas - - - ag, agy1. Thus
there is a natural connection to line digraphs. The line digraph L(G) of a di-
graph G has as its vertices the arcs of G, and has an arc from ab € E(G) to
cd € E(G), just if b = c. It follows from the above observation that shift di-
graphs satisfy R(n,¢ + 1) = L(R(n,¢)). From the definition of R(n,2) we see
that R(n,2) = L(T,), therefore, it is convenient to define R(n,1) as T, the
transitive tournament, this time taken on the vertices 0,1,--- ,n — 1.

Lemma 2.20 Let n be a positive integer. Then
e R(n,1)=T,, and
e R(n,l+1)=L(R(n,¥)), for all £ > 1. O

Note that all shift digraphs are irreflexive.

In the following, we take the chromatic number of an irreflexive digraph to
be the chromatic number of the underlying graph. The chromatic number of the
line digraph of G is bounded on both sides by a (logarithmic) function of the
chromatic number of G.

Lemma 2.21 For any digraph G,

log, X(G) < X(L(G)) < min {k () < <L ’;2 J>} .

Proof In this section we only need the lower bound, which we prove first. A
proper colouring of L(G) is a colouring of the arcs of G in which no two arcs
ab and be have the same colour. Thus consider such a proper colouring of L(G)
with t colours, and form the spanning subgraphs Gi,Gs,- -+ ,Gy of G, where
E(G;) consists of all the arcs that obtained colour 4. Since each vertex of G; has
either outdegree zero or indegree zero, the underlying graph of G; is bipartite,
for every 4. It is easy to check (cf. Exercise 11 in Chapter 1) that if each ¢; is a
two-colouring of G;, then ¢ defined by ¢(v) = (c1(v), c2(v),- -+, ct(v)) is a proper
colouring of G, and so x(G) < 2%
To prove the upper bound, we show that x(G) < (Lk’;QJ) implies that x (L(G)) <

k. Indeed, any colouring ¢ of G with (Lk];Q j) colours can be viewed as an assign-
ment of |k/2]-subsets of {1,2,---,k} to the vertices of G, in which adjacent
vertices obtain disjoint subsets. Define a mapping f of V(L(G)) to {1,2,--- ,k}
in which the arc zy of G (being a vertex of L(G)) receives the value f(zy) = u
where u is any element of f(x) — f(y). It is easy to see that f is indeed a k-
colouring of L(G), i.e., that arcs xy and yz cannot obtain the same colour. Note
that the upper bound is roughly of the order log, x(G); it will be used in Section
2.6. O

Lemma 2.22 The graph R(n,£) has odd girth at least 2¢ 4 1.
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Proof We proceed by induction on ¢. Indeed, the statement is trivial when £ =
1. Hence consider an odd cycle C in R(n,£). It consists of vertices ri,ro, -+ ,r¢
(t odd) of R(n,¥¢). Thus the strings r1, 72, -+ ,7¢ are arcs of R(n,¢ — 1), and for
each consecutive pair r;, ;41 of arcs, the head of one equals the tail of the other.
This defines a closed walk of the same length ¢ in R(n, £ —1). Of course, a closed
odd walk must contain a closed odd cycle, so we only have to observe that the
closed walk 71,79, -+ , 7 is itself not a cycle (hence the odd cycle is shorter and
we can apply the induction hypothesis). This follows from the fact that the arc
that is the lexicographically smallest string has both its neighbours in C' have
tails equal to its head, and the arc that is the lexicographically largest string has
both its neighbours in C' have heads equal to its tail (Fig. 2.6). O

The situation is illustrated in Fig. 2.6; for convenience we show parts of the
graph R(n,2) and the digraph R(n,1).

Dt

Fic. 2.6. A five-cycle in R(n,2) corresponds to a closed walk of length five in

—

R(n,1) = T,.

Since the chromatic number of R(n,¢) is controlled by both n and ¢, while
the odd girth only by ¢, we can now construct graphs of arbitrarily high odd
girth and chromatic number.

Theorem 2.23 Let g,k be positive integers, g > 3 odd. Then there exists a
graph S(g, k) with odd girth at least g and chromatic number at least k.

Proof It is enough to set S(g,k) = R(n,¢) with 204+ 1 = g and n = 22* ,
where the tower of powers has length ¢. (In other words, n = ny is defined
recursively as n; = 2F, and ngy = 2me ) O

It may appear that it will be much harder to construct graphs of arbitrarily
high odd girth g and chromatic number k£ which are uniquely k-colourable, but
the product construction makes this easy.

Proposition 2.24 If G is a connected graph which is not k-colourable, then
G x Ky, is uniquely k-colourable.

Proof The second projection p : G x Kj, — K}, (taking each (u,x) to z) is a k-
colouring of G x K. We shall show that every other k-colouring is obtained from
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p by renaming colours, i.e., is the projection p followed by an automorphism of
Kj. Thus let ¢ : G x K, — K} be a homomorphism, i.e., a k-colouring of G x K.
Suppose first that for some vertex u € V(G) the values c(u,z) = z,x € V(Ky),
are all distinct. In this case, for any v adjacent to u, and any = € V(K}), the
vertex (v, x) is adjacent to all (u,y),y # x, and so ¢(v, z) = ¢(u, ). In particular,
all ¢(v,z),z € V(K}), are again distinct. By the connectivity of G we conclude
that all values c(u, ) with the same z are equal, i.e., that the colouring ¢ differs
from p only in renaming the colours.

We prove the existence of such a vertex u by contradiction. Suppose that
for each u € V(QG) there are two vertices xy,y,, of Kj with c(u, z,) = c(u, yu),
and denote by c(u) this common value c(u, ) = c(u,y,,). We claim that c is a
k-colouring of G. Consider an edge uv € E(G). Note that for every z € V(K})
at least one of (u,xy), (u,y,) is adjacent to (v,x), and so c¢(v,z) # c(u); in
particular, c(v) # c(u). O

Corollary 2.25 Let g, k be positive integers, g odd. Then there exists a uniquely
k-colourable graph of odd girth at least g.

(Note that a uniquely k-colourable graph must have chromatic number k.)

Proof Let G be a graph of chromatic number at least k& + 1 from the theorem
(which clearly may be chosen to be connected). Then the proposition implies that
G x K} is uniquely k-colourable. It only remains to observe that G x Ky — G
and hence must not have odd girth smaller than G. O

The existence of uniquely k-colourable graphs with high girth is discussed in
Corollary 3.17.

The proof of Proposition 2.24 has a nice interpretation in the power K,ﬁ{’“.
According to the isomorphism of K}kac and (K,f")c from Proposition 2.17, 2,
each homomorphism ¢ : G x K, — K}, corresponds to a set of vertices of K ,f k—
one for each vertex u € V(G) (being the mapping that takes = to c(u,x)). Since
this mapping is a homomorphism Kj — K, if and only if all values c(u, x) = z,
for x € V(K}), are distinct, the two parts of the proof of Proposition 2.24
correspond respectively to the following two assertions.

Corollary 2.26 Consider the power K,f(k
e The subgraph induced by the vertices with loops has no other edges.
o The subgraph induced by the vertices without loops is k-colourable. O

2.6 The Product Conjecture and graph multiplicativity

One of the most challenging open problems in this area is the following Product
Conjecture.

Conjecture 2.27 If G, H are graphs, then

X(G x H) = min(x(G), x(H)).
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Since G x H — G and G x H — H, we have x(G x H) < min(x(G), x(H)),
whence the Product Conjecture amounts to really just proving the opposite
inequality, i.e., that the product of two graphs which are not k-colourable is
also not k-colourable. For convenience we also give the conjecture in the positive
form.

Conjecture 2.28 If G x H is k-colourable, then G or H is also k-colourable.

For k = 1, this just says that the product of two graphs that are not edgeless
is a graph that is also not edgeless—clearly true. (A graph G is edgeless if E(G) =
(.) For k = 2, we are saying that the product of two nonbipartite graphs is also
nonbipartite. If the odd girth of G is a and the odd girth of H is b with b > a,
then C, — G and C}, — H, and hence C, — G x H, so that G x H cannot be
bipartite (cf. also Exercise 4). In both cases, we have used duality—for k = 1,
the trivial simple duality that says G /4 Kj if and only if Ky — G, and for
k = 2, the duality from Corollary 1.19 which says that G /4 Ks if and only if
C,, — G for some odd n (the theorem of Konig).

There is again a natural connection to the exponential digraph. To see the
connection more clearly, we define a digraph K to be multiplicative if G x H — K
implies that G — K or H — K. (Again, the condition is often used in the
contrapositive form, G / K, H /4 K imply that Gx H / K.) Thus the Product
Conjecture asserts that each complete graph K}, is multiplicative.

Lemma 2.29 A digraph K is multiplicative if and only if G /> K implies K& —
K.

Proof Suppose first that K is multiplicative, and G /4 K. If also K¢ /4 K,
then G x K¢ 4 K, contrary to Proposition 2.19. On the other hand, assume
that G 4 K implies K¢ — K, and take any G, H with G 4 K,H /4 K. If we
had G x H — K, then by Corollary 2.18 H — K¢, contradicting H /4 K (since
KC — K). O

We shall say that a digraph G is K-persistent if G /4 K implies K¢ — K.
(Note that any digraph G with G — K is trivially K-persistent.) Therefore, K
is multiplicative if and only if each digraph is K-persistent. It follows from the
previous proof that G is K-persistent if and only if G — K, or G x H /4~ K
whenever H /4 K. Thus the following two propositions describe situations in
which the Product Conjecture holds for a graph G and all H with the same
chromatic number.

Proposition 2.30 Any graph G in which each vertex belongs to a Ky is K-
persistent.

Proof Let each vertex of G belongs to a K, and G /4 Kj. Suppose H /4 Ky,
but there is a homomorphism f : Gx H — Kj. Without loss of generality we may
assume that H is connected. Since each vertex of G belongs to a Ky, and K x H
is uniquely colourable by Proposition 2.24, we must have f(u,v) = f(u,v") for
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all u € V(Q),v,v" € V(H). It follows that c(u) = f(u,w), where w is any fixed
vertex of H, defines a homomorphism of G to Ky, contrary to assumption. O

Proposition 2.31 Any graph G without induced 2K5 is Ky-persistent for all k.

Proof Let G contain no induced 2K, and suppose G 4 Kj. We define a
homomorphism ¢ : K§ — K, as follows. Each mapping m € V(K<) must have
m(a) = m(b) on some adjacent pair of vertices a, b of G—since G 4 Kj. Let ¢(m)
denote such a value m(a) = m(b). We claim that ¢ is indeed a homomorphism
K& — Kj. Suppose that m and m’ are adjacent in K<, and c(m) = ¢(m/). Let
ab,a't’ € E(G) have m(a) = m(b) = ¢(m),m/(a') = m/(b') = ¢(m')(= c(m)).
Since G contains no induced 2K, one of the vertices a,b must be adjacent or
equal to one of the vertices a/,b’. In each case, we obtain adjacent vertices x, z’
of G with m(z) = m/(a’), contradicting the fact that mm’ € E(KS). O

We have noted that the Product Conjecture holds for k£ = 1,2. It has also
been proved for k = 3, using Lemma 2.29.

Theorem 2.32 [89] If G x H is three-colourable, then so is G or H.

In other words, the undirected cycle Cs is multiplicative. Of course, every
even cycle Co is multiplicative, since it is homomorphically equivalent to Ko,
which is multiplicative. In fact, it can be shown that all odd cycles are also
multiplicative.

Theorem 2.33 [132] Every undirected cycle Cy, is multiplicative.

By contrast, we don’t know whether or not the Product Conjecture itself
holds for any k& > 3. In fact, the first multiplicative graphs K with x(K) > 3
have been discovered only recently [324].

o e e
FiGg. 2.7. For directed cycles we have Cy x C’} ~ C_"(;.

In the case of digraphs, we must focus on irreflexive digraphs. Figure 2.7
illustrates the fact that C_"g X C_"g ~ 66. Since 62 -+ C_"g and 63 -+ 66, it follows
that Cg is not multiplicative.

Multiplicativity of some digraphs is easy to establish using duality.

Theorem 2.34 Each transitive tournament Ty, is multiplicative.
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Proof Suppose G, H are digraphs with G /4 fn, H 4 T,. According to Propo-
sition 1.20 this means that there exist homomorphisms f : ﬁn —G,g: ﬁn — H;
therefore F : P, — G x H defined by F(z) = (f(z),g(x)) is a homomorphism.
This means that G x H 4 T, by another application of Proposition 1.20. O

Duality can also be used in the following cases.
Theorem 2.35 Fach directed path 13” is multiplicative.

Proof Suppose G, H are digraphs with G /4 ]3m H 4 B,. According to Exer-
cise 14 in Chapter 1 this means that there exist homomorphisms f: P — G, g :
@ — H for some oriented paths P,Q of net length n + 1. The proof will be
concluded as before, if we prove the following lemma. O

Lemma 2.36 If P and Q are oriented paths of net length £, then P x Q contains
an oriented path of net length £.

If W is the walk vo, v1, - - - , Uk, then a subwalk of W is any walk vy, vi41,- - ,v;
with 0 <¢ < j <k, and a prefiz of W is a walk vg,v —1,--- ,v; with 0 < j < k.

Proof Assume that P has consecutive vertices pg, p1,-- - , pq and @) consecutive
vertices qo, g1, ,qp- By taking subpaths of P and @, we can make sure that
the net lengths of all prefixes of P and @ are between 0 and ¢. (These net lengths
are precisely the levels as defined after Proposition 1.13.)

Note that a path of net length £ exists if and only if a walk of net length £
exists, since P, @, and hence also P x (Q are balanced, and so any closed walk has
net length zero. We shall show the existence of a walk of net length ¢ between
specific vertices.

Claim P x Q contains a walk of net length € from (po,qo) to (Da,q)-

Figure 2.8 illustrates the product of two oriented paths. Depending on the
orientations of the arcs incident to u € P — pg — pa, v € Q — qo — qp, the product
P x @ has the vertex (u, v) either with no neighbours, or with four inneighbours,
or with four outneighbours, or with two inneighbours or outneighbours. In any
case, the number of neighbours of such (u,v) is always even. Moreover, when
v = qo, a vertex (u,v) still has even degree when u has level 0 in @, because of
the assumption that no vertex has negative level in ). For similar reasons, the
degree of (u,v) is even when v = ¢, and « has level £ in @Q; when u = py and v
has level 0 in @; and when u = p, and v has level £ in Q. (The levels are marked
in the illustration.)

Consider the following traversal of P x Q: starting at (po, qo), continue taking
arcs in either direction, as long as possible while never taking an arc already
taken. This traversal results in a walk W without repeated arcs. Suppose W' is
a subwalk of W, from (po, o) to some (u,qo). Since the projection of W’ onto
Q@ has net length 0, so must the projection of W’ onto P, i.e., the level of u in
P must be 0. It follows from this observation (and the similar cases of subwalks
to (u, @), (Po,v), (Pa,v)), that W must end in (pg,q), since all other vertices
encountered have an even degree. O
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Fia. 2.8. The product of two oriented paths of net length two.

Theorem 2.37 The directed cycle C,, is multiplicative if and only if n is a prime
power.

Proof If n is not a prime power, it can be written as n = pg where p and ¢ are
relatlvely prlme It is then easy to see, as in Fig. 2.7, that C X C ~ (. Since

Cp + C,, Cq + C,, the digraph C,, is not multiplicative.

Suppose now that n is a power of a prime. We shall again use duality—this
time the duality of Corollary 1.18, asserting that G 4~ C, if and only if some
oriented cycle C' of net length not divisible by n has C' — G.

Suppose G 4 C,, because C — G and H + C,, because D — H, where C'is
an oriented cycle of net length m; > 0 not divisible by n, and D is an oriented
cycle of net length ms > 0 not divisible by n. Let m = kymy = komo be the
least common multiple of m; and ms. Since n is a prime power, m is also not
divisible by n. We shall construct an oriented cycle X of net length m such that
X — C x D, whereby proving the theorem. Instead of arguing about X, we shall
look at its image in C' x D, which will be a closed walk of net length m in C x D.

We now assume that C' and D are given by consecutive vertices cg, c1, - ,¢q =
co respectively dg,dq,- -+ ,dp = dy such that the net lengths of all prefixes ¢y, c1,
, Cg, Tespectively do, d1, - - - , d,, are nonnegative. (This is easily accomplished

by making the right choices for ¢y and dy. Note however, that these net lengths
may exceed mi or msg.) Let P be a path obtained by going around C exactly
k1 times, and ) a path obtained by going around D exactly ko times. To be
precise, P has distinct vertices ¢, ct, -+, ¢l =, -+ 2, c’gl, o, ¢k and

c§ cg- 41 being a forward or backward arc exactly as ¢;jcj11 in C; and similarly for
@. Both these paths have net length m and all their prefixes have nonnegative



THE PRODUCT CONJECTURE AND GRAPH MULTIPLICATIVITY 55

net lengths. Suppose M is an integer strictly greater than the net length of all
prefixes of P and ). Consider now extending P by going around C again until
the first time the net length reaches M; call this path P’, and let P” be the
extension, i.e., the subpath of P’ obtained by removing the prefix P. We obtain
@' and Q" in the same way from @ and D. Let ¢ and d be the last vertices of
P’ and Q' respectively.

In the paths P’ and @’ all prefixes have net lengths between 0 and M, hence
the Claim from the proof of Lemma 2.36 ensures that P’ x Q' has a walk W' of
net length M from (c},d}) to (c,d). In the paths P” and Q" all prefixes have
net lengths between 0 and M — m, hence the same Claim ensures that P” x Q"
(which is a subgraph of P’ x Q') contains a walk W” from (cf*,d5*) to (c,d) of
net length M — m. Concatenating W’ with the reverse of W’ yields a walk in
P’ x Q' of net length m, which corresponds in C' x D to a closed walk, since cgl
and ¢o (and similarly di? and dpy) correspond to the same vertex. O

Proposition 2.38 Let K be the symmetric digraph corresponding to the graph
K. If k > 2, then K is nonmultiplicative.

Proof Let G be the transitive tournament fk+1 with vertices 1,2, -+ ,k,k+1
and arcs ij for all i < j, and let H be obtained from G by reversing the arc
1(k +1). Then G 4 K and H -/ K, because the underlying graphs of G
and H are not k-colourable. However, the digraph G x H has special structure:
all vertices (4,7) with ¢ # j are isolated, except for (1,k+ 1) and (k + 1,1),
which are adjacent. The only other component of G x H is on vertices (¢,),7 =
1,2,--- ,k+ 1, and is isomorphic to fk+1 with the arc 1(k + 1) removed. Thus
a homomorphism f : G x H — K is obtained by identifying vertices (1,1) and
E+1,k+1). O

Proposition 2.38 implies that the Product Conjecture should not be applied
to digraphs—for each k > 2 there are irreflexive digraphs G and H which are
not k-colourable but such that G x H is k-colourable. (Recall that we take the
chromatic number of a digraph to be the chromatic number of its underlying
undirected graph.) Therefore, for digraphs we have no shortage of highly chro-
matic multiplicative graphs.

It is certainly discouraging that not much more is known to support the
Product Conjecture. One might expect to be able to prove that the chromatic
number x(G x H) is bounded from below at least by some function of the mini-
mum of x(G), x(H), but no such results are known. It seems possible that there
are graphs G, H of arbitrarily high chromatic number, yet having x (G x H) < 10,
say. (In fact, this leads some to conclude the conjecture may well be false.) Some-
what surprisingly, it turns out that if one can ensure that x(G x H) reaches ten
by requiring G, H to have a high chromatic number, then the same will hold for
any constant c¢ in place of ten.



56 PRODUCTS AND RETRACTS

Theorem 2.39 As k — oo, the minimum chromatic number of the product of
two graphs with chromatic number k, either tends to oo, or is always smaller
than ten.

Let u(k) be the minimum chromatic number of any product G x H of graphs
G, H with x(G) = x(H) = k, and let, similarly, d(k) be the minimum chromatic
number of any product G x H of digraphs G, H with x(G) = x(H) = k. The
Product Conjecture claims that u(k) = k for all k, while Proposition 2.38 implies
that d(k) < k for all £ > 2. We aim to prove that if (k) > 10 for some k then
there is no upper bound to the values u(k). Our first step is to prove a similar
result for d(k).

Theorem 2.40 If d(k) > 4 for some k, then limy_,o d(k) = oco.

Proof Assume that limy_.. d(k) = ¢ < co. Since d(k) is a nondecreasing func-
tion of k we must have d(k) = ¢ for all sufficiently large k, say all k > ko. Let
ki1 = 2k and let G, H be digraphs of chromatic number k; with (G x H) =
c. Then according to Lemma 2.21 x(L(G)) > ko, x(L(H)) > ko, and hence
X(L(G)x L(H)) > c. However, it is easy to check that L(G) x L(H) ~ L(G x H),
and hence the Lemma 2.21 also implies that x(L(G) x L(H)) > c. This means,
again according to Lemma 2.21, that ¢ = x(G x H) > (L(ci_1)1/2j)' Therefore, we
must have ¢ < 4, i.e., all d(k) < 4.

It takes only a small additional effort to reduce the bound to d(k) < 3,
proving the theorem by contradiction. Thus suppose that some d(k) = 4, i.e.,
that d(k) = 4 for all k > ko. Let again k; = 2% and also let ko = 251, Take
digraphs G, H with x(G) = x(H) = ko, x(G x H) = 4. It follows, as above, that
the chromatic number of L(L(G x H)) is still at least four. On the other hand, the
digraph G x H is four-colourable, i.e., homomorphic to the complete symmetric
digraph K. It follows that L(L(G x H)) — L(L(K4)), and in Exercise 18 we ask
the reader to verify that L(L(Ky)) is three-colourable, a contradiction. O

Given a digraph G, we denote by G~! the digraph obtained from G by revers-
ing all arcs. It is straightforward to see that the above proof actually applies to the
following modified function d’(k). Let d'(G, H) = max{x(G x H), x(G x H™ )},
and define d'(k) to be the minimum value of d'(G, H) over all digraphs G, H
with x(G) = x(H) = k. Then we have the following.

Corollary 2.41 If d'(k) > 4 for some k, then limg_,o, d'(k) = oo. O

We are now in a position to prove our Theorem 2.39, by showing that wu(k)
is always less than 10, or goes to infinity.

Corollary 2.42 Ifu(k) > 10 for some k, then limy_,o d(k) = oco.

Proof Let G,H be digraphs with the underlying graphs G’, H' respectively.
Then the underlying graph of G x H is a subgraph of G’ x H', whence x(G x
H) < x(G" x H') and hence d'(k) < u(k). On the other hand, if G, H are
graphs and G’, H' the corresponding symmetric digraphs (obtained by replacing
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each undirected edge by the two opposite arcs), then the edge set of G’ x H' is
partitioned into E(G x H) and E(G x H~!), and thus

X(G' x H) < x(Gx H)-x(Gx H™1)

(cf. Exercise 11 in Chapter 1), implying that u(k) < (d’(k))2. Corollary 2.41
implies that d’'(k) is either bounded by three or is unbounded, and we may
conclude that u(k) is either bounded by nine or is unbounded. O

2.7 Projective digraphs and polymorphisms

Recall that the numeric power G! of a digraph G denotes the product of ¢ copies
of G, i.e., the digraph G* = G x G x - - - x G. Recall also that an endomorphism of
G is a homomorphism of G to G. A homomorphism of G* to G, for any integer
t > 2, is called a polymorphism, and the integer ¢ is called the order of the
polymorphism. It is clear that any projection 7; of G* to G is a polymorphism
of G. In this section we focus on polymorphisms with an additional property.
We say that a polymorphism f : G — G is idempotent if f(u,u,--- ,u) = u, for
all u € V(G). Clearly all projections are idempotent. We shall encounter other
important kinds of polymorphisms later in this chapter, and in Chapter 5.

We say that a digraph G is projective if the only idempotent polymorphisms
f : G* — G are the projections. More specifically, we also say that a digraph is
t-projective if the only polymorphisms of order ¢ are the projections; thus G is
projective if and only if it is ¢-projective for all ¢t > 2.

Theorem 2.43 Fach complete graph K, is two-projective.

Proof Let G = K,. If f : G x G — @G is a homomorphism, then f(u,v) =
f(u',v") implies that « = w’ or v = v/, as otherwise (u,v) and (u’,v’) are adjacent
in G x G. Now assume that f is idempotent. First, we note that this means that
each f(u,v) is equal to either w or v: if f(u,v) =i then f(u,v) = f(i,7), whence
u =1 or v = i. Finally, we note that if f(u,v) = u for u # v, then for all (u/,v’)
we must have f(u’,v") = u/. Indeed, suppose that f(u’,v") = v’ for some u’ # v,
and consider f(v',u). If f(v',u) =’ then f(v',u) = f(v/,v"), and if f(v',u) =u
then f(v',u) = f(u,v), both of which are impossible unless u = v’. However,
u = v is also impossible, as f(u,v) = f(u',v’) would imply that v = v’ = v’ or
v = v = u. Hence f is the first projection. O

It turns out that a two-projective graph is always projective, and that asymp-
totically almost all graphs are projective (cf. Exercise 12 in Chapter 3). We will
only need the following easier fact.

Corollary 2.44 FEach complete graph K, with n > 3 is projective.

Proof We shall prove that the only idempotent homomorphisms of K to K,
are the projections. The theorem implies this for ¢ = 2, and we proceed by
induction on ¢. Thus let f be an idempotent homomorphism of K:*! to K,,. For
any 7,7 with i < j, we let g; ; be the following mapping of V(K}) to V(K,):
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gij(x1, 22, - ,x) = f(Y1,Y2, - ,Ye+1), where y, = x4 fora =1,2,---,j — 1,
then y; = z;, and finally y, = 2q—1 fora = j + 1,5 +2,--- ,t + 1. It is easy
to check that g;; is an idempotent homomorphism of K, to K, and hence
a projection, by the induction hypothesis. Suppose first that g; ; is the a-th
projection, where a < j and a # i. We claim that this implies that f is also the
a-th projection. Indeed, let v = f(y1,y2, - ,¥1+1), and consider the following
vertex (21,22, -+, 2i4+1) of KiFL For b # i, j,a, we let 2, be any vertex different
from yp; for b = 4, j, we let z; = z; be any vertex different from both y; and
y; (recall that n > 3). Finally, for b = a, consider all possible vertices zq # Yq.

Since g; ; is the a-th projection, we must have f(z1,22,- - ,241) = Za, and
since (21,22, ,2¢41) is adjacent to (y1,ya,- -+ ,ys+1) in V(KL), we also have
f(z1,22,-++ , 2t41) # v. Therefore, v # zg, for all z, # yq, i.e., v = yq. In other

words, f is also the a-th projection. A similar calculation shows that if a > j
then f is the (a + 1) — st projection. This argument will apply unless for any
pair ¢,j with ¢ < j, the homomorphism g; ; is the i-th projection. In particular,
this means that f(x1,22, -+ ,2111) = v as soon as at least two of the arguments
x; are equal to v. This is clearly impossible if ¢ > 4. In the case t = 3, it is also
impossible if there exist three distinct vertices a, b, ¢ in K, as f(a,b,c) would
have to be adjacent to f(b,a,a) = a, f(b,c,b) = b, and f(c,c,a) = ¢, and thus
equal to some d different from a, b, c. However, in that case, f(d,d,d) = d would
have to be adjacent to f(a,b,c) = d as well, a final contradiction. O

Corollary 2.45 If n > 3 then any homomorphism f : K — K, is the compo-
sition f = ¢ om; where ¢ is an automorphism of K,, (a permutation of vertices)
and m; is the i-th projection.

Proof The mapping ¢(z) = f(z,z,--- ,x) is an automorphism of K,,, and ¢o f
is an idempotent homomorphism of K¢ to K, hence some projection ;. Letting
¢ =1~ ! completes the proof. O

2.8 The retract

A retraction is a homomorphism r of a digraph G onto a subgraph H which
satisfies r(z) = x for all vertices x of H; if H admits a retraction from G it is
called a retract of G. Retractions are at the heart of the problem of extending
homomorphisms.

Proposition 2.46 Suppose that H is a subgraph of G, and f : H — K is a
homomorphism. Let G’ be the digraph obtained from the disjoint union G + K
by identifying each x € V(H) with f(z) € V(K).

Then there exists a homomorphism F : G — K with F(x) = f(z) for all
x € V(H) if and only if K is a retract of G'.

Proof Note that the digraph G’ contains K as a subgraph, but G’ might not
contain G or H, since distinct vertices of H may be identified (if they have
the same image under f). Any retraction r : G’ — K defines a homomorphism
F : G — K where these identified vertices are assigned the same image. Clearly
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this homomorphism F' extends f. Conversely, any homomorphism F' : G — K
extending f can be used to define a retraction r : G’ — K since those vertices
of G that have been identified already have the same image under f. It is easy
to see that r is a retraction. |

More on the relation between retracts and homomorphism extensions can be
found in Exercise 16.

Suppose H is a retract of G. We then have a retraction homomorphism
r : G — H and the inclusion homomorphism ¢ : H — G (and r o ¢ is the
identity endomorphism on H). Thus a retract of a digraph is homomorphically
equivalent to it, and hence inherits many basic properties of it—e.g., for graphs
these include the chromatic number, the odd girth, and so on (Corollary 1.8,
Exercise 2 in Chapter 1).

For complete graphs, we can also nicely formulate multiplicativity as a prop-
erty related to retracts.

Proposition 2.47 K, is multiplicative if and only if K, is a retract of graphs
G or H, whenever it is a retract of G x H.

Proof It is easy to verify from the definitions that (up to isomorphism)
(G+K,) x(H+K,)=(GxH)+(Gx K,)+ (K, x H) + (K, x K,).

Suppose that whenever K, is a retract of a product of two graphs, it is a
retract of one of the factors, and let G x H — K. According the the above
equation, we must have (G+ K,,) x (H+ K,) — K,. Since (G+ K,,) x (H+ K,)
contains K, and K, is a core, it follows that K, is a retract of (G+ K,,) x (H +
K,,). Therefore, K, is a retract of G + K, or of H 4+ K, and hence G — K, or
H — K,, i.e., K, is multiplicative.

Conversely, suppose that K,, is multiplicative, and assume it is a retract of
the graph G x H. Then G x H — K,, and hence G — K,, or H — K,,. Since K,
is a core, this means that K, is a retract of G or of H. O

Surprisingly the following weaker version of the Product Conjecture is implicit
in what we already proved.

Theorem 2.48 K,, is a retract of graphs G or H whenever it is a retract of
G x H and both G and H are connected.

Proof Suppose G and H are connected, and K, is a retract (and thus a sub-
graph) of G x H. Since the image of K,, under each projection is isomorphic
to K, we may assume that K,, X K, is a subgraph of G x H, which contains
the retract K, as the subgraph induced by the vertices (¢,7),i = 1,2,--- ,n of
K, x K,,. Consider now a retraction r : G x H — K,. The restriction of r to
K, x K, is an idempotent homomorphism to K,,, and hence by Theorem 2.43
a projection. Without loss of generality, assume that r restricted to K, x K, is
the projection 7 to the first coordinate, i.e., r(i,j) =i for all ¢,5 = 1,2,--- | n.
Note that if r(u, j') = r(u, j”) = k for some u € V(G), 5’ # j”, then r(v,j) # k
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for all v adjacent to w in G and all j = 1,2,---,n, since each such (v,j) is
adjacent to (u,j’) or (u,j"). Since G is connected, it easily follows that for each
u € V(G) there exist two vertices @, y, in K, with r(u,x,) = r(u,y,). If we
denote by f(u) this common value 7(u, x,,) = r(u, y.,), we easily see (cf. the proof
of Proposition 2.24) that f is a retraction of G to the K, induced by 1,2, -- ,n.

O

2.9 Isometric trees and cycles

In this section we focus on graphs with loops allowed. There are some natural
necessary conditions for H to be a retract of G. For instance, as we have observed
above, each retract of G has the same chromatic number as G. (The chromatic
number of a graph which has a loop is taken to be infinity.) It is also clear
that a retract H of a graph G is necessarily an induced subgraph of G. In fact a
stronger property holds, defined as follows. We say that a subgraph H of a graph
G is isometric if dy(z,y) = dg(x,y) for any two vertices z,y of H. (Recall that
dp(a,b) denotes the distance, i.e., the number of edges in a shortest path, from
a to b in G; loops do not make a difference here.)

Proposition 2.49 FEvery retract of G is an isometric subgraph of G.

Proof Suppose r: G — H is a retraction. If P is a path of length k joining x
and y, then r(P) is a walk of length k joining r(z) = = and r(y) = v. O

In some cases the isometry condition is also sufficient.

Proposition 2.50 Let H be a reflexive path. If H is an isometric subgraph of
G, then H is a retract of G.

Proof Suppose the vertices of the path H are consecutively named 0,1, --- , k,
and assume H is an isometric subgraph of a graph G with loops allowed. We can
define a retraction r : G — H by r(v) = min(k, dg(0,v)). (We can take dg(0,v)
infinite if v and 0 belong to different components of G.) It is clear that r(i) =i
for vertices ¢ of the path H, by isometry. If u and v are adjacent vertices of G,
then their distances from 0 in G are either equal, or differ by one. Since H is
reflexive, it is easy to check that this implies that r(u) and r(v) are adjacent.

O

In the next section we generalize the result to any reflexive tree.

For reflexive cycles, the isometry condition is not sufficient, as we shall see
in Fig. 2.13. However, if a reflexive cycle H is not only isometric, but actually a
shortest nontrivial (meaning other than a loop) cycle in G, then we still have a
retraction.

Proposition 2.51 Let H be a reflexive cycle. If H is a shortest nontrivial cycle
in G, then H is a retract of G.

Proof It is easy to see that H satisfies the following property. Suppose u and
v are two vertices of H, and P;, P, the two simple paths joining u and v in H.
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If P is any path in G different from the paths Py, P, then the length of P is at
least the length of the longer of P;, P». This follows from the fact that H is the
shortest cycle in G, since the union of P and either P; contains a cycle. (We note
that the isometry of H only implies that the length of P is at least the length of
the shorter of P;, P».) This means that when we remove an arbitrary edge of H
we obtain a reflexive path H' isometric in G’, and hence a retraction of G’ to H'
is implied by the previous proposition. It is easy to see that the same mapping
is also a retraction of G to H. O

For graphs (without loops), similar results hold when H is an isometric path
or shortest cycle in G, and G is bipartite (Exercise 26). However, when G is not
bipartite, a tree or an even cycle will not be a retract of G, if the chromatic
number of G is greater than three, by Corollary 1.8. A shortest odd cycle in G
may also fail to be a retract of G, even if G has chromatic number three. The
graph in Fig. 2.9 does not retract to a five-cycle, in fact it does not have any
proper retracts, in other words, it is a core. (Any homomorphic image in which
two vertices of degree three are identified must contain a loop or a triangle, and
hence is not a subgraph of the pictured graph.) Nevertheless, there is a natural
class of graphs, with chromatic number three, in which a shortest odd cycle
always is a retract. We say that a graph G is nearly bipartite if it admits an
orientation in which the net length of each cycle is at most one. Observe that
a graph is bipartite if and only if it admits an orientation in which each cycle
has net length zero, i.e., a balanced orientation. The following theorem will be
derived as Corollary 6.14.

F1Gc. 2.9. A three-colourable core.

Theorem 2.52 If H is a shortest odd cycle in a nearly bipartite graph G, then
H is a retract of G.

It follows that each nearly bipartite graph is three-colourable. There is in fact
an elegant characterization of the class of nearly bipartite graphs.

Theorem 2.53 [120] A graph G is nearly bipartite if and only if it does not
contain as an induced subgraph any of the graphs in Fig. 2.10.
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Fic. 2.10. The forbidden subgraphs.

The dashed lines and the dotted lines are pairwise disjoint paths, with the
dashed lines representing paths with at least one edge, while the dotted lines
may have length zero. The lengths of the paths are such that the marked cycles
have odd length. In general, a subdivision of a graph G is a graph G’ obtained
from G by replacing the edges by pairwise disjoint paths. (Thus, for instance, A
is a subdivision of K4.) If all the replacing paths have even length, we say that
G’ is an odd subdivision of G.

It is easy to construct examples of graphs containing one of the forbidden
subgraphs which nevertheless retracts to a shortest odd cycle. It suffices, for
instance, to take A in which abc is a triangle, and at least one of the paths from
d to a, b, c has even length. Nevertheless, we have the following characterization.

Corollary 2.54 A graph G is nearly bipartite if and only if any odd subdivision
G’ of G retracts to each shortest odd cycle in G'.

Proof If G is nearly bipartite and G’ is an odd subdivision of G, then clearly
G’ is also nearly bipartite—it suffices to orient the odd paths alternately forward
and backward, starting and ending with the orientation of the edge they replaced.
If G is not nearly bipartite, then it contains an induced subgraph from Fig. 2.10.
We shall construct an odd subdivision of that subgraph which does not retract
to a shortest odd cycle.

Consider first the graph B in Fig. 2.10. For each of the vertex pairs a, b, and
¢,d, and e, f, one of the paths joining them must be odd and the other even (so
that the cycle formed by these two paths is odd). Suppose that k is a positive
integer greater than the lengths of all three dotted paths b,c and d,e and f,a.
A suitable odd subdivision B’ of B has all the paths of the lengths indicated in
Fig. 2.11, where [ > 2k. The three shortest odd cycles in B’ have length 41 + 1,
and we focus on the cycle C' formed by the two paths joining a and b. Suppose
that r : B — C is a retraction. Then r(f) is a vertex of C of distance (in C) less
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than k from a. It is easy to see that this implies that r(e) is of distance at most
k from b. A similar argument shows that r(c) is a vertex of distance less than k
from b, and hence r(d) a vertex of distance at most k from a. However, this is
impossible, as 7(d) and 7(e) have distance less than k and 21 > 3k. Therefore B’
does not retract to C.
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Fic. 2.11. A subdivision of B that does not retract to a shortest odd cycle.

A similar proof applies to the graph A in Fig. 2.10. First, we note that the
cycle including a,b and d but not ¢ must also be odd, since it is modulo two
sum of the cycles formed by a,b,c and b, ¢, d and a, ¢, d. If one of these four odd
cycles has all three sides odd, we have either all indicated paths of odd length,
or three of them starting from one vertex are even (Fig. 2.12(a), (b)). If each of

the odd cycles has two even sides, we must have the situation depicted in Fig.
2.12(c).
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Fi1G. 2.12. Possible parities of subdivisions of A.

A suitable odd subdivision A’ of A then has all even lengths equal to 2] and
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all odd lengths equal to 2l — 1. In all three cases, the cycle C' formed by a,b, ¢
is a shortest odd cycle. Suppose r is a retraction of A’ to C. In the case (a), the
path from a to d and then b can only retract to the path from a to ¢ and then to
b, as that is the only even walk in C from a to b. However, that would mean that
r(d) = b, and hence the path from d to b would have to be mapped to a closed
walk of length 2/ — 1 in C, which is impossible. The same argument shows that
A’ does not retract to C in case (c) either. In case (b) we similarly conclude that
r(d) is a neighbour of b on C, but then the path from d to b of length 2! would
have to map to an even walk from b to a neighbour, which is also impossible.
Thus in all cases there is no retraction of A’ to a shortest odd cycle. O

Note that each bipartite graph is nearly bipartite; the corollary applies to a
bipartite graph vacuously (there are no odd cycles).

In the next few sections we shall focus on reflexive graphs. Recall that G — H
if H is reflexive, since a constant mapping to a vertex with a loop is always a
homomorphism. However, it is not clear when a subgraph H of a reflexive graph
G is a retract of GG. The cop and robber example from Chapter 1, illustrates a
context where it is useful to assume that the graph is reflexive. The loops allow
the cop and the robber to take a turn in which no move is made. If there are no
loops the cop and the robber have to move at each turn; the robber can win by
placing himself in the vertex chosen by the cop, and then duplicating all of her
moves. We shall focus on reflexive graphs throughout the rest of this chapter,
even though much of the theory can be extended to graphs with loops allowed.

Perhaps the main reason that reflexive graphs are often most natural in the
context of retractions is due to the fact that reflexivity makes graphs with the
usual distance function more naturally into (integer-valued) metric spaces. More
specifically, it is clear that each connected graph G defines a metric space S(G) on
V(G), via the integer-valued distance function dg. Each graph homomorphism
f : G — H can be viewed as a nonezrpansive mapping S(G) — S(H), i.e., it
satisfies dy (f(x), f(y)) < dg(z,y) for any x,y € V(G). If G, H are reflexive
graphs, then the converse also holds, i.e., every nonexpansive mapping S(G) —
S(H) is a homomorphism G — H. Therefore, graph retractions of reflexive
graphs behave much like metric space retractions.

2.10 Reflexive absolute retracts

In this section all graphs are assumed to be reflexive. We have noted that for a
reflexive path, isometry suffices to ensure the existence of a retraction. In this
section, we shall characterize graphs with this property. A connected graph H
is called an absolute retract if it is a retract of any graph G that contains H as
an isometric subgraph. Thus Proposition 2.50 asserts that every reflexive path
is an absolute retract. In Fig. 2.13, we illustrate the fact that the hexagon Cg is
not an absolute retract. (Note that this remains true regardless of any loops it
may or may not have.)

The problem is that the hexagon contains three vertices a, b, ¢ of which any
two have a common neighbour, but all three do not have a common neighbour.
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c

FiG. 2.13. The outer hexagon, with filled vertices, is an isometric subgraph, but
not a retract, of G.

Such a ‘hole’ in H can be exploited as in the figure to produce a graph G which
contains H as an isometric subgraph but not as a retract. Formally, we define a
hole of H to consist of vertices a1, as, - ,ar and positive integers =1, x2, - - , Tk,
with k > 3 (k is called the size of the hole), such that

e H contains no vertex v with dg(v,a;) < x; for alli=1,2,---  k, and
e for every i,j =1,2,---  k, we have dy(a;,a;) < x; + z;.

The first condition states the absence of a vertex satisfying all the distance
requirements; the second condition, ensures that there is for each i, =1,2,--- | k
a vertex v € V(H) with dg (v, a;) < z; and du (v, a;) < x;, i.e., that the distance
conditions can be satisfied at least pairwise.

Theorem 2.55 A graph H is an absolute retract if and only if it has no holes.

Proof Suppose the vertices ai,as,- - ,ar, and integers x1,x2, - , Xk, form a
hole of H. Let GG be obtained from H by introducing a new vertex v and disjoint
paths from v to each a;, of length x;. It is easy to verify that the second condition
of a hole guarantees that H is an isometric subgraph of G, and that there is no
retraction G — H since there is no possible image for v. (The example G in
Fig. 2.13 is constructed in this way from the hexagon, and the hole formed by
a,b,cand 1,1,1.)

On the other hand, suppose that H has no holes. If H is not an absolute
retract, then there exists a graph G such that

e (G contains H as an isometric subgraph,
e H is not a retract of GG, and
e (G has the smallest number of vertices.

We may assume that G has more vertices than H. Let v be a vertex of G that
is not in H; let ay,as, - ,a, be an enumeration of the vertices of H and let
x; = dg(v,a;). Since H has no holes, there must exist a vertex v’ in H that
satisfies dy (v',a;) < 24,4 =1,2,--- ,n. Let G’ be the quotient of G obtained by
identifying v and v’.
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We first observe that G’ still contains H as a subgraph, in fact as an isometric
subgraph. Indeed, any path of length less than dy (a,b) joining a,b in G’ could
not be a path in G, and hence would have to consist of a path in G joining
v and one of a,b and a path in G joining v' and the other one of a,b. Say,
de/(a,b) = dg(v,a) + dg(v',b) < dp(a,b). However, this is impossible, as the
condition dg (v',a) < dg(v,a) implies that

dp(a,b) < dg(a,v') +dy(v',b) < dg(a,v) +dg(v',b).

By the minimality of G, we know that there exists is a retraction r : G’ — H.
Clearly, r induces a retraction G — H, in which the image of v is v’. (This
retraction is the composition of  and the canonical homomorphism of G onto its
quotient G’.) This contradicts the second item above, establishing the theorem.

O

Absolute retracts turn out to be an important class of graphs. We illustrate
this with the following results.

A graph variety is a class V of graphs which is closed under taking products
and retracts. If F is a family of graphs, then the variety of F is the smallest
variety containing JF. Varieties of graphs (and ordered sets) are studied as a
means of developing a structure theory and a classification scheme [82].

Corollary 2.56 The class of all absolute retracts is equal to the variety of re-
flexive paths.

Proof We have noted that each reflexive path is an absolute retract. Thus we
will have proved that the class of absolute retracts contains the variety of reflexive
paths, if we can show that the product of absolute retracts is an absolute retract
and a retract of an absolute retract is also an absolute retract.

This is routine to prove directly, but it also follows from our theorem, as it is
easy to see that products and retracts of graphs without holes can not themselves
have holes.

It remains to show that each absolute retract is in the variety of reflexive
paths. It turns out that there is a natural mapping—which we call the standard
isometric representation—of each graph H onto an isomorphic copy of H which
is an isometric subgraph of a product of reflexive paths. When H is an absolute
retract this copy is necessarily a retract of the product.

Let H be a connected graph with vertices ay,az,- - ,a,. The standard iso-
metric representation ¢ of a connected graph H is defined as follows. Let II be
the product of reflexive paths P!, P2, ..., P", where P’ is of length equal to the
eccentricity of a;, i.e., the maximum of dy(a;, ) over all vertices x of H. Then
we set

¢(x) = (dH(alvx)vdH(G'an) T 7dH(anax))'

It is easy to see that ¢(H) is isomorphic to H. It is also straightforward to check
that ¢(H) is an isometric subgraph of II. O
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We now introduce an important class of polymorphisms of order three. A
magjority function on a reflexive graph H is a homomorphismm : Hx HxH — H
such that m(a, b, c) = z if at least two of the arguments a, b, ¢ equal x. We shall
also encounter majority functions again in Chapter 5 as a tool for designing
polynomial time algorithms for the homomorphism and the retraction problems.

Corollary 2.57 A reflexive graph H has a majority function if and only if it is
an absolute retract.

Proof First, suppose that H admits a majority function m. If H contains a
hole ay, a9, - ,an,x1,T2, - , Ty, then we may assume that n > 3 and there is
no hole of size smaller than n. This implies that H contains a vertex u such
that dg(u,a;) < x; for all i # 1, a vertex v with dy(v,a;) < x; for all i # 2,
and a vertex w with dg(w,a;) < x; for all i # 3. We now derive the conclusion
that z = m(u,v,w) satisfies all the distance conditions, i.e., dy(z,a;) < x;,i =
1,2,---,n. This is a contradiction, proving that H cannot contain a hole, and
hence is an absolute retract.

Clearly m(u,a1,a1) = a;. Since v and w are both at most distance x; from
a1, we conclude that

dHXHXH((U';an)a (u7a1;a1)) S xq.

This implies
dH(m(ua v, w)a m(ua ag, al)) - dH(Zv al) < X1,

since m is a homomorphism. Similarly, z is at most distance zo from as and
x3 from as. For each a;, i = 4,5,--- ,n we have dy(u,a;) < z;,dg(v,a;) <
x;, dp(w,a;) < x;, and hence

daxaxa((u,v,w), (a;,a;,a;)) < 4,
and we also conclude that
dg(m(u,v,w),m(a;, ai,a;)) = dg(z,a;) < x;.

We now show that the class of graphs that admit a majority function forms a
variety which contains all reflexive paths, and hence it also contains all absolute
retracts. Let H and H' be two graphs with majority functions mg and mg.. Con-
sider the graph H x H'. It is easy to check that m((u1,u}), (uz,uy), (us, u})) =
(mpr(uy, w2, us), mp (u), uh,us)) is a majority function for H x H'. Now sup-
pose H is a retract of G, with r : G — H a retraction, and let m be a majority
function on G. Then 7 o (m|gxmuxm) is easily seen to be a majority function on
H. Hence the class of graphs that admit majority functions forms a variety.

To see that each reflexive path has a majority function, let (a, b, ¢) be a triple
of vertices of some reflexive path P. Define m(a, b, ¢) to be the 'middle vertex’
of the triple. (This middle vertex is well defined for any three, possibly equal,
vertices of a path.) It is easy to check this is indeed a majority function, since
the paths are reflexive. O
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Corollary 2.58 FEvery reflexive tree is an absolute retract.

Proof Every reflexive tree T has the following natural majority function m.
If u,v,w lie on a path P in T then m(u,v,w) is defined as on P, i.e., it is the
middle vertex. Otherwise m(u, v, w) is the unique vertex m whose deletion from
T puts all three vertices u, v, w in different components of T'—¢. It is not difficult
to verify, by a case analysis, that m is indeed a majority function. O

2.11 Reflexive dismantlable graphs

All graphs in this section shall also be assumed to be reflexive. (It is again the
case that nearly everything can be extended to graphs with loops allowed, but
we choose to keep our focus on reflexive graphs.) Let H be a graph, and u,v
two vertices of H such that every neighbour of u (including wu itself) is also a
neighbour of v. Then there is a natural retraction of H to H—wv, taking v to v (and
fixing everything else). We call such retraction a fold. A graph is dismantlable if
it can be reduced, by a sequence of folds, to one vertex. Dismantlable graphs are
used to model physical processes such as phase transitions. They also turn out
to be precisely those graphs on which the cop from Section 1.6 has a winning
strategy.

Proposition 2.59 A graph H is dismantlable if and only if the cop has a win-
ning strategy.

Proof Suppose first that H admits a winning strategy for the cop. Consider
the last couple of moves in a particular game in which the cop won following her
strategy even when the robber did his best to keep escaping. Say just before the
last move of the robber, the cop was in a vertex v’ and the robber in a vertex
v. Wherever the robber moved next (including remaining at v), the cop would
capture him. Thus every neighbour of v (including v) is also a neighbour of v’,
i.e., H can be folded onto H — v. According to Proposition 1.33, the cop has
a winning strategy in the retract H — v of H. It follows by induction (on the
number of vertices of H) that H is dismantlable.

On the other hand, suppose the graph H is dismantlable. Clearly, the one
vertex graph (with a loop) admits a winning strategy for the cop. We will be
finished by induction again, if we can prove that a graph in which the robber
wins cannot be folded onto a graph in which the cop wins. (This is false for
retracts in general !) Thus suppose v was folded onto v’, and assume that H — v
admits a winning strategy for the cop. Then she can use the same strategy on
H, and if the robber is in v, the cop can play as though the robber was in v'.
When the game ends in H — v, with the cop capturing the robber, either the
cop actually caught the robber in H, or the cop is in v" and the robber is in v,
whereupon she captures him on the next move—since v and v’ are adjacent.
O

A graph that is not dismantlable may admit a sequence of folds, retracting
to a subgraph with more than one vertex. Any such sequence of folds (not neces-
sarily a maximal sequence) is called a dismantling sequence, and any retraction
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that is the composition of a sequence of folds is called a dismantling retraction.
Graphs that do not admit further folds are termed stiff. Dismantling sequences
are an interesting graph theoretic example of a combinatorial structure called a
greedoid [205]. Each maximal dismantling sequence in H leads to a stiff subgraph
of H. This subgraph is a retract of H, but it may fail to be the core of H. (For
instance the reflexive four-cycle C' is itself stiff but its core is L, the one-vertex
graph with a loop; in this case C retracts to L but does not fold to L.) Never-
theless, the following result highlights a property of stiff retracts that is similar
to the property of cores.

Proposition 2.60 For any graph H there is a unique (up to isomorphism) stiff
graph G to which H retracts by a dismantling retraction.

Proof Suppose X and Y are stiff subgraphs of H, and f: H — X,g: H =Y
are dismantling retractions. Consider the associated partition 7 of the homo-
morphism f; it has the parts f~!(z),z € V(X), and each f~!(x) contains the
vertex . Let Az, z € V(X), be a collection of sets of vertices of H obtained
recursively as follows. Initially, each A, = {«}. Then,

e whenever s € V(H) is adjacent to a vertex in every A, such that z is adjacent
to z in X, then we place s in the set A,.

We now claim that each A, C f~!(z). Indeed, this is true initially, and we
can proceed recursively. Suppose this was true up to the point when s was placed
into A, and let x, € A, C f~1(z) be a vertex adjacent to s, for every z adjacent
to x. Since this means that each f(x,) = z, we must have f(s) adjacent to all
neighbours of x, and since X is stiff, we must have f(s) = z, i.e., s € f~1(x).

Next we show that the dismantling retraction ¢ : H — Y maintains an
isomorphic copy of X, with the vertex corresponding to any = belonging to the
set A,. This is certainly true before the first fold of g, so suppose it was true up
to a certain fold, and consider the next fold (in the sequence making up g). Say,
that fold takes the vertex 2’ € A, corresponding to z, to some vertex v. Since
the neighbours of 2’ are all also neighbours of v, we must have v € A,. We claim
that we can replace 2’ by v as the vertex corresponding to . We have already
observed that v will be adjacent to all vertices corresponding to the neighbours
of z in X, since x’ had this property. On the other hand, if u is not a neighbour
of z in X, then the sets A, and A, have no edges joining them (being subsets
of f~1(u) and f~1(x) respectively, cf. property 2 of Proposition 1.10), and so v
is not adjacent to any vertex of A,, including the vertex representing u. O

Recall that HOM(G, H) denotes the set of all homomorphisms of G to H. We
now extend this notation to mean a graph whose vertices are the homomorphisms
of G to H, with two homomorphisms f and f’ adjacent if f(v) = f'(v) for all
vertices v of G, except possibly for one vertex. (Thus HOM(G, H) is a reflexive

graph.)
Proposition 2.61 A graph H is dismantlable if and only if the graph HOM(G, H)
is connected, for each graph G.
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Proof Suppose first that H is a stiff graph with more than one vertex. Consider
the graph G = H x K, where K is the complete reflexive graph with two vertices,
1,2. In other words, G has vertices (x,i) where € V(H) and i = 1,2, and
(z,1), (¢',4") are adjacent if and only if z, 2’ are adjacent in H. (Since the graphs
are reflexive, G contains all loops and all edges (z,1)(x,2).) The first projection
7w of G to H, which takes each (z,7) to z, is a homomorphism, which is not
adjacent (in HOM(G, H)) to any other homomorphism f of G to H. Otherwise
7 and f would differ on a unique vertex (z,7) of G. Hence they would agree on
(z,i") where i’ # i, i.e., f(z,i') = x; since (z,1) is adjacent to all neighbours of
(z,4') in G, this would mean that f(z,7) # = is adjacent to all neighbours of x
in H, contradicting the fact that H is stiff. Since all constant maps are vertices
of HOM(G, H), we see that HOM(G, H) has more than one vertex and hence is
not connected.

Suppose next that H admits a dismantling retraction to a stiff graph with
more than one vertex. We claim that some HOM(G, H) is disconnected. Clearly,
it suffices to prove that if H folds to H —x and HOM(G, H — z) is disconnected,
then HOM(G, H) is also disconnected. Let f : H — H — z be the fold, and let G
be a graph such that HOM(G, H — z) is disconnected. Then HOM(G, H) must
also be disconnected, otherwise any ¢,1¥ € HOM(G, H — z) could be joined by
the path o, 3,--- € HOM(G, H) and hence the walk foa, fo (3, -+ would join
them in HOM(G, H — x).

On the other hand, if H is dismantlable, then consider a dismantling sequence
of folds starting from H = Hy, H1,---, and ending in Hy = L where L is the
one-vertex reflexive graph on v € V(H). Let f; be the fold from H; to H,1;. For
any homomorphism ¢ : G — H we define ¢g = ¢, and ¢; 1 = f;0¢;. It is easy to
see that ¢y, is the constant mapping onto v. Moreover, each ¢;¢;11 is an edge of
HOM(G, H). Since every vertex of HOM(G, H) has a path to one fixed vertex,
the graph HOM(G, H) is connected. O

While absolute retracts have nice properties concerning retractions from su-
pergraphs, dismantlable graphs have nice properties with respect to retractions
to subgraphs. We have the following connections between these two interesting
classes of graphs.

Proposition 2.62 FEvery absolute retract is dismantlable.

Proof Let H be an absolute retract, and d the diameter of H. The result is
obvious if d = 1, since then H is a complete graph. Thus assume that d > 2, and
let a,b be two vertices of distance d in H. Form the graph G by adding to H a
new vertex z, adjacent to a and all neighbours of a, and a path P of length d —1
from z to b. It is clear that H is an isometric subgraph of G, and hence a retract
of G. Under any retraction, the image a’ of the vertex z is a vertex different from
a, since a does not have a path of length d — 1 to . But a and each neighbour
of a is also a neighbour of o’. Hence H folds to H — a. Since H — a is a retract
of H it is also an absolute retract, and we can continue to dismantle H. O
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Not every dismantlable graph is an absolute retract, cf. Fig. 2.14. In the
example, H is dismantlable in the order a,d, f, b, c, e, but has a hole with the
vertices a,d, f and values 1,1,1, and hence is not an absolute retract. Note
that this H contains three maximal cliques, the triangles abc, bde, cef, which
are pairwise intersecting but do not all intersect. We call a graph clique-Helly
if its maximal cliques have the Helly property, i.e., if every family of pairwise
intersecting maximal cliques has a nonempty intersection.

a

d e f

F1c. 2.14. A dismantlable H that is not an absolute retract.

Proposition 2.63 FEvery absolute retract is clique-Helly.

Proof Suppose C is a family of pairwise intersecting maximal cliques of an
absolute retract H, and let wy,ws,--- ,wi be the set of all vertices of all the
cliques in C. Any two vertices in the same member of C are adjacent, and any two
vertices in different members of C have distance at most two, since the members
intersect. Consider the vertices wy, wo, - -+ , wg with the values 1,1,---,1. Since
the absolute retract H cannot have a hole, there must exist a vertex z € V(H)
adjacent to all w;, i =1,2,--- k.

We claim that z lies in each maximal clique C' € C. Otherwise C' would not
be maximal, since = is adjacent to all of its vertices. O

It can be shown that these two conditions are also sufficient.

Theorem 2.64 [22] A graph is an absolute retract if and only if it is dismant-
lable and clique-Helly.

We now turn our attention to fixed point properties. An endomorphism of G
(a homomorphism of G to itself) fizes a set U C V(G), and the set U is fized
by the endomorphism f, if f(U) = U. It is easy to see that a nontrivial graph
always admits an endomorphism that fixes no vertex. If H has no edge other
than the loops, then choose two distinct vertices u and v. Otherwise, choose two
adjacent vertices u and v. The mapping that sends u to v and all other vertices
to u is an endomorphism of H without a fixed vertex. However, there are graphs
H in which every endomorphism fixes an edge. We will characterize such graphs
H below. We begin with a more general positive result.

Theorem 2.65 Any endomorphism of a dismantlable graph fixes some clique.
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Proof We proceed by induction on the number n of vertices of the dismantlable
graph H. The result certainly holds for dismantlable graphs with one or two
vertices. (Note that a dismantlable graph must be connected.) Thus let H be
a dismantlable graph with n + 1 vertices and let a dismantling sequence begin
with the first fold ¢ of a vertex z to a vertex y (whose neighbourhood contains
the neighbourhood of z). Hence ¢ is a retraction of H to H' = H — x. Consider
an endomorphism f of H, and define a corresponding endomorphism f’ of H'
by restricting ¢ o f to V(H'). By the induction hypothesis, f’ has a fixed clique
C. If C is not a fixed subgraph of f, then some z € C has f(z) =z, f'(z) = v,
while all other w € C have f(w) = f/(w) € C. We first observe that x is
adjacent to all vertices of C. It is adjacent to y by definition, and any other
w has a unique v with f(v) = f/(v) = w; since vz € E(H) we must have
f()f(z) = wa € E(H). A similar argument establishes that f(x) is adjacent to
x (since zz € E(G) and f(x)f(z) = f(x)z), to y (since the neighbourhood of
y contains the neighbourhood of ), and all other vertices of C' (as before). In
fact, the arguments apply to any fi(z) = f"*!(z), which must be adjacent to all

vertices of C, as well as to f(2), f2(z),---, fi(2). Since the sequence f7(z) must
be periodic (the graph H is finite), some set f%(z), f**t1(z), -+, f27(2) forms
a clique that is fixed by f. O

Corollary 2.66 FEvery endomorphism of a reflexive graph H has a fized edge if
and only if H is a reflexive tree.

Proof If H is a reflexive tree, then H is an absolute retract and hence is
dismantlable, so the result follows from our theorem, since a clique in a tree is
either an edge or a vertex. In the first case there is a fixed edge in the second
case there is a fixed loop, which we also view as an edge.

On the other hand, if a reflexive graph H is not a tree, then it is disconnected
or it contains nontrivial cycles. If H is not connected then we can pick two vertices
u, v in different components of H and define an endomorphism of H where all
vertices are mapped to u, except the vertices of the component containing u,
which are mapped to v. This endomorphism has no fixed edge. If H contains a
nontrivial cycle, then let r be a retraction of H to its shortest nontrivial cycle C'
ensured by Proposition 2.51, and let a be an automorphism of C' that does not
fix any edge of C (cycles can be rotated). Then a o r is an endomorphism of H
without a fixed edge. O

2.12 Median graphs

In this section we again consider only reflexive graphs. A connected graph H is a
median graph if for every three vertices a, b, ¢, there exists a unique vertex v that
lies simultaneously on a shortest a, b-path, a shortest b, c-path, and a shortest
a, c-path. The vertex v is called the median of a, b, c.

An odd cycle is not a median graph, since two adjacent vertices a, b, and the
vertex ¢ opposite to the edge ab have no median. The same argument applies in
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any nonbipartite graph and a shortest nontrivial odd cycle. Thus median graphs
are bipartite.

Each tree T is a median graph, since the three vertices a, b, ¢ either lie so that
one is on the path between the other two, and then it is the median, or there is
a unique vertex x such that a, b, ¢ belong to different components of T'— z, and
then x is the median of a, b, c.

The hypercube of dimension k, denoted by Qy, is the reflexive graph whose
vertices are all binary strings of length k, with aias - - - a; adjacent to bibs - - - by
whenever at least k — 1 equalities a; = b; hold.

Proposition 2.67 Fach hypercube is a median graph.

Proof Suppose ajas - --ag,bibs---bg,cica - - - ¢ are vertices of Qg, and let x; be
the majority value of a;, b;, ¢;. Then x1xs - - -z is on the shortest path between
any two of the vertices, and is the unique vertex of Q) with the property. (If,
say, a; = b;, then any shortest path from ajas - --ay to bi1bs - -- b only contains
vertices y1ys - - - yr with y; = a; = b;.) O

Proposition 2.68 A retract of a median graph is a median graph.

Proof Suppose G is a median graph, and r : G — H a retraction. If a,b,c €
V(H) have median z in G, then = is on a shortest path between any two of
the vertices in G. Since H is an isometric subgraph of G, the distances amongst
a,b,c, are the same in G and in H. It follows that r(z) is on a shortest path
between any two vertices from a, b, ¢, and is the unique vertex with the property.

O

We have proved that each retract of a hypercube is a median graph. It turns
out that the converse also holds.

Theorem 2.69 [16] Median graphs are precisely the retracts of hypercubes.
O

In the dynamic location problem for a connected graph G one vertex sy con-
tains a resource, which may be needed at other vertices of G. When the resource is
at vertex s;—1 and is requested at vertex r;, we may service the request at the cost
de(si—1,7;), or move it to an intermediate location s;, at the cost of dg(s;—1, $:),
and service the request from there, at the additional cost of dg(s;, ;). The latter
option may make future requests less costly to service. If r1,ro, -+ , 7, is the se-
quence of requests, and sg, s1, 82, - - , S, the corresponding sequence of locations
of the resource (with so being the given initial location), then the total cost is
the sum of the moving costs and the servicing costs

n

Z(dc(szeh i) +da(si,ri))-

i=1

Letting 79 = sp, we then have the given sequence rg, 71,72, -+ ,7, and we are
interested in finding the sequence of locations s1, s, - , s, that results in the
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minimum total cost [62]. When the entire sequence of requests is known ahead
of time, the minimum sequence of locations is easily computed by dynamic pro-
gramming.

The window index of G is the minimum integer ("the time window’) k such
that some algorithm can find the optimal sequence of locations (‘schedule’) for
every sequence rg,r1,- -+ ,r, Of requests on G, by choosing s; only from the
knowledge of rg,r1, -+ ,ritk—1, i.€., without knowing r;4 g, -+, .

It is easy to see that a nontrivial graph cannot have window index 1, i.e.,
that it is impossible to optimally predict where to move the resource only on the
basis of knowing the next request. For instance, if a and b are adjacent vertices
of G and the resource is initially on a, then the request sequences b, a,a,--- ,a
and b,b,b,--- b appear the same, yet have different optimal move.

On the other hand, it turns out that a graph has window index two if and
only if it is a median graph. In preparation for this result, and an extension to
any finite window index, we prove the following simple facts.

Proposition 2.70 If H is a retract of G then the window index of H does not
exceed the window index of G.

Proof Suppose f : G — H is a retraction. If algorithm A solves the dynamic
location problem on G with window k, then we can solve the problem on H, also
with window k, as follows. Whenever a sequence rg,r1,- - ,r, of requests in H
is given, we use algorithm A to find, with time window k, an optimal sequence
81,82, ", 8p in the whole graph G. The sequence f(s1), f(s1), -+, f(sn), now
consisting of vertices of H, and computed also with time window £, is an optimal
solution in H, since its cost, Y i, (da(f(si—1), f(si))+da(f(s:),7:)), is bounded
by the original cost Y ., (da(si—1, i) + da (s, 7). (Recall Proposition 2.49.)

O

The cartesian product of graphs G and H has the vertex set V(G)OV (H)
and (u,v)(u’,v") is an edge whenever u = «’' and vv' € E(H) or v = v/ and
wu’ € E(G).

Proposition 2.71 If both G and H have window index at most k then so does
their cartesian product.

Proof If (ug,vo), (u1,v1), -, (un,v,) is the request sequence in the cartesian
product of G and H, then the cost of a schedule (ay,b1), (az,b2), -, (an,by) is
equal to the sum of the costs of the schedules a1, as, - , a, servicing the requests
UQ, Uiy - ** 5 Up, and by, bo, - -+ b, servicing the requests vg, vy, ,v,. This is a
consequence of the simple fact that the distance between (u,v) and (u/,v’) in
the cartesian product is the sum of the distances between u and v’ in G and

between v and v’ in H. Thus (a1, b1), (az,b2),- -, (an,by) is optimal if and only
if both a1, as,--- ,a, and by, bs,--- , b, are optimal, and if both can be obtained
with time window & then so can (a1,b1), (az,b2),- -, (an, bn). O

Both the definition and the proposition extend to cartesian products of a
finite number of graphs, in the obvious way.
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Proposition 2.72 The window index of a complete graph with n wvertices is
equal to n.

Proof With window n, we can schedule as follows. If the resource is in vertex

s; and the next n requests are 7,41, ,7;1n, then set s;41 equal to ;41 if 741
is the first vertex repeated in the sequence s;, 71, ,7i4+n; otherwise set s;11
equal to s;.

We claim that this strategy will produce an optimal schedule. We shall show
by induction on j that some optimal schedule agrees with the schedule proposed
by our strategy in the first 7 moves. This is trivially true when j = 0, so assume
it holds for some j — 1, and let ay,as,- - - ,a, be an optimal schedule that agrees
with our schedule si, 89, ,s, on the first j — 1 moves, i.e., with a; = s; for
1=1,2,---,j5 — 1. We now show that some optimal schedule also agrees with
our schedule on the first j moves.

If a; = s, we are done. If a; is neither a;_; nor r;, then it contributes at least
two to the cost function, via the sum dg(a;—1,q;) + da(aj,rj) + da(aj, aj41).
Hence we can replace a; by s; without increasing the cost of the schedule, since
sj is aj_1 or rj, and hence it contributes at most two to the same sum. (Recall
that the graph is complete, so all distances are at most one.)

If aj = aj—1 = sj—1, then a; = s; again, or s; = r;, which means that
r; was the first repeated vertex in the sequence sj_1,7j, 741, ,7j4n—1, say
Tj = rjpe. Let ajy1 = ajpo = -+ = ajyk = Sj—1 but aj1x+1 # Sj—1 (possibly

k =0), and let k' = min(k, ¢). It is easy to see that replacing all a;(= s;_1) with
i=4j,j+1,---,j+k by a; = r; will not increase the cost. The resulting optimal
schedule agrees with our schedule for the first j moves.

Finally, if a; = r;, then we have a; = s; again, or s; = a;_1, whence the first
repeated vertex was not ;. Let r;4, be the second occurrence of the first repeated
vertex, and let k£ be the greatest integer such that a; = aj41 = -+ = aj4p =1;5.
Then we can again replace all a;(=r;) with i =j,j+1,--- ,j+ k" by a; = sj_1
without increasing the cost of the schedule, and obtain an optimal schedule that
agrees with our schedule on the first j moves. (The definition of k" is exactly as
in the previous case.)

It remains to show that we cannot optimally schedule with window n — 1.
Suppose the resource is in sg and the first n — 1 requests r1,72,--- ,7,_1 are the
remaining n — 1 vertices of the complete graph. If the n-th request is sg, then an
optimal strategy requires the resource to stay at so for the first n moves since
this strategy only has cost n — 1 while all other strategies have cost n. On the
other hand, if the n-th request is 1, then an optimal strategy must have s; = ry
for a similar reason. Therefore, no strategy can yield an optimal schedule. O

Corollary 2.73 A graph G has window index two if and only if it is a median
graph.

Proof A median graph is a retract of a hypercube, and each hypercube is a
cartesian product of copies of the complete graph on two vertices. Thus a median
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graph has window index at most two, and therefore two. We omit the proof of
the converse [62]. O

Similarly, one has the following result.

Theorem 2.74 [62] A graph G has finite window index if and only if it is the
retract of a cartesian product of complete graphs.

2.13 Remarks

The product we focused on is the most natural product from the homomor-
phism point of view, because of the properties in Theorem 2.2. Since it is the
‘right” product for binary relations, it has long been considered from an alge-
braic perspective, and results such as Theorem 2.2 are folklore of the algebraic
(and categorical) perspective. Its investigation in graph theory was pioneered
by G. Sabidussi [307]. Many other products are possible, on the vertex set
V(G) x V(H); systematic catalogues of all products satisfying certain natural
axioms have been compiled in [185,294]. The recent book by W. Imrich and
S. Klavzar [185] is devoted entirely to the study of graph products; it contains a
nice historical account. The dimension of graphs is introduced in [266,271], and
Theorem 2.9 is from [228]. (See also [3,86].) The Lovész vector and the expo-
nential graph were both introduced in graph theory in [224], although similar
exponential objects were studied earlier in algebra and category theory [295].
The application of the exponential graph to the Product Conjecture was pio-
neered by M. El-Zahar and N. Sauer [89], who used it to prove Theorem 2.32.
It was also used in [132] to prove Theorem 2.33, as in Lemma 2.29. The same
technique has in fact been previously used by K. Vesztergombi to bound the
chromatic number [329]. (Exercise 12, and Exercise 21 in Chapter 6, are also
from [329].) The Lovész vector and Theorem 2.11 were used in [224] to prove the
cancellation properties Corollary 2.12, Theorem 2.13, and Corollary 2.15. The
nonuniqueness of prime factorization was first noted by D. J. Miller [245]. The
unique prime factorization theorem for reflexive connected, nonbipartite graphs,
Theorem 2.14, is due to R. McKenzie [240]. The ingenious counting of graph
homomorphisms proving the edge reconstruction result in Theorem 2.16 is due
to V. Miiller [250]. Shift graphs are related to shift register sequences [71]; more
recently they have been found useful because they are large relative to their di-
ameter and maximum degree, cf. [73]. The construction of S(g, k) in Theorem
2.23 is from [270]. The Product Conjecture was first explicitly stated in [141],
and popularized in [55]. It is perhaps the most important conjecture related to
graph products and homomorphisms, and there have been many papers dealing
with the subject, including the surveys [312,350], as well as the book [122], cf.
for instance [132,199,213,267,323]. Persistent graphs were introduced in [83],
and the Proposition 2.31 is from [328]. Multiplicativity was studied in [132,267],
and our proof of Theorem 2.35 is from [267]. Theorem 2.37 was first proved
in [132] using the Lipschitz lemma from algebraic topology; the combinatorial
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proof given here is from [344]. Connections between multiplicativity and du-
ality have been explored in [132,341,342]. Other results on multiplicativity of
oriented paths, cycles, and other digraphs can be found in [75,174,324]; in partic-
ular, C. Tardif [324] has recently shown that all rational complete graphs K/,
with p/¢ < 4 are multiplicative. Our treatment of Theorem 2.39 is combined
from [291,292]. (Similar results were obtained independently by J. H. Schmerl
and X. Zhu.) The projectivity of K, is obtained by generalizing [126], and ap-
pears in [283], cf. also [214,215,229,250]. Projectivity also plays an important role
both in Chapter 3 and Chapter 5. (See Exercise 12 in Chapter 3.) Projectivity
of reflexive graphs has been previously studied in [140].

Retracts in graph theory were first studied in [150, 153, 156], although they
were popular in topology and algebra since the time of K. Borsuk [38]. The
connection to multiplicativity in Proposition 2.47 is from [213]. Proposition 2.51
is due to G. Sabidussi [310], and was the starting point for the investigations
in [150]. The proof given here, as well as that of Corollary 2.66, is adapted
from [287]. Theorem 2.52 was first proved in [119] and the simpler proof given in
Chapter 6 is from [120]. Theorem 2.53 is also proved in [120]; its proof depends
on Tutte’s characterization of regular matroids. Absolute retracts in reflexive
graphs are similar to absolute retracts in bipartite graphs; direct translations
between the characterizing theorems are given in [19]. The results given here, in
terms of the variety of paths, Corollary 2.56, in terms of the absence of holes,
Theorem 2.55, and in terms of the existence of majority functions, Corollary
2.57, are from [190,191,284,285,296-298] in the context of reflexive graphs, and
their bipartite analogues can be traced back to [18,150,153,154]. Our treatment
is based on [173]. The absence of holes is often expressed as the Helly property
of disks, as in Exercise 24. Related retract concepts in metric spaces have been
studied in [5,80,187]. Absolute retracts in graphs, digraphs, and more general
structures are considered in [18,21,151,190,191], and especially in the book by
E. Pesch [289]. Absolute retracts can also be defined in terms of sufficiency of
conditions other than just isometry; often the resulting class of graphs is still
a variety [173,223]; we explore one example in Exercise 31 in Chapter 5. The
graphs HOM(G, H) are used to model physical systems with ‘hard constraints’,
cf. Section 1.8; Proposition 2.61 is from [46]. The connection of dismantlability to
the game of cops and robbers, Proposition 2.59, is from [286,296]. Theorem 2.64,
attributed to H. -J. Bandelt and E. Prisner [22], also depends on a deep result
on Bandelt and Pesch [20]. Median graphs, segments, and algebras have been
the subject of many papers [7,15,188,249,255,315]; the application of retracts in
the dynamic location problem is from [62], cf. also [289] for earlier connections
between the two concepts.

Exercise 3 is from [180], which also contains a nice application of products
and homomorphisms in artificial intelligence. Exercise 6 is from [245]. Exercise 8
is based on [132]. Exercise 5 is from [336]. Exercise 10 is from [154]. It is related to
subdirect representations of bipartite graphs; subdirect representations of graphs
in general are investigated in [310]. Exercise 11 is from [245]. Exercise 21 suggests
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studying graphs G which have GOG — G; it turns out that they are precisely
Cayley graphs of normal groups [216]. Exercise 22 can be strengthened to prove
that each graph that does not contain an induced A from Fig. 2.10 is three-
colourable [60,119].

2.14 Exercises

1.

Using Theorem 2.2 as a guide, explicitly define the product S x S’ for
relational systems S,S’ with one ternary relation. Apply your definition
to describe the numeric powers N* of the system N introduced in Section
1.8.

. Let G + H denote the disjoint union of graphs G, H. Prove that

(a) GG+ Hand H— G+ H.

(b) G— X and H — X imply G+ H — X.

(¢) For any graphs G, H, there exists a unique (up to isomorphism) graph
S and homomorphisms p : G — S,r : H — S such that for every
graph X with homomorphisms p’ : G — X,r’ : H — X there is a
unique homomorphism f: S — X with fop=p' and for =1r".

. Let G and H be digraphs. Prove that G x H is has a directed cycle if and

only if both G and H have a directed cycle.

. Prove that if @ < b are both odd integers, then the graph C, x C} contains

Cp.

. Let G and H be graphs. Prove that (u,v) and (u/,v") are in the same

component of G x H if and only if there exists a u,u’-walk in G and an
v,v’-walk in H whose lengths have the same parity. Deduce that G x H is
connected if and only if both G and H are connected and at least one is
nonbipartite.

Prove that the infinite product of odd cycles ], Co,41 is bipartite.

For graphs G, H define G- H to be the graph with vertex set V(G) x V(H)
and edges (u,v)(u/,v") where uv’ ¢ E(G) or vv' € E(H). Prove that
G — H if and only if G - H has a clique with |V(G)| vertices.

. Prove that

(a) G is isomorphic to a subgraph of HHY)
(b) if G — H then K¥ — K% and G¥ — HX.
(c) GF~aG
(d) H — HE
e) G — H if and only if L — HC.
(e) y
(L is the digraph with one vertex and one loop.)

. Prove that dim G < 2 if and only if G is the line graph of a bipartite graph.
10.

Prove that every bipartite graph is an isometric subgraph of a product of
paths.
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17.
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20.
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22.
23.

24.

25.
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Prove that for connected nontrivial graphs G and H, we have G x H ~
GUOH if and only if G ~ H ~ Cojy1.

The strong product G X H of graphs G, H has vertex set V(G) x V(H)
and edges (u,v)(u',v") where v = «' and vv’ € E(H), or v = v/ and
wu' € E(GQ), or wu' € E(G) and vv’' € E(H). (As the notation suggests,
the strong product is the union of the product and the cartesian product.)
Prove that the strong product satisfies the properties of the product from
Theorem 2.2, in the context of reflexive graphs.

Prove that for a nonbipartite G we have x(G X C5) = 5 if and only if
G — C5.

Prove that for graphs G, H, the distance in G X H between (u,v) and
(u/,v") is equal to max(dg(u,u’), dg(v,v")).

The lezicographic product G[H| of graphs G and H has vertex set V(G) x
V(H) and edges (u,v)(u’,v") where uu’ € E(G), or u = v’ and vv’ € E(H).
Let G, H be connected graphs with cores G’, H', respectively, and let G be
triangle-free. Prove that the core of G[H| is G'[H'].

Prove that for graphs G and H with x(H) = k, we have x(G[H]) =
X(GIEL).

Suppose H is a subgraph of G. Prove that H is a retract of G if and only if
any homomorphism H — X can be extended to a homomorphism G — X.
Prove that each graph of girth at least five is projective.

Prove that L(L(Ky)) is three-colourable. (Hint: Colour the triple abc by b
ifb#4 and by d # a,b,cif b=4.)

Prove that the class of reflexive dismantlable graphs is a variety.

Prove that the reflexive 6-cycle does not have a finite window index.
Prove that

(a) K,0K, — K, for every n.

(b) X(GOH) = max(x(G), x(H)).

(c¢) Each cycle Cy, satisfies C,OC) — C.
(d) The Petersen graph P has POP /4 P.

Prove that each nearly bipartite graph is three-colourable.

Define the reflexive graph Gt to be obtained from G by subdividing each
edge into a path of length two and adding a new vertex adjacent to all
vertices. Show that G is triangle-free if and only if G is a median graph.
Prove that a reflexive graph H is an absolute retract if and only if its
family of disks (Dx(z) = {y : du(x,y) < k},k € N,z € V(H)) has the
Helly property. (A family of sets has the Helly property if each subfamily
in which any two members intersect has a nonemtpy intersection.)
Suppose H is a reflexive graph without cycles of length greater than five.
Show that H is an absolute retract.

Show that a graph H is a retract of a graph G, whenever H is an (isometric
path or shortest cycle) in G, and G is bipartite.
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27.

28.

29.

30.
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(203] Prove that [ [, ; Koy = [];c; Km(y) if and only if there is a bijection
¢ of I to J with each n(i) = m(¢(5)).

[41] Prove that every homomorphic image of a graph G is isomorphic to a
retract of G if and only if G does not contain an induced Ps or 2K». Prove
that the same property in the class of reflexive graphs is equivalent to being
a threshold graph, i.e., not containing an induced (reflexive) Ps, Cy, or 2K5.
[119] Prove that a graph G such that all odd cycles contain one fixed vertex
is nearly bipartite.

[119] A cobipartite graph is a graph whose complement is bipartite. Prove
the following max—min relation: if G is nearly bipartite, then the odd girth
of G is equal to the maximum number of pairwise edge-disjoint cobipartite
subgraphs of G.
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THE PARTIAL ORDER OF GRAPHS AND HOMOMORPHISMS

In this chapter we examine the partial order determined by the existence of ho-
momorphisms. This point of view motivates many nice questions, and sheds new
light on some classical problems. In the next chapter we shall return to the study
of the structure of sets of homomorphisms and the existence of homomorphisms
will again be the focus of Chapter 5. A partial order is a set (not necessarily
finite) with a reflexive, transitive, and anti-symmetric relation, usually denoted
by <. (We do not require a partial order to be a finite set, because we shall
consider the partial order of all graphs, which is infinite; however, for the same
reason, in practice we will only consider countable partial orders.)

3.1 The partial orders C and Cg

Let G denote the set of all digraphs, and write G < H for G — H (with
G,H € @G). Since ‘homomorphisms compose’ (Section 1.7), < is a transitive
relation on G. It is also clear that < is a reflexive relation (each identity map is
a homomorphism). However < is in general not antisymmetric; in fact, G < H
and H < G just means that G and H are homomorphically equivalent. A bi-
nary relation that is reflexive and transitive, but not necessarily antisymmetric
is called a quasiorder; thus < defines a quasiorder on G.

There are standard ways to transform a quasiorder into a partial order—by
identifying equivalent objects, or by choosing a particular representative for each
equivalence class. In our context, we will do the latter, choosing the representa-
tives to be the cores. Recall from Proposition 1.31 that a core is a graph that
is not homomorphic to a proper subgraph of itself. We have shown in Corollary
1.32 that every graph is homomorphically equivalent to a unique core (up to
isomorphism). Therefore, if we denote by C the set of all nonisomorphic cores,
we cannot have two distinct elements G, H of C satisfy both G < H and H < G.

Theorem 3.1 The set C is a partial order under <. O

It is interesting to interpret statements such as Corollary 1.8, Corollary 1.23,
and Exercise 2 in Chapter 1, in terms of this partial order. They claim the
monotonicity of the corresponding graph parameters. For instance, Corollary
1.8 claims that the chromatic number is a monotone parameter in the sense
that G < H implies x(G) < x(H). Corollary 1.23 claims the same kind of
monotonicity for the independence ratio, in the special case when the graph H
is vertex-transitive.

We note the following property of C.

81



82 THE HOMOMORPHISM ORDER

Proposition 3.2 The partial order C is a lattice.

Proof Any two elements G, H of C have a greatest lower bound in C—mnamely
the core of the product G x H. Indeed, Proposition 2.1 implies that G x H < G
and G x H < H, as well as that X < G, X < H yields X < G x H. Note that
G x H may not be a core, but the core of G x H satisfies exactly the same set of
inequalities in C. Similarly, using Exercise 2 from Chapter 2, we prove that the
core of G + H is the least upper bound of G and H in C. O

The fact that G x H is (homomorphically equivalent to) the greatest lower
bound of G and H in C often has interesting implications. For instance in certain
models in learning theory [180], a clause C' corresponds to a digraph G¢ in such
a way that a clause C generalizes a clause C’ if and only if Go¢ — G¢r. Sup-
pose we are given a set of (background knowledge) clauses describing a certain,
otherwise unknown predicate. These clauses are instances, both positive (exam-
ples satisfying the predicate) and negative (examples not satisfying it). We may
want to predict, based on the background knowledge, which other clauses will
be satisfied by it. In such a case, one may want to compute the least general
common generalization of the given background clauses. The proposition implies
that the least general common generalization of clauses C;, 7 € I, corresponds to
the digraph [[;c; Ge,-

The partial order C is unusual in the sense that it is in general difficult to
decide if G < H. For instance, just deciding if a given graph satisfies G < Kj
is the well-known N P-complete problem of graph three-colourability. (More on
this topic in Chapter 5). In fact, C is a particularly rich and complex partial
order, as we shall discover in this chapter. For instance, we have the following
theorem.

Theorem 3.3 [295] Any countable partial order is isomorphic to a suborder of

C.

We will paraphrase this kind of result by saying that any countable partial
order admits a representation in C.

Recall that we view graphs as a subclass of digraphs. It is clear from the proof
of Proposition 3.2 that graphs form a sublattice (and a suborder) of C. We will
denote this suborder by Cg. Theorem 3.3 can be strengthened to say that any
countable partial order is isomorphic to a suborder of Cs (cf. also Proposition
3.8).

We will not be proving (either version of) this deep result, but in the following
sections we will derive several of its consequences.

3.2 Representing ordered sets

In this section we shall consider some special cases of Theorem 3.3. As a warm-
up we consider the following two extreme cases. A chain in a partial order is
a set of pairwise comparable elements. The countable chain C,, is the usual
numeric order of positive integers. An antichain in a partial order is a set of
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pairwise incomparable elements. The countable antichain A, is the equality order
of positive integers (in which any ¢ # j are incomparable).

Proposition 3.4 The countable chain C, is isomorphic to a suborder of Cg.
The countable antichain A, is isomorphic to a suborder of Cg.

Proof For the first assertion, we can use the complete graphs K;,i € N. We
know that K; < Kj if and only if ¢ < j. For the second assertion, we can use the
graphs S(i,4),4 odd, from Theorem 2.23. Because of Corollary 1.8 and Exercise
2 in Chapter 1, we know that S(i,7) and S(j,j) with ¢ # j are incomparable.
O

In the case of finite ordered sets, this is sufficient to obtain the desired result.
Theorem 3.5 Fvery finite partial order is isomorphic to a suborder of Cg.

Proof It is well known that each partial order P is isomorphic to the inclusion
order of a suitable collection of sets. One can, for instance, represent each element
p € P by the set L, = {z : x < pin P}. It is easy to check that p < ¢ in P if and
only if L, C L,. Thus we may assume that P is the inclusion partial order of
sets M € M. Let X be the union of all sets M in M. Without loss of generality,
we may assume that X is a set of positive integers. Let S(i,i),i € X, be the
graphs used above in representing the antichain A,. We then assign, to each set
M € M, the graph Gp; which is the disjoint union of S(4,%),i € M. It is easy
to see that there is a homomorphism Gj; to Gy if and only if M C M’. O

Of course, there are many different ways to represent a fixed ordered set in
Cs or in C. For instance, the chain C,, can also be represented by directed paths
P;,i € N, and the antichain A, by the collection of directed cycles of prime
lengths (Exercise 4 in Chapter 1).

The following family of oriented paths is often useful. The zig-zag of order k,
denoted by Zg, is the oriented path of height three given in Fig. 3.1. We consider
a to be the initial vertex of Zy, and d to be the terminal vertex of Zj. (In other
words, these oriented paths are understood to have a beginning and an end.)

a

Fi1a. 3.1. The zig-zag Z; (for k > 1).
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Proposition 3.6 Z; < Z; if and only if k > £.
Proof Use Proposition 1.14. O

This means that associating to each Zj, the negative integer (—k) is an iso-
morphism between the suborder of C induced by the zig-zags, and the natural
order of negative integers. The concatenation of oriented paths P and @, denoted
P - @, is the oriented path obtained from P and @ by identifying the terminal
vertex of P with the initial vertex of @), leaving the initial vertex of P as the
initial vertex of the concatenation, and the terminal vertex of () as the terminal
vertex of the concatenation. (In Fig. 3.2 we show the concatenation Z; - Z3). Let
Z (i) denote the i-fold concatenation of Z;, i.e., the digraph Z; - Z; - - - - - Z;.

Proposition 3.7 The digraphs Z(i),i € N, are pairwise incomparable in C.

Proof This easily follows from Proposition 1.14 and Proposition 3.6. O

o =-0—
o —@ [

F1G. 3.2. The concatenation Z(2) = Z3 - Zs.

We now prove a variant of Theorem 3.5, namely that every finite partial order
s isomorphic to a suborder of C. It is well known that each partial order P is
the intersection of chains. Hence we may assume that the elements of P are k-

tuples (x1, 2, -+ ,xk), where each x; is an integer between 0 and n — 1, with the
order in P being the coordinate-wise order of the k-tuples, i.e., (1, z2, -+ , k) <
(y1,y2, -+ ,yx) in P if and only if each z; <y, as integers.

We assign, to each element x = (1,22, -+ ,x) of P the digraph G, =
P Zy—ny Zp—g, - Zn—s, - Pn, where P, is the directed path with n vertices.
It is again easy to check, from Propositions 1.14 and 3.6, that z < y in P if and
only if G, — Gy. O

This construction is interesting in that the representing family consists en-
tirely of oriented paths. Let Cp denote the suborder of C consisting of all oriented
paths.

Proposition 3.8 FEvery finite partial order is isomorphic to a suborder of Cp.
O

This result has been recently extended to all countable partial orders in [182].
Representability by oriented paths is also discussed at the beginning of Section
4.8.
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Let us write G < H to mean G < H and H £ G. The order Cg is dense in
the usual sense, that between any two graphs there exists another graph. This
is discussed in Section 3.7, and there is an obvious exception, noted there. For
the time being, we only note that between the graphs Ky and K3 (which satisfy
K5 < K3), there is an infinite chain of graphs

Ko< - <(Cr<(C5<(C3=Ks.

This suggests that the graphs Car41 act as fractional complete graphs, say
Cory1 = Koy (1/0), resulting in

K2<"'<C7=K2+%<C5:K2+%<C3=K3.

In Section 6.1, we shall formally extend the definition of complete graphs K,
with integer subscripts n, to cores K,., where r is any rational number r > 2,
such that K, — K, if and only if » < 7’ (Theorem 6.3). In other words, if we
denote by Q the set of positive rational numbers under the usual numeric <, we
have the following representation result.

Proposition 3.9 Q is isomorphic to a suborder of Cs. O

3.3 Incomparable graphs and maximal antichains in Cg

We have already seen infinite antichains in C, i.e., infinite sets of incompara-
ble graphs. However, not every antichain in C can be extended to an infinite
antichain. In this section we focus on finite antichains that are maximal with
respect to inclusion.

We begin by considering graphs and the order Cg. The graphs K; and K
play a special role in Cg. They are the only possible cores of bipartite graphs. The
graph K7 is homomorphically equivalent to any edgeless graph (graph with no
edges). The graph K> is homomorphically equivalent to any bipartite graph that
has edges. Moreover, both {K;} and {K>} are maximal antichains in Cg—since
K; < H for any H in Cg, and Ko < H or H < K5 for any H in Cg (the former
case for all graphs H with an edge, the latter case for all edgeless graphs H).

We note that while, say, Ko cannot be extended by an incomparable graph
in Cg, the directed three-cycle Cs is incomparable with it in C. Thus {K>} is not
a maximal antichain in C.

We now proceed to prove that {K;} and {Ks} are the only finite maximal
antichains in Cg. The essence of the argument is the following extension property
of graphs.

Theorem 3.10 For any set G1,Ga, -, Gy of nonbipartite graphs, there exists
a graph Gyy1 incomparable with all G; fori=1,2,--- ,t.

Proof Let g be an odd integer greater than the odd girth of all the graphs
Gi,i=1,2,--- t, and let k be an integer greater than the chromatic number of
all the graphs G;,i = 1,2,--- ,t. Then the graph Gy11 = S(g, k) from Theorem
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2.23 satisfies the claim—it is not homomorphic to any G;,i = 1,2, - ,t because
of the chromatic number, and no G; with ¢ = 1,2,--- ,¢ is homomorphic to it
because of the odd girth. O

Corollary 3.11 The order Cs has exactly two finite mazimal antichains, namely
{K1} and {K>}.

Proof We have established above that cores other than K; and K5 are not bi-
partite; thus Theorem 3.10 shows that any other finite antichain can be extended.
O

Theorem 3.10 implies that any set of ¢ > 2 incomparable graphs can be
extended to a set of ¢t + 1 incomparable graphs. This situation in Cg is in sharp
contrast with C. Indeed, we shall show in Section 3.9 that there exist in C maximal
antichains of arbitrary finite size. (An extension to countably infinite graphs can
be found in [276].)

We shall now proceed to strengthen this extension property in several ways.
The techniques used for the proofs are useful in other situations; they involve
random graphs. There is a deep connection with classical results typical of the
probabilistic method, such as Theorem 1.9, derived below as Corollary 3.13.

The following general theorem is traditionally called the Sparse Incompara-
bility Lemma.

Recall that we write G < H for G < H and H £ G. The Sparse Incompa-
rability Lemma asserts that when G < H there is a sparse (meaning high-girth)
graph G’ incomparable with G which still has G’ < H. The precise formulation
is as follows.

Theorem 3.12 Let ¢ be a positive integer. For any nonbipartite graphs G, H
with G < H, there exists a graph G’ such that

e G’ is incomparable with G,
e G'< H, and
e G’ has girth at least L.

Before proving the Sparse Incomparability Lemma, we illustrate some of its
many applications. To begin with, it proves Theorem 1.9.

Corollary 3.13 For any positive integers k, £ there exists a graph of chromatic
number k, and girth at least £.

Proof For k < 3 this is obvious. Otherwise we can apply the Sparse Incompa-
rability Lemma, Theorem 3.12, with G = Ky_1 and H = Kj. O

We also derive the following fact.

Corollary 3.14 For every nonbipartite graph G and every integer { there exists
a graph of girth at least £, incomparable with G.

Proof Put H = K,,, where n = |V(G)|. O



INCOMPARABLE GRAPHS AND MAXIMAL ANTICHAINS IN Cs 87

The last corollary implies that for every nonbipartite graph G there exists a
sparse (high-girth) graph G' that is not homomorphic to G. This is perhaps the
most natural extension of Erdds’s result on the existence of sparse graphs with
high chromatic number (Corollary 3.13).

Proof of Theorem 3.12 The existence of G’ will follow from the fact that a
certain random graph almost certainly has a strengthened version of the required
properties.

Assume that G has t vertices, and H has s vertices, say 1,2, ..., s. Note that
both s and ¢ are fixed. Consider a large positive integer n.

Consider the random graph G(s,n,p) defined as follows.

The vertex set V of G(s, n, p) will be the union of s disjoint sets V4, Va, -+ - , V4,
each of size n. The sets V; are in one-to-one correspondence with the vertices
of H; we will say that two sets V;, V; are adjacent if the corresponding vertices
i,7 are adjacent in H. The graph G(s,n,p) will have no edges within any of the
sets V;, or between any two nonadjacent sets V;, V;, and each edge between two
adjacent sets V;, V; will be chosen to be present independently, at random, with
probability p = n®~!, where 0 < § < 1/¢.

A set A C V will be called large if it has at least n/t elements in each of a
pair of adjacent sets V;, V}, i.e., if there is an edge ij of H such that |ANV;| > n/t
and |[ANV;| > n/t. Any edge ij of H certifying in this way that A is large will
be called a good edge for A.

For a large set A, let m(A) be a random variable denoting the smallest number
of edges G(s,n,p) has between any ANV; and ANV}, over all good edges ij for
A.

We first estimate the probability

a = Pr(A large implies m(A) > n).

We have
l-a< Z Pr(m(4) < n).
A large

We shall estimate this sum as follows. The number of large sets is at most 2%
(the total number of subsets of V). The fact that m(A) < n means that for
some good edge ij, out of the possible ab edges between the a > n/t vertices of
ANYV; and the b > n/t vertices of ANV}, at most n — 1 are present, i.e., all the
ab— (n —1) > (n?/t?) — n edges are absent. Summing over all good edges we
estimate the probability that a particular large A has m(A4) < n to be at most

((55)) (1= p) /),

Indeed, the number of ways the at most n — 1 edges are chosen in the various
good pairs is smaller than all possible ways of choosing n — 1 (and hence smaller
than n) edges on V. Now we roughly estimate, for large n,
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sn 2,2
((2)) < (5 n ) < 82nn2n < ecnloan

n n

and
(1— p)(n2/t2)*n < efp((n"’/t"’)*n)7

using the fact that In(1+z) < z.
Putting all this together, we see that

sn
1148

l-a< Z Pr(m(A) <n) < 25"<( 2 )> (1 _p)(nz/tz)fn < et/ nloggn—c"n!*?
n
A large

for some positive constants ¢’ and ¢”” which are independent of n.

We conclude that Pr(A large implies m(A4) > n) = 1—o(1). Thus a large set A
asymptotically almost always has at least n edges between the sets ANV;, ANV},
for all good edges ij for A. At the same time, we shall show that G(s,n,p) does
not have too many cycles of length less than ¢. Let ¢ be the random variable
denoting the number of such cycles. Then the expected value of ¢ is at most

sn sn sn s'nfno
! 3 4! 4. —1) /—1 < /. (5@2
3(3)])—!— <4)p+ + (¢ )<(£_1)>p </t p; <Cn o(n),

(for a constant C'), according to our choice of ¢.

It now follows that there exists a graph G” on V', with no edges within the
sets V;, in which every large set A has m(A) > n, and which has at most n — 1
cycles of length less than £. Let G’ be the graph obtained from G by deleting
an edge in each cycle of length less than ¢. We claim that G’ has girth at least
¢ and is not homomorphic to GG. The first claim follows from the definition of
G'. Suppose that f : G’ — G is a homomorphism. Then each V; contains a set
W; of at least n/t vertices v with the same image f(v) in G. Let j(i) be the
image in G of all the vertices of W;. The union A of all these sets W; is a large
set for which all edges ij of H are good. Hence A contains at least n edges of
G", and therefore at least one edge of G’, between any adjacent sets V;, V;. This
allows us to define a homomorphism g : H — G by letting ¢(i) = j(4), contrary
to our assumption that G < H. We have still not shown that G and H are not
homomorphic to G’, but this is easily ensured by choosing ¢ greater than the
girth of both G and H. |

Let us say that graphs G, G’ are k-equivalent (for a positive integer k) pro-
vided G < K if and only if G’ < K for all graphs K with at most %k vertices. It
is easy to see that this is an equivalence relation on C. We now observe that the
above proof actually implies a stronger statement, which can be nicely formu-
lated in terms of k-equivalent graphs. Note, in particular, that the new statement
no longer requires that the graphs be restricted to be nonbipartite.

Theorem 3.15 Let k, ¢ be any integers. Every graph G has a k-equivalent graph
G’ of girth at least (.
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Proof Let G be a graph. In the above probabilistic proof of the existence of G',
let G play the role of the graph H, and let k play the role of ¢. (The graph called
G in that proof will not figure in this argument.) Then the graph G’ obtained
satisfies G’ < G; it follows from the last part of the proof that for any K with
at most k vertices we have G < K if and only if G' < K. O

Note that this is a generalization of the Sparse Incomparability Lemma. Sup-
pose that G, H are nonbipartite graphs with G < H. Let k be the maximum
of |[V(G)|,|V(H)|, and assume, without loss of generality, that ¢ > k. We now
apply the theorem to k, ¢, and the graph H. There exists a graph G’ of girth at
least ¢, which is k-equivalent to H. It follows that G’ < H and G’ £ G. On the
other hand, the girth of G’ ensures that H £ G',G £ G’, since G, H are not
bipartite. Thus G’ is incomparable to G and satisfies G’ < H.

3.4 Sparse graphs with specified homomorphisms

When G and G’ are k-equivalent, we may seek a bijection between the sets of
homomorphisms HOM(G, H) and HOM(G’, H), via the composition with a fixed
homomorphism of G’ to G. It turns out that such a bijection may not exist, as we
explain below. However, if the graph H has a special property, such a bijection
can always be found. We say that a graph H is G-pointed, if there do not exist
two homomorphisms fi, fo : G — H such that fi(z) # fa(z) holds for exactly
one vertex x of G. (Hence H is G-pointed if and only if the reflexive graph
HOM(G, H) has no edges other than loops.)

We shall describe several applications of the following result, which we offer
without proof.

Theorem 3.16 [283] Let k,{ be integers. For every graph G there exists a
k-equivalent graph G’ of girth at least £, and a surjective homomorphism c :
G' — @G, such that for any G-pointed graph H with at most k vertices, and any
homomorphism g : G' — H, there exists a unique homomorphism f : G — H
with g = foc (Fig. 3.3).

Gl
Fic. 3.3. A commuting diagram.

We note that the last statement may fail to hold without some kind of as-
sumption on H. Suppose, for instance, that there exist two homomorphisms
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fi, fo: G — H with f1(x) # fa(z), which agree on all other vertices of G, and
suppose that there exist two distinct vertices y, z of G’ with ¢(y) = ¢(z) = . We
define g : G’ — H by setting g(v) = fi(c(v)) for all v # z and g(z) = f2(c(2)).
Since G is irreflexive, there is no edge between y and z, and hence g is indeed a
homomorphism. However, g cannot be written as g = foc for any homomorphism
f:G — H, because g(y) # g(z) while c(y) = c(2).

We will not prove Theorem 3.16; however a version in which girth is replaced
by odd girth is proved below as Theorem 3.20.

Our first application of Theorem 3.16 is to uniquely H-colourable graphs. We
say a graph G is uniquely H-colourable if there is a surjective homomorphism
¢: G — H, such that every homomorphism of G to H is the composition o o ¢
of ¢ and some automorphism o of H. It is easy to see that if H is not a core
then no graph can be uniquely H-colourable. Moreover, when H is a core, then
H itself is H-pointed, as any homomorphism of H to itself is an automorphism
of H, and two automorphisms fi, f which differ on z also differ on f; !(fa(z)).

Corollary 3.17 Let ¢ be a positive integer. For every core H there exists a
uniquely H-colourable graph G of girth at least €.

Proof We apply Theorem 3.16 to the integers £ and k = |V (H)|, and the graph
H. The theorem ensures that there exists a graph G’ of girth at least ¢, such
that for every homomorphism g : G’ — H there is a unique homomorphism
f+H — H with g = foc. Since H is a core, f is an automorphism of H. Thus
G’ is uniquely H-colourable. O

We note that this corollary implies that there exist uniquely m-colourable
graphs of arbitrarily high girth—compare with Corollary 2.25.

Our second application of Theorem 3.16 is a different strengthening of the
same fact.

Corollary 3.18 Let k, £, t be positive integers, k > 2.

Let Ay, Aa, -+, Ay be distinct partitions of a finite set A, each with k (possibly
empty) parts. Then there exists a graph G of girth at least ¢ and chromatic
number k, such that

o A is a subset of V(G),

e G has precisely t k-colourings c1,ca, - ,ct, and

e the partition associated with the k-colouring c;, restricted to the set A, is pre-
cisely A;.

In Fig. 3.4 we illustrate the statement of the lemma. Two partitions of A
into k parts are shown in (a), one indicated by solid lines, the other by dashed
lines. In (b), A is shown included in the vertex set V(G) of some (sparse) graph
G, and both partitions are extended to the whole of V(G). The corollary states
that each of these partitions of V(@) is a k-colouring of G, and that there are
no other k-colourings of G.

We shall actually derive the corollary in the following, more general, form.
The fact that it implies Corollary 3.18 is due to Corollary 2.45, which depends
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Fic. 3.4. Extending partitions.

on the fact that complete graphs are projective. We also replaced each partition
A; by the associated mapping f;.

Corollary 3.19 Let H be a projective core with k vertices, £ a positive integer.
Let A be a finite set and let f1, fa,-- -, ft be distinct mappings A — V(H). Then
there exists a graph G of girth at least ¢ such that

o A is a subset of V(G),

o for everyi=1,2,---,t there exists a unique homomorphism g; : G — H such
that g; restricted to the set A coincides with the mapping f;, and

o for every homomorphism f : G — H there exists an i,1 < i < t, and an
automorphism h of H, such that ho f; = f.

Proof Assume that A has n elements. Put N = 1 + max(n, k**). Let fo be
an injective mapping of A into {1,2,--- ,N} = V(Ky). Let K be the product
Ky x Hx H x --- x H, with ¢t copies of H. We can view A as a subset of
V(K), by identifying a € A with ¢(a) = (fo(a), f1(a), f2(a), -, fi(a)) € V(K).
(Since fo is injective, ¢ is an injective mapping of A to ¢(A4).) We now apply
Theorem 3.16 to K in place of G. The theorem yields a graph G’ of girth at least
¢ and a surjective homomorphism ¢ : G — K such that any homomorphism
g: G’ — H is the composition of ¢ and some homomorphism f : K — H. Each
homomorphism g : K — H induces a homomorphism of H x H x --- x H to H.
Indeed, define, for each v € V(K ), a mapping f, of H x H X ---x H to H, where
folxr,- - x¢) = g(v, 1, - ,2¢). Since N > kkt some f, = f,,. It is then easy




92 THE HOMOMORPHISM ORDER

to check that f = f, = f, is a homomorphism. (The following proof contains a
similar statement verified in detail). As H is projective and a core, that the only
homomorphisms of K to H are projections followed by an automorphism of H
(Exercise 1). We can now view A as a subset of V(G’) by identifying each ¢(a)
with one arbitrary element of ¢=!(¢(a)). It follows that all homomorphisms of
G’ to H extend to the mappings f;, and hence extend the partitions A;. We let
G be the graph G'. O

Since all these applications use the unproved Theorem 3.16, we now give a
constructive proof of the corresponding result where girth is replaced by odd
girth. (Exercise 2 in Chapter 1 argues that the odd girth is a more relevant
parameter, from the homomorphism perspective.)

Theorem 3.20 Let k, ¢ be integers. For every graph G there exists a k-equivalent
graph G’ of odd girth at least £, and a surjective homomorphism ¢ : G' — G, such
that for any G-pointed graph H with at most k vertices, and any homomorphism
g: G — H, there exists a unique homomorphism [ : G — H with g = f oc.

In fact, we can choose G' = G x Go, where Go is any connected graph with
odd girth at least ¢ and chromatic number greater than k'Y, and let ¢ be the
projection onto G (Fig. 3.5).

G ~.

GxG,
Fic. 3.5. Another commuting diagram.

Proof A graph Gy satisfying the required properties exists by Theorem 2.23.
Clearly, the odd girth of G x G is also at least £.

We first show that G x Gy is k-equivalent to G. Let H be a graph with at
most k vertices. If G — H, then G x Gy — H by composition with the second
projection. Thus let g : G x Gy — H be a homomorphism; we show that G — H,
by the same device used in the previous proof. Specifically, for every y € V(Gy)
define the mapping f, : V(G) — V(H) by f,(x) = g(z,y). As x(Go) > kIV ()
there must exist an edge yy’ in Gy with f, = f,/. In this case, the mapping f, is
a homomorphism of G to H: for an edge zz’ of G we have the edge (z,v)(z’,y’)
in G x G and hence g(z,y)g(z’,y’) = fy(z)fy (2") = fy(x)fy(2’) is an edge of
H.

Suppose next that H is a G-pointed graph with at most k vertices, and
g: G x Gy — H is a homomorphism.
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Claim Suppose y is a vertex of Go such that the above mapping f, is a ho-
momorphism of G to H, and assume y' is a vertex of Gy adjacent to y. Then
fy’ = fy

Otherwise fy/(xo) # fy(zo) for some vertex zyp € V(G). Define a mapping ¢ :
V(G) — V(H) as follows: let ¢(z) = fy(z) for x # o, and let ¢(zo) = fyr (20).
Then ¢ is a homomorphism G — H. It suffices to check that the edges of G
incident with xg are preserved. If zzg € E(G) then (z,y)(z,y") € E(G x Gy),
and therefore f,(x)fy (20) = o(x)d(x0) € E(H). However, ¢ differs from f, on
exactly one vertex, contradicting the fact that H is G-pointed.

Since Gy is connected, this means that g(x,y) = fy(x), i.e.,, g = fyoc. O

3.5 Incomparable graphs with additional properties

Here we give another proof of the fact that, for nonbipartite graphs, any finite set
of pairwise incomparable graphs can be extended by another graph incomparable
to all of them. This proof applies to many restricted classes of graphs.

We define an ideal class to be a class of graphs K satisfying the following
conditions:

each induced subgraph of a graph K € K is in K,
for each graph K € KC and any graph G, the product K x G is in K, and
for any two graphs K, K’ € K, the disjoint union K + K’ is in K.

Two typical ideal classes of graphs are:

the set of all graphs G homomorphic to a fixed H, and
the set of all graphs G to which a fixed connected graph F' is not homomorphic.

It is clear from the definition that the intersection of a family of ideal classes
is an ideal class.

Note that if a core F' is not connected, then it can be written as F' = A + B,
and the set of graphs to which F' is not homomorphic is not closed under disjoint
unions. (F' is homomorphic to neither A nor B, but it is homomorphic to their
union.)

Let F be a family of connected graphs, and let ForbF denote the set of
graphs to which no F' € F is homomorphic. Then ForbF is an intersection of
ideal classes, and hence an ideal class. The converse of this statement also holds.

Proposition 3.21 K is an ideal class if and only if IC = ForbF for some family
F of connected graphs.

Proof Indeed, suppose K is an ideal class, and let F consist of all those con-
nected graphs that are not induced subgraphs of any K € K. We claim that
K = ForbF. We will first show that F is closed under taking homomorphisms.
Assume that f : I — F’ is a homomorphism, where F € F,F’ ¢ F. This
means that F’ is an induced subgraph of some K € K, and therefore F’ € K.
Therefore, F’ x F € K as well, and since F' — F”’, it is easy to see that F is an
induced subgraph of F’ x F. This would mean that F' € I and thus not in F, a
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contradiction. It now follows that ForbF is the class of graphs that do not have
any graph from F as an induced subgraph, i.e., K. O

Theorem 3.22 Let K be an ideal class.

1. For any nonbipartite A € K which is not the mazimum element of IC there
exists a B € KC incomparable with A.

2. For any family of (pairwise) incomparable graphs Ay, Ag, -+, A¢, (t > 1) in
IC, there exists a graph Ai+q1 € K, incomparable with oll A;;i=1,2,--- .

Proof To prove 1, assume that a nonbipartite A is not the maximum element
of K; thus there exists some A’ € K not homomorphic to A. Let G be a graph
with odd girth greater than the odd girth of A, and chromatic number greater
than n™, where n is the number of vertices of A. We claim that B = A’ x G € K
is incomparable with A. Indeed, B has odd girth greater than the odd girth of
A, hence A 4 B; on the other hand, B /4 A by the same argument as in in the
proof of Theorem 3.20.

To prove 2, we proceed analogously. Assume Ap, As,---, Ay, t > 1, are in-
comparable (and hence nonbipartite) graphs in K. There exists an A" € K to
which all A; are homomorphic, since K is an ideal class; on the other hand, this
A’ cannot be homomorphic to any A;, since ¢ > 1 and the graphs A; are pairwise
incomparable. Now the proof proceeds exactly as above. O

Corollary 3.23 FEvery ideal class contains an infinite set of incomparable graphs.
O

3.6 Incomparable graphs on n vertices

In this section we shall estimate the maximum number of incomparable graphs
on n vertices. In this context we shall use the random graph G(n,p), defined
in the usual way, on the vertex set 1,2,---,n, to have each edge present with
probability p. In our application we shall only take p = % The properties of
G(n, p) have been thoroughly investigated [4,93,196]. In particular, routine large
deviation techniques can be used to prove the following results.

Theorem 3.24 Let € be an arbitrary positive number. The random graph G(n, p)
has, with probability 1—o(c™1°8™) (where ¢ > 1 is a constant), the following prop-
erties:

L. all degrees are at least (1 —€) and at most (1 +¢),

2. the number of common neighbours of any two vertices is at least (1 —¢€) and
at most (14 ¢),

3. both the largest clique and the largest independent set have fewer than 2 log,(1+
€)n vertices,

4. each set of m > 30log, n vertices induces a subgraph with at most %(ZL) edges,
and

5. there is a set of m > 601Inn disjoint pairs of vertices a;b;,i = 1,2,--+ ,m,
such that when each a; is identified with the corresponding b; the resulting
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graph has more than %(Tg) edges amongst the a;’s. (In other words, there are
more than 3 ('}) pairs ij such that one of a;aj,a;b;,bia;j,b;b; is an edge.)

Proof We shall give a brief sketch of the proof.

For any € > 0, the probability that G(n,1/2) has property 1 tends to one as
n goes to infinity.

We use the linearity of expected values, and Chernoff inequality. (More ele-
mentary proofs are possible, cf. [204] and the comments below.) If X;; is the ran-
dom variable denoting whether ¢j is an edge of G,, (X;; = 1) or not (X;; = —1),
then clearly the expected value of each Xj; is 0, and hence so is the expected
value of each sum S;, (i = 1,2,---,n), of X;; over all j. This situation (sum
of random variables with expected value zero) is the context of the Chernoff
inequality [4], which implies that the probability of S; being greater than e is
less than e~/ n for any positive e. We can conclude from this that the prob-
ability that the degree of vertex ¢ differs from n/2 by more than en/2 is less
than 2e—<"/2. (The difference between the degree of ¢ and n/2 is one half of
the sum of Xj;, since edges contribute 1 and nonedges —1.) We now claim that
the probability that all degrees are between (1 —¢) and §(1 + ¢€) tends to 1 as
n — oo. Indeed, the probability that there exists a vertex ¢ with degree greater
than (1 + €) or smaller than % (1 — €) is at most n times the probability that a

2 .
—€n/2 Gince

partiz)cular vertex ¢ has such a degree, which we have bounded by e
ne~¢ ™2 tends to 0 as n tends to infinity, we have proved property 1.

Similar arguments prove property 2, and, with some additional refinements,
also the other properties. Property 3 is a reformulation of the classical bound of

Erdds for Ramsey numbers, cf. [124]. O
We are now ready to state and prove the main theorem.

Theorem 3.25 Suppose G and H are graphs on 1,2, --- . n satisfying properties
1 —5. Then every homomorphism f : G — H is injective.

Proof Suppose that f is a homomorphism of G to H which has f(z) = f(y) =
z € V(H), for some x # y € V(G). Thus the set A of vertices adjacent to z or y
in G must be mapped by f to the set B of vertices adjacent to z in H. Since A
contains both the neighbourhood of z and the neighbourhood of y, which have
at most 7 (1 + ¢) vertices in common, A must have at least n(1 —€) — % (1+¢) =
%n— %ne vertices. On the other hand, B has at most 5 (14 ¢) vertices. Moreover,
at most 2log,(1 + €)n vertices of A can be mapped by f to any vertex of B,
according to property 3. It easily follows from this, that some m > 30log,n
vertices v1,v2,- - ,v, of B have the property that f~!(v;) has at least two
elements. This means, according to property 5, that there are at least %(ZL)
edges among the classes f~!(v;), and hence among the vertices v1,va,: -+ , U,

contrary to property 4. O
We derive the following two corollaries.

Corollary 3.26 FEvery graph satisfying properties 1-5 is a core O
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Corollary 3.27 Two graphs satisfying properties 1-5, and having the same
number of vertices and edges, are either isomorphic or incomparable O

Since Theorem 3.24 implies that asymptotically almost all graphs satisfy
properties 1-5, we apply the above two corollaries as follows.

Corollary 3.28 Asymptotically almost all graphs are cores. O
Corollary 3.29 When n is large, there exist

%(L%%J) =

mutually incomparable graphs on n vertices. O

(Recall that e was an arbitrary positive number.)

We observe that this asymptotically the best lower bound on the possible
number of mutually incomparable graphs, since the maximum number of graphs
on a fixed set of n vertices, which are just inclusion-free (a much weaker property

than mutual incomparability) is
( (3) )
[3(2)]

by Sperner’s theorem. We shall show in Theorem 4.7 that asymptotically almost
every graph has no automorphisms other than identity, and thus gives rise to n!
different graphs on the same vertex set.

3.7 Density

A partial order is dense if for any a < b there exists an element ¢ with a < ¢ < b.
We clearly cannot hope for the order Cs to be dense, as no graph X satisfies
K; < X < K. Indeed, we have Ko < X or X < K; for any X (depending on
whether X has edges or not); in fact the same argument shows that no digraph
X has K1 < X < Ks.

However, we shall prove that this is the only exception, and the order Cg is
otherwise dense.

Theorem 3.30 Let graphs G, H be cores such that G < H and G # K; or
H # K,. Then there exists a graph X such that G < X < H.

Proof If G = K; and x(H) > 2 then we can take X = Kj. On the other hand
G # K1,H = K5 and G < H is impossible. Thus we may assume that x(G) > 1
and x(H) > 2.

Let Z be a graph whose odd girth exceeds the odd girth of H, and whose
chromatic number exceeds the chromatic number of the power graph G¥. Such
a graph exists by Theorem 2.23. We now let X = G + (H x Z). (Recall that
+ denotes the disjoint union). It is clear that G is homomorphic to X, via a
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mapping that takes it identically to the copy of G in X, and also that X — H,
as G — H by assumption and H x Z — H via a projection.

Since H + G, some component C' of H must have C' 4 G. If H — X then
C — H x Z — Z. Since x(G) > 1 the component C' is not bipartite, and we
have a contradiction since the odd girth of C' is smaller than that of Z.

It remains to show that X - G. Otherwise H x Z — G, and so Z — G,
by Corollary 2.18. This contradicts our assumption on the chromatic number of
Z. O

Another proof of the Theorem can be based on the Sparse Incomparabil-
ity Lemma, Theorem 3.12 as follows. As above, we may assume that G < H and
H is nonbipartite. According to the Sparse Incomparability Lemma, there exists
a graph G’ with G’ < H and girth greater than |V (H)| that is incomparable
with G. Let X = G + G’ and note that G < X < H. If H was homomorphic
to X, then each component of H would be homomorphic to G—as the girth of
G’ ensures there is no homomorphism of a nonbipartite component of H to G’.
This contradicts the fact that G < H. Thus G < X < H. O

Let us say that the pair [G, H] with G, H € Cs,G < H, is a gap in Cg, if no
X € Cg satisfies G < X < H. Therefore, we may reformulate Theorem 3.30 as
follows.

Corollary 3.31 There is only one gap in Cs, namely K7, Ks). O

By contrast, the partial order C has many gaps. For instance, for zig-zags,
each [Zn41, Zy) is a gap. It is known that for each oriented tree T there exists
a digraph G such that [G,T] is a gap, see below. It turns out, however, that if
G < H in C, and if H is a connected core which is not an oriented tree, then
[G, H] is not a gap.

Theorem 3.32 Suppose G < H are digraphs, where H is a connected core which
contains an oriented cycle. Then there exists a digraph X with G < X < H.

Note that this theorem implies Theorem 3.30, by specializing to graphs.

Proof Let ab be an arc of H which belongs to a cycle. Let I be the digraph
obtained from H by deleting the arc ab, adding a new vertex a’ and the arc
a'b (Fig. 3.6(a)). Let n be an integer greater than the number of vertices of
G. Finally, let G’ be the digraph obtained from the transitive tournament T,
by replacing each arc zy with a copy of I, identifying x with a and y with a’
(Fig. 3.6(b)). (More about this replacement operation in the next chapter; cf.
also Fig. 1.10.) Note that all vertices of T,, are included in G’. We claim that
X = G'+G satisfies G < X < H as claimed. The first inequality follows from the
fact that any homomorphism G’ — G would have to identify two vertices of T,
and hence contain a homomorphic image of H in G, contrary to our assumption
that G < H.

To prove the second inequality, assume that there exists a homomorphism
g:H— G'. Let f: G — H be the homomorphism which maps all the vertices
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(@ (b)

Fia. 3.6. (a) The replacement digraph I; (b) a local view of G.

of T}, to a and all other vertices of G/ identically to their corresponding vertices
of H. Since H is a core, the composition fog: H — H is an automorphism of
H, and hence there exists a homomorphism h : H — H (the automorphism of
H which is the inverse of f o g) such that fogoh is the identity on H. Consider
now the composition goh : H — G'; it takes a to some vertex v in G’ such that
f(u) = a. This means that u is a vertex of T,,. (None of the other vertices of G’
are taken to a by f.) Note that g o h cannot take a vertex of H different from
a to a vertex of fn, since f o go h is the identity on H. Therefore, the image
of the connected digraph H under g o A is included in union of the set of copies
of I meeting at u (Fig. 3.6(b)). Now consider u’ = g(h(b)). Since f(u') = b, the
vertex u' is an outneighbour of u, and must in fact be one of the vertices marked
by an asterisk in Fig. 3.6, i.e., must correspond to b in one of the copies of [
which have their a’ identified with u. We now observe that uu’ does not belong
to a cycle in g(h(H)); this is a contradiction, as g(h(H)) must be isomorphic to
H (f ogoh is the identity on H), and ab does belong to a cycle in H. O

3.8 Duality and gaps

We relate the results of the previous section to the notion of homomorphism
duality introduced in Chapter 1 (and further discussed in Section 5.4). Let C’
be a suborder of C. (Typically C’ will be either C or Cg.) The simplest duality
statements involve just two digraphs. We say that a pair of digraphs (F, H) is a
simple duality pair (or a single-graph duality) if

G 4 H if and only if FF — G,

for all digraphs G € C'.
(In particular, we must have F' 4 H in a simple duality pair.) In this case,
we also say that H is a dual of F in C'. In a simple duality pair, the nonexistence



DUALITY AND GAPS 99

of a homomorphism to H is certified by the existence of a homomorphism from
F. We may assume that both F' and H are cores. It is easy to see that this
implies that F' is connected. (If F' = Fy + F, then F' /4 F;,i = 1,2, since F is
a core; thus each F; — H, and hence F' — H, a contradiction.) It follows from
the definition that a dual is unique, up to homomorphic equivalence, so we refer
to the core H as the dual of F.

For instance, the obvious equivalence

G 4 K, if and only if Ko — G

for graphs G verifies that (Ko, K1) is a simple duality pair in Cg.
Theorem 3.33 (K5, K1) is the only simple duality pair in Cs.

Proof Consider a simple duality pair (F, H), where F and H are cores, F' not
K. Then F' is not bipartite, and hence contains an odd cycle, say Cox41. Let
G be a graph with odd girth greater than 2k 4+ 1 and chromatic number greater
than the chromatic number of H (cf. Theorem 2.23). Then F' /4 G because of
the girth, and G 4 H because of the chromatic number. Thus F = K5; then
K5 — G if and only if G has an edge, so G 4~ H is only possible for H = Kj.

O

The reader may have noticed that the only gap in Cg seems related to the
only simple duality pair in Cg. This is not a coincidence. Indeed, gaps and simple
duality pairs are in a one-to-one correspondence.

Theorem 3.34 In the partial orders C or Cg, we have the following relationship
between gaps and simple duality pairs.

o [f cores (F,H) form a simple duality pair, then [F x H,F] is a gap.
e If cores [A, B] form a gap and B is connected, then (B, AP) is a simple duality
pair.

The theorem applies more generally in any structures with products and
exponentiation, such as general relational systems. We have stated the proof in
a way that makes this clear. (This is one of the advantages of the homomorphism
approach.)

Proof Suppose first that (F, H) is a simple duality pair, with F, H cores. We
claim that there does not exist a K with FFx H < K < F. Indeed F' /4 K means
K — H, and since K — F we must also have K — F x H, a contradiction.

On the other hand, suppose [A, B] is a gap, A and B are cores, and B is
connected. We claim that G 4 AP if and only if B — G. If B — G — AP, then
B — B x AP and since B x AP — A according to Corollary 2.18, we would
have B — A, a contradiction. If G 4 AP and B /4 G, then C = A+ G x B
would satisfy A < C' < B contrary to our assumption that [A, B] was a gap. To
verify C' £ A, note that G x B — A is equivalent to G — AP, again according
to Corollary 2.18. To verify that B 4 C, note that otherwise we would have
B — G x B, contradicting B /4 G. O
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In Proposition 1.20 we have found the simple duality pair (ﬁk,fk). There
are other examples in C. For instance, Fig. 3.7 shows graphs F' and H forming a
duality pair. The reader is invited to verify that G 4 H if and only if ' — G.
It follows from Theorems 3.32 and 3.34 that in any simple duality pair (F, H),
the core of the digraph F is an oriented tree. We now prove a converse. (Note
that it applies to any F' whose core is a tree.)

= H

Fia. 3.7. A simple duality pair.

Theorem 3.35 Fvery oriented tree F' has a dual H in C.

Proof Let F be an oriented tree. We define V(H) to consist of all mappings
f:V(F)— V(F) for which each f(u) is a neighbour (in- or out- neighbour) of
u. Two such mappings form an arc fg in H, if for all arcs uwv of F' f(u) # v or
g(v) # u (in other words, it is not the case that f(u)g(v) = vu).

We now show that H is a dual of F, i.e., that (F, H) is a simple duality
pair. We first check that F' 4 H (and hence G 4 H for any G with F — G).
Suppose instead that ¢ : F — H is a homomorphism. Let ug be any vertex
of F, and define the sequence wu;,i € N, recursively by u;+1 = ¢(u;)(u;). Then
u;+1 1S a neighbour of w;, for all nonnegative integers 7. Since F' is finite, some
U = Up; Since F' is an oriented tree, the smallest n which has such an m < n
must be m + 2. This means that ¢(um+1)(Umt1) = Um, which together with
¢(um)(Um) = um+1 (by definition) implies that ¢(u.,,) and @¢(um41) are not
neighbours in H, contrary to the fact that ¢ is a homomorphism.

It remains to show that if F' 4 G, then G — H. For this purpose, we label
all arcs of F' as follows: all arcs incident with the leaves of F' receive the label
1. Having labeled some arcs by 1,2,--- ;i — 1, so that the remaining arcs form a
subtree F”’ of F', we label by i all arcs incident with the leaves of F”. (Note that
after this step, the unlabeled arcs still form a subtree of F'.) Suppose u and v are
neighbours in F. When the arc joining u and v is deleted from F', we obtain two
trees—F%,, containing u, and F,, containing v. We denote by F, , the subtree
consisting of F,, together with u and the arc joining u and v.

We now define a homomorphism ¢ : G — H, assuming that F' /4 G. Consider
an arbitrary vertex z of G. Since F' 4 G, each vertex u of F' must have a



MAXIMAL ANTICHAINS IN C 101

neighbour v for which no homomorphism of F, , to G takes u to z. Let Fj(u)
be the set of arcs uv such that no homomorphism of Fy , to G takes u to x.
Let f.(u) be a neighbour v for which uv € Fj(u) and the label of the arc uv is
maximal. We let ¢(z) be the mapping f, : V(F) — V(F). Suppose zy is an arc
of G. We shall show that for each arc uv of F' we have f;(u) # v or fy(v) # u,
i.e., that f,f, is an arc of H. Indeed, if the labels of all arcs incident to u other
than wv are smaller than the label of uv, then F}, , admits a homomorphism to
G taking v to y, and hence f,(v) # u. Alternately, the labels of all arcs incident
to v are smaller than the label of wv, and then F, , admits a homomorphism
taking u to x, and hence f,(u) # v. O

The last two theorems imply the following corollary.

Corollary 3.36 For each oriented tree T there exists a unique digraph G such
that [G,T) is a gap in C. No other gaps [A, B] with connected B exist in C.
O

More generally, we say that digraphs Fi, Fo,--- , F; and H have finite duality,
or that H is the dual of Fy, Fy,--- , F}, in a suborder C’ of C, if

G 4 H if and only if F; — G for some i =1,2,--- ¢,

for all digraphs G € C'.

Theorem 3.37 Any set F1, Fy,--- , Fy,t > 1, of oriented trees has a dual H in
C.

Proof According to Theorem 3.35, there exist digraphs Hy, Hs, - , Hy, such
that G 4 H; holds if and only if F; — H holds, for each i = 1,2,--- ,t. Let H
be the product szl H;.

If G / H, then for some i we have G /4 H;, and hence F; — H. On the
other hand, if G — H then G — H; and hence F; /4 G for every i. O

It can also be shown [277] that if H is the dual in C of any family Fy, Fs, - - |, F,
then each F; must be an oriented tree.

3.9 Maximal antichains in C

We continue with our investigation of antichains maximal with respect to in-
clusion. We first note that there are singleton maximal antichains in C. Clearly,
the one-vertex digraph {Py} (without arcs) forms a maximal antichain, since
ﬁo < H for any H in C. Similarly, {]31} is a maximal antichain, since ]31 <H
for any H that has arcs, and H < 131 for any H that has no arcs. The antichain
{]32} is also maximal, since a digraph H for which P, 4 H cannot contain a
vertex with both positive in-degree and positive out-degree. This means that H
is homomorphic to ]31, and hence P,. (All vertices of H with zero in-degree can
be mapped to the vertex of P, which has zero in-degree, all other vertices of H
can be mapped to the other vertex of ]31)



102 THE HOMOMORPHISM ORDER

Proposition 3.38 The partial order C has ezactly three mazimal antichains of
size one—{Po},{P1},{P}.

Proof Recall that a digraph G is balanced if each cycle has the same number
of arcs going forward and backward. Assume first that G is not balanced. Let r
be the number of arcs in an unbalanced cycle of G and let s be the chromatic
number of the underlying graph of G. According to Corollary 3.13, there exists a
graph H with chromatic number greater than s and girth greater than r. Then
G and any orientation H' of H are incomparable. We have G 4 H' because the
unbalanced cycle with r arcs in G must map to an unbalanced subgraph of H’,
but because of the girth of H all subgraphs of H' of size at most r are balanced.
We also have H' /4 G because the chromatic number of H exceeds that of G.
For balanced digraphs, we proceed differently. Assume G is a balanced core
different from P, Py, Ps. It is easy to see that this implies that the height h of G

is at least three; assume also that G has n vertices. Then Z, - Z,, - - - - - Z,, with
sufficiently many factors, is not homomorphic to G because of height, and G is
not homomorphic to it because of the lengths of the zig-zags. O

Consider a simple duality pair (F, H) in C, such as the two digraphs in Fig.
3.7. It follows from the definition of duality, that F, H is a maximal antichain of
size two—since every other digraph admits either a homomorphism to H or a
homomorphism from F'. Similarly, we have the following general observation.

Proposition 3.39 If [y, I, -+, Fy and H have finite duality in C’', then Fy, I,
-+, Fy, H is a mazimal antichain in C'. a

Therefore, duality is also useful for finding maximal antichains of any size.

Corollary 3.40 Let k be a positive integer. There exists in C a maximal an-
tichain of size k.

Proof For k = 1, apply Proposition 3.38. For k > 2, take any set of incom-
parable oriented trees Fi, Fs,--- , Fp_1 (for instance the oriented paths from
Proposition 3.7), together with their dual digraph H from Theorem 3.37. O

This result stands out in contrast to Corollary 3.11, which implies that in Cg
there are no maximal antichains of any finite size t > 1.

In conclusion, in C we know all the maximal antichains of size one, and
a generous supply of antichains of size t > 2, arising from finitary dualities,
Theorem 3.37. It is not known whether or not there are other maximal antichains
of size t > 2 in C; however, in more general relational structures there are known
to be others [277].

3.10 Bounds

An (upper) bound of a suborder C’ of C is a digraph H such that G < H for all
G € C'. A bound of C’ which belongs to C’ is called the mazimum of C’. Recall
that C consists of cores only, and hence we treat homomorphically equivalent
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graphs as being the same. In particular, if a maximum exists, it is unique. A
bound H of C' is a supremum of C' if no bound H’ of C’ has H' < H. Of
course, a supremum of C’ belongs to C’ if and only if it is the maximum of C’. A
supremum of C’ which does not belong to C’ is called a proper supremum.

Many classical results about chromatic numbers and homomorphisms can be
expressed in the language of bounds. Consider the following two examples. The
Four Colour Theorem (‘every planar graph is four-colourable’) says that Ky is a
bound for the class P of planar graphs (or cores). In this case, K4 € P; in other
words, K4 is actually the maximum of the suborder P. In particular, there is no
better bound H (H < K4) for P.

The theorem of Grotzsch (‘each triangle-free planar graph is three-colourable’)
says that K3 is a bound for the class 7 of triangle-free planar graphs. In this
case, the bound K3 is not a member of 7, and it turns out that better bounds
H (H < K3) can be found, Exercise 19.

Another result that can be nicely expressed in this language is the Sparse
Incomparability Lemma, Theorem 3.12. Let H be a nonbipartite graph, and let
C’' CCbetheclassof all G, G < H, with girth at least £. Then H is the supremum
of C'.

There are well-known results concerning the chromatic number of bounded
degree graphs. Consider for instance the class K of all cubic graphs. (The logic
is similar for the class of graphs with all degrees at most three, or at most any
d > 3). It is easy to see that K, is a bound of IC, but the theorem of Brooks asserts
that for graphs in K without K, the graph K3 is a better bound. Moreover, when
K3 is forbidden, then the graphs in K have an even better bound, as explained
in Proposition 1.24. The same situation keeps repeating itself: the more graphs
we forbid (in the sense explained below), the better bound we will obtain.

Recall that ForbF denotes the set of all graphs G such that no F' € F has
F < G. Recall also, that the set ForbF is an ideal class. We denote by ForbyF
the set of all graphs in ForbF which have all vertices of degree at most d. While
ForbyF is no longer an ideal class in general, it is still closed under taking
subgraphs and disjoint unions.

We shall use the following extension of Proposition 1.24.

Proposition 3.41 Let d > 3 be an integer, let H be a graph, and let F be a
finite set of connected graphs.

Denote by S the set of all H-colourable graphs in ForbyF. Then there exists
an H-colourable graph H' € ForbF which is a bound of S.

Note that when d = 3, H = K3 and F = {K3}, the proposition implies that
there exists a three-colourable triangle-free graph H’ to which all cubic (three-
colourable) triangle-free graphs are homomorphic. Note that a triangle-free cubic
graph is automatically three-colourable, by Brooks’ theorem; see also Exercise
8.

Proof We only sketch the proof, the details are checked in analogy with the
proof of Proposition 1.24. Let a be the maximum number of vertices of a graph
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in F, and let X be a fixed set with b = 1 4+ d?® elements. The vertices of H' are
triples (A, x,v), where A is a connected graph in ForbF with vertices from X, x
is a vertex of A, and v € V(H). Two vertices (4, z,v), (A", z',v") are adjacent in
H' if vv’ is an edge of H, xz’ is an edge of both A and A’, each vertex of A of
distance at most a from = and each vertex of A’ of distance at most a from z’ is a
vertex of both A and A’, and, moreover, E(A) and E(A’) agree on V(A)NV (4).

O

Theorem 3.42 Let d > 3, and let F be a finite set of connected graphs.

If H is a bound for ForbgF, then either H is itself in ForbqF, or there is a
better bound H' < H for ForbyF.

In other words, the set ForbgF does not have a proper supremum.

Proof Assume H is a bound for ForbyF and H ¢ ForbyF. Thus a component
K of H is not a member of ForbyF. We let F' denote the set F U {K}. (Our
new family F’ still consists of connected graphs only.)

We now claim that ForbgF’ has a bound H' with H' < H. Indeed, applying
the previous proposition to F’, we conclude that ForbyF’ has a bound H’ €
ForbF’" with H' < H. Since K is a component of H that is not homomorphic to
H', we must have H < H.

It remains to prove that H’ is a bound for ForbysF. In fact, it turns out
that ForbyF = ForbyF’. The inclusion ForbyF’ C ForbyF is obvious, since the
family F’ contains the family F. Suppose, for a proof by contradiction, that
some G € ForbyF was not a member of ForbyF’, i.e., that K < G. Let L be
a component of G with K < L. We have G < H, since G € ForbyF. This is
only possible if L < K, since H is a core. For the same reason, K = L. We have
reached the desired contradiction, since G, and hence L, belongs to ForbyF,
contradicting our assumption on K. O

We close this chapter by expressing, in the framework of the homomorphism
order, the well-known conjecture of Hadwiger. Recall that we have defined mi-
nors and contractions at the end of Section 1.3. As a generalization of the Four
Colour Conjecture (now Theorem), Hadwiger conjectured that any graph G with
chromatic number n contains K, as a minor. A class K of graphs is minor-closed
if each minor of a member of K is also in K; and K is called proper if it does
not contain all graphs. It is known that a proper minor-closed class of graphs
must have bounded chromatic number. (For instance, Mader’s Theorem states
that any graph with high enough minimum degree contains as a minor any pre-
scribed graph G [234].) Therefore, each graph in a proper minor-closed class has
a vertex of degree smaller than some d, and hence is d-colourable.

Proposition 3.43 Hadwiger’s Conjecture is equivalent to the following state-
ment: every proper minor-closed class K has a mazimum.

Proof Note that the class of all graphs is minor-closed, but has no maximum.
Hence the assumption that I is proper is necessary. Assuming Hardwiger’s con-
jecture holds, consider a proper minor-closed class K. Since the chromatic number
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of the graphs in K is bounded, let G be a graph in K with the greatest chromatic
number, x(G) = n. Then K is bounded by K,. Since Hadwiger’s conjecture
holds, G contains K,, as a minor, and hence K,, € K. Thus K,, is the maximum
element of K.

Conversely, assume that each proper minor-closed class has a maximum.

We first prove that each minor-closed class of graphs with a maximum must
have the maximum (homomorphically equivalent to) a complete graph. Oth-
erwise, let C be a minor-closed class with maximum H, not homomorphically
equivalent to a complete graph. We may assume that C has been chosen to be
minimal with respect to inclusion. This means, in particular, that C consist of
H and all its minors. Let K}, be the largest clique in C. It is clear that & > 3—
if H had no triangle minor, it would be a forest, and hence homomorphically
equivalent to K or Ks. Since K — H, the graph H contains a clique K with
k vertices. We now distinguish two cases. First assume that K contains a vertex
x only adjacent to the other k — 1 vertices of K. Note that any H — x must be
k-colourable. Indeed, the proper subclass C’ of C, consisting of H — z and all its
minors, which has a maximum according to our global assumption, would have
to have a maximum which is a clique, by the assumption of minimality of C.
Obviously, such a clique cannot have more than k vertices, by the definition of
k. However, this would mean that H is also k-colourable, since x has only k£ — 1
neighbours. This is a contradiction, since H would be homomorphically equiv-
alent to Kj. In the remaining second case, every vertex of K has a neighbour
outside of K. We claim that H — K is connected. Otherwise, suppose induced
subgraphs A and B of H — K have no edges joining them and contain all vertices
of H not in K. Then the subgraph A+ K, induced by A and K, is k-colourable,
by the same argument as above, and similarly for B+ K. It is easy to see that H
itself has a k-colouring, a contradiction. If we now contract all vertices of H — K,
we obtain a Kj1-minor, contradicting the choice of k.

If G is any graph with chromatic number n, then consider the class K con-
sisting of G and all its minors. As a proper minor-closed class of graphs, K must
have a maximum element H. From above we know we may take H = K,, for
some m; whence from G < K, we deduce that n < m. Therefore, G also contains
K, as a minor, implying the validity of Hadwiger’s conjecture. O

Thus we obtain Hadwiger’s conjecture in the following form.
Conjecture 3.44 FEvery proper minor-closed class of graphs has a mazimum.

Note that the above proof actually shows that it is enough to prove that
every class consisting of one graph and all its minors has a maximum. Therefore,
we can further simplify Hadwiger’s conjecture to state that if both G and H are
minors of a graph W, then there exists a minor W' of W to which both G and
H are homomorphic.

If we employ a dashed arrow from A to B to indicate that A is a minor of
B, we can depict the conjecture by the diagram in Fig. 3.8.
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G---->W=----H
implies
G---->W=----H
A
|
|
:

w

Fic. 3.8. Hadwiger’s conjecture.

3.11 Remarks

The homomorphism order C is related to the category of graphs discussed in
the next chapter, but the questions it motivates are more closely linked with
the existence problems investigated in Chapter 5. Our treatment follows for the
most part the survey articles [257,259]. There is very little needed in the way of
order theoretic background, but the reference [327] may be helpful. For random
graphs we refer the reader to a standard reference such as [4,196,93]. We also
recommend the books [122,295].

The first proof of Theorem 3.3 was the culmination of a series of papers in
the context of categories, [142], and a good account of it can be found in [295]. A
simpler direct proof is given in [182,183], where it is shown that any countable
ordered set can be represented by the set of homomorphisms of a family of
oriented paths. The study of homomorphisms to oriented paths goes back to
[167,175,237,281]. Finite maximal antichains in the homomorphism order were
first studied in [261,264]; they were called cuts there. The Sparse Incomparability
Lemma was identified in [272], and our proof follows that treatment. Corollary
3.13, i.e., Theorem 1.9, is due to P. Erdds [90]. Section 3.4 is based on [283], and
is motivated by seeking a proper setting for Corollary 3.18. Corollary 3.17 was
first proved in [347] and Corollary 3.18 j is due to V. Miiller [251]. Section 3.5 is
based on [268], while ideal classes go back to [274]. Section 3.6 is based on [204].
Theorem 3.30 is due to [338], and the proof given here is due independently to
M. Perles and [258]. The alternative proof via the Sparse Incomparability Lemma
was in fact one of the motivations for the lemma. Density in other classes of
graphs has also been studied. C. Tardif [322] proved that the class of vertex-
transitive graphs is dense, as conjectured in [337]; the density of the class of
planar graphs remains open. Simple (and finite) duality was first considered
in [267] and characterized two decades later in [277], cf. also [202,278]. Our
proof of Theorem 3.34 is taken from [279]. A proof of Theorem 3.37, together
with a proof that duality is only possible when all the F;’s are trees, is given
in [277]. The approach to Hadwiger’s conjecture is taken from [265,252,253].
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Exercise 11 is discussed in [4]. Exercise 13 is from [151]. Exercise 15 is from
[178]. Exercise 17 is based on [279]. Exercises 18, 19 are based on [252]. The first
bounds G < K3 were found in [262,263].

3.12 Exercises

1.

11.

12.

Prove that a core H is projective if and only if any polymorphism f : H* —
H is a projection followed by an automorphism of H.

. Let H be a graph. Prove that if there exists a uniquely H-colourable graph

then H must be a core.

. Prove that a nonbipartite graph H is a supremum of the class of graphs G

with G < H.

Let ¢ be an odd integer, ¢ > 3. Prove that Forb(y is the class of all graphs
with odd girth at least .

. Prove that any two duals Hy, Hs of a family of digraphs Fy, Fs,--- , F; are

homomorphically equivalent.

. Prove that the digraph H is the dual of F = {Fy, F5,--- , F;} in C if and

only if H is the maximum of ForbF.

Deduce that ForbF for a finite family F has a maximum in C, if all members
of F are oriented trees.

Let K be an ideal class containing a nonbipartite graph. Describe all max-
imal antichains in K of size one and prove that there are no other finite
maximal antichains in .

. Prove directly from Proposition 1.24 that there exists a three-colourable

triangle-free graph to which all cubic triangle-free graphs are homomorphic.
(Hint: Use products.)

. Prove that asymptotically almost all graphs are G-pointed.
10.

Show, using Proposition 3.8, and the techniques of Section 4.4, (Fig. 4.7),
that every finite partial order is isomorphic to a suborder of Cg restricted
to planar graphs with maximum degree three.

Let k be a fixed positive integer. Show that asymptotically almost all graphs
G have the following k-extension property: if A, B are disjoint sets of ver-
tices of G with |A U B| = k, then some vertex x of G is adjacent to all
a € A and nonadjacent to all b € B.

(Hint: The probability that the random graph G(n,1/2) does not have
such a vertex x for a particular pair of sets A, B is (1 — 2%)"~* [229)].)
Using the previous exercise and the following two claims, show that asymp-
totically almost all graphs are projective.

Assume G is a graph (with at least three vertices) which has the three-
extension property, and f: G x G — G is an idempotent homomorphism.
Claim 1 For any u,v € V(G) we have f(u,v) =u or f(u,v) =v.

Claim 2 If f(u,v) = u for some u, v, then f(x,y) = x for all vertices z,y
of G.
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13.

14.

15.
16.

17.

18.

19.

THE HOMOMORPHISM ORDER

(Hint: Enough to show asymptotically almost all graphs are two-projective
[214]; for the proofs of the claims, cf. Theorem 2.43.)

Prove that the Four Colour Theorem is a consequence of the assertion that
the class of planar graphs has a maximum.

Prove that each { K, } with n = 1,2, 3,4 is a maximal antichain in the class
of planar cores. (It is not known whether or not there exist other maximal
antichains.)

Find a countable set of incomparable tournaments.

Let G be a graph. Prove that a graph H is G-pointed if and only if the
graph HOM(G, H) (defined in Section 2.11) has no edges. Deduce that
asymptotically almost all graphs are G-pointed. (Hint: Use Corollary 3.28.)
Prove that the (underlying graph of the) dual of an oriented tree of height
h is h-colourable.

Prove that the digraph H in Fig. 3.9 is the dual of the oriented tree T'. Note
that H is three-colourable even though 7" has height (net length) four.

®
®
[ ]
®
H
® T
®

FiG. 3.9. A duality pair for Exercise 17.

Let G be the following Cayley graph: the vertices of G are elements of
the group Z3, i.e., five-tuples of 0’s and 1’s, with ajazaszasas adjacent to
b1babsbsbs if and only if their difference in Z3 is 11000 or 01100 or 00110
or 00011 or 10001. Prove that G x K3 < K3.

[252] Also prove that G x K3 (from the previous exercise) is a bound for
the class 7 of triangle-free planar graphs.
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THE STRUCTURE OF COMPOSITION

4.1 Introduction

In this chapter we examine the richness of the structure of homomorphisms with
respect to their composition. Recall that homomorphisms generalize automor-
phisms, and that we have proposed in Section 1.7 to extend, to the context of
homomorphisms, results representing any group as the automorphism group of a
suitable graph (possibly enjoying some prescribed graph properties, such as given
connectivity, chromatic number, etc.) In fact, we have already partially extended
these results from automorphisms to endomorphisms: we have shown, Theorem
1.35, that every monoid can be represented as the endomorphism monoid of a
binary relational system. It will follow from the results of this chapter that the
binary system can be replaced by a graph (and, moreover, the graph can be
chosen to have some typical graph properties). As promised in the first chapter,
we shall do this in the more general context of categories. We prove that this is
the case for any finite category, and explore obstacles for such representations of
infinite categories.

4.2 Rigid digraphs

Let us begin by representing the trivial monoid, consisting of just the identity
element 1. The representation produced by Theorem 1.35 is a binary relational
system with one vertex and one relation consisting of a loop. Of course, this can
easily be interpreted as a graph—and the loop is not even necessary, since the
trivial graph K7 obviously represents the trivial monoid. However, as suggested
in Fig. 1.10, we shall need nontrivial graphs with a trivial endomorphism monoid.
This is what we shall do here.

We say that a digraph is asymmetric if it has no automorphisms other than
the identity, and rigid if it has no endomorphisms other than the identity. Note
that a digraph is rigid if and only if it is asymmetric and a core. As observed
above, the trivial digraph K3 is rigid, but it is neither interesting nor useful, and
we shall from now consider only nontrivial rigid digraphs.

Rigid digraphs are plentiful. For instance, Proposition 1.14 implies that each
directed path P, is rigid. In fact, we have the following easy observation.

Proposition 4.1 Any digraph which is acyclic and has a directed Hamilton path
s rigid.

109
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Proof No endomorphism can identify two vertices, as this would create a cycle.
Moreover, the directed Hamilton path is unique (otherwise there has to be a
directed cycle), and so there is no automorphism other than the identity. O

It follows from the above proof, that digraphs obtained by adding some simple
structure to P, remain rigid. Let P, (7) denote the digraph obtained from P, by
the addition of the arc 1i (Fig. 4.1). Thus each P, (i) is rigid. In fact, the above
proof also shows that a homomorphism f : P, (i) — P, (j) is only p0551ble when
i1 = j and in that case f must be the identity. We call a family of digraphs
incomparable, if any two members X and Y of the family are incomparable, i.e.,
have X A Y and Y 4~ X.

0 1 2 3 [ n-1 n

F1G. 4.1. The rigid digraph ﬁn(z)

Corollary 4.2 The digraphs ﬁn(z), i =3,4,---,n—1, form an incomparable
family of rigid digraphs.

Recall the zig-zags Z introduced in Fig. 3.1. We can construct other incom-
parable families of rigid digraphs using these zig-zags. Concatenation P - R of
oriented paths P, R is defined in Chapter 3 (cf. Fig. 3.2). Concatenating Zs with
directed paths yields the following family of incomparable rigid oriented paths,
illustrated in Fig. 4.2.

Proposition 4.3 The oriented paths P;'Zgﬁn_i,i =0,1,---,n form an incom-
parable family of rigid digraphs.

Proof This follows directly from Proposition 1.14. O
L L ®
® L L

Fi1G. 4.2. Incomparable rigid oriented paths 130Z2]31, 151Z2130.
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If P is an oriented path with initial vertex u and terminal vertex v, we
denote by P! the reversal of P, i.e., the same path but with initial vertex
v and terminal vertex u. We now define a family of oriented paths Q(a,b) =
Z(a)- Z(b) - (Z(a))~t - (Z(b))~! (Fig. 4.3). The oriented paths Q(a, b) have net
length zero, i.e., the initial and terminal vertices are on the same level, while all
other vertices are at a level between zero and the height of Q(a,b), which is six.
(An easy modification of Q(a,b) changes the height to four.)

F1G. 4.3. The oriented path Q(2, 3).

Proposition 4.4 The oriented paths Q(i,2n + 1 —1),i = 1,2,--- ,n, form an
incomparable family of rigid digraphs.

Proof This follows from Propositions 1.14 and 3.6. O

It is much harder to find rigid graphs. Even asymmetric graphs are not triv-
ial to construct. In Figs. 4.4 and 4.5, we depict the smallest rigid graph (with
eight vertices and fourteen edges), the smallest asymmetric graph (with six ver-
tices and six edges), and the smallest asymmetric tree (with seven vertices) (see
Exercise 17).

F1G. 4.4. The smallest rigid graph.
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F1G. 4.5. The smallest asymmetric graph and the smallest asymmetric tree.

We now discuss some basic techniques for constructing rigid graphs. A graph
G is vertez-critical if x(G) > x(G’) for all subgraphs G’ with fewer vertices. It is
easy to check that each vertex-critical graph is a core (Exercise 6 in Chapter 1).
Therefore, one way to obtain rigid graphs is by constructing asymmetric vertex-
critical graphs. We apply this way of thinking to the graphs Hy introduced in
Fig. 4.6.

3k+7 1

F1G. 4.6. The graphs Hj, (for k > 1).

Proposition 4.5 Each graph Hy, is rigid.

Proof We first note that, for each k¥ > 1, we have x(Hy) = 4. Indeed, if a
three-colouring of Hj were possible, then without loss of generality we would
have vertices 1,2, 3 coloured by 1,2, 3, and hence each 3¢ + i would be coloured
by i, resulting in two adjacent vertices 1 and 3k + 7 both of colour 1. More-
over, x(H") < 3 for all proper induced subgraphs H' of Hj, since whenever any
one vertex is deleted, the remaining vertices can be consecutively three-coloured
1,2,3,1,2,3,1,---,3. Thus each Hy is a core

To see that Hy is asymmetric, we argue as follows. Any automorphism of Hy,
must preserve the degrees, and hence take vertex 6 to itself (it is the only vertex
of degree five). Then the edge 16 must map to itself (and hence 1 must map to
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1), since it is the only edge incident to 6 and not in a triangle. Then 2 must
map to itself, as the only vertex of degree three not adjacent to another vertex
of degree three, and hence 3 must also map to itself, since it is the only vertex
adjacent to both 1 and 2. It is now easy to continue like this, showing that the
automorphism must be the identity. O

We also note for future reference that each graph Hy is triangle-connected,
i.e., any two of its vertices are joined by a path vi,v,---,v, in which each v;
is adjacent to vit2, as long as i + 2 < p. (In other words, any two vertices can
be joined by a sequence of triangles, with consecutive triangles sharing an edge.)
Triangle-connectivity is preserved under homomorphisms, whence it follows that
each homomorphic image of Hy is triangle-connected, and in particular is two-
connected (has no cutpoints). This property will be helpful in the sequel, to limit
the possible homomorphisms of Hy to other graphs.

Another useful construction of rigid graphs is introduced in Fig. 4.7. We
present a family of graphs G, for all nonnegative integers k. The labeled dashed
lines represent internally disjoint paths of the indicated lengths.

F1a. 4.7. The graphs Gy (for k > 0).

Proposition 4.6 FEach graph Gy, is rigid.

Proof Assume that k is a nonnegative integer. We first show that Gy is a
core Since G contains odd cycles, its core cannot be bipartite. Consider proper
subgraphs of Gj. Deleting one vertex v from Gy, results in a graph Gy, — v which
is either an odd cycle with three attached paths, or two odd cycles sharing a
common path, and two attached paths. Each such graph has a core consisting
of one odd cycle. Therefore, if Gy, is not a core, its core C would have to be one
of the three odd cycles of length 2k + 5. That would mean that G retracts to C'.
We shall now argue that this is not possible. It is easy to check that each cycle
C of length 2k + 5 contains a vertex u € C' adjacent to a vertex v ¢ C, such that
for the two neighbours ', u” of u on C we have both a cycle of length 2k + 5
containing v, u, v, and a cycle of length 2k + 5 containing v, u, u”. Since G}, does
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not contain a cycle of length 2k + 3, this implies that v cannot be retracted to
C.

Finally, we argue that Gy, is asymmetric. It is enough to focus on the vertices
of degree three. Only the central vertex has the distances 1,2,3 to the other
vertices of degree three. Hence every automorphism of Gy, fixes the central vertex,
and hence also its neighbouring vertex of degree three. It easily follows that the
only automorphism of Gy, is the identity. O

We observe that the girth of Gy, is 2k+5. Moreover, each vertex of Gy, belongs
to an (odd) cycle of length 2k + 5. This limits the possible homomorphisms to
other graphs, since any homomorphic image of G must have each vertex is an
odd cycle of length at most 2k + 5. We also note that Gy, — {a, b, ¢} is bipartite
(in fact, a tree), hence G admits a three-colouring in which a, b, ¢ are the only
vertices of colour 1; in particular, it admits a three-colouring in which a and b
have the same colour.

Even though rigid graphs may appear to be very special, it turns out that
nearly every large graph is rigid (and hence asymmetric).

Theorem 4.7 Asymptotically almost all graphs are rigid.

Proof Recall that we have shown that the standard random graph G(n,p),
with p = %, is a core, Corollary 3.28. Thus asymptotically almost all graphs on
n vertices are cores, and it will be sufficient to show that asymptotically almost
all graphs are asymmetric.

First we estimate the number of graphs on V| with a given group acting on
V. Define pair-orbits of V to be the orbits of the group acting on the set of
unordered pairs of vertices in V. Consider now a particular graph G with the
given group as its group of automorphisms. For each pair-orbit, either all pairs
are edges of G or no pair is an edge of G. Thus the number of such graphs G is at
most 2%, where k is the number of pair-orbits. Let us now estimate the number
of graphs on V' that admit an automorphism taking x to y. We claim that all
such graphs have an automorphism group with at most (g) — cn pair-orbits,
for some positive constant c. Indeed, asymptotically, in almost every graph the
degrees are all between 5 (1 —¢) and 5 (1 4 ¢) (for any positive €), according to
Theorem 3.24. Since z is taken to y, all the at least & (1 — €) edges incident on
x must map to the edges incident on y, i.e., all but possibly one (the edge xy, if
present, could be its own orbit) must belong to pair-orbits of size at least two.
Therefore, there are at most (g) — (14 ¢€) + 1 pair-orbits. Consequently, there

are at most 2(3) " graphs that admit an automorphism taking z to y. Now the
number of graphs that admit any nontrivial automorphism is at most the sum,
over all pairs x, y, of the number of graphs that admit an automorphism taking

x to y, hence at most n?- 2(3)=¢m Therefore the proportion of such graphs tends
to zero:
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O

We note that it follows that we have the same result even when counting
nonisomorphic graphs.

Corollary 4.8 Asymptotically almost all nonisomorphic graphs are rigid.

Proof Let A and a denote respectively the number of asymmetric graphs on n
vertices and the number of nonisomorphic asymmetric graphs on n vertices. It
is easy to see that A = a - n!, and it follows from the proof of Theorem 4.7 that

A= 2(2)(1 — (n?/2°™)). Hence

28— 2/
n n! ’

while the total number of nonisomorphic graphs on n vertices is at most 2(2)/ (n!).
O

4.3 An excursion to infinity

Although we usually consider only finite graphs, at this point we would like to
make a detour and mention an important result of interest for infinite digraphs.
We have observed above that each directed path is rigid; therefore, there are rigid
digraphs with any finite number of vertices. Since rigid graphs and digraphs are
the building blocks of many constructions (as we shall see in the next section), it
is also important to obtain rigid digraphs (and graphs) of any infinite cardinality.

Theorem 4.9 There is a rigid digraph on any infinite set.

Proof Let X be an infinite set. We shall construct a digraph whose vertex set
is in a bijective correspondence with the set X. (The correspondence can then
be used to transfer the digraph onto X in the obvious way.) We may assume
that X is infinite, and that X is an ordinal «, i.e., that the set X consists of all
ordinals (starting from 0, 1,2, --) smaller than o, X = {8 : 8 < a}. In this ter-
minology, the ordering < of ordinals corresponds to the usual inclusion, and each
set of ordinals has a supremum (corresponding to their union). For additional
properties of ordinals the reader may consult any standard book on set theory,
such as [194]. Let X’ be a disjoint copy of X, with vertices denoted by primed
ordinals, i.e., ' € X’ corresponding to § € X. Further let {a,b,c,a’,b’, '} be
six additional vertices disjoint from X and X'.

We begin constructing a rigid digraph on X UX'U{a, b, c,a’, 0, '} as follows:
we take the arcs 8y and §'+/, for all 8 < v < «, the arcs 57, for all 5 < o, and
the arcs Oa, ab, be, c0, b0 and 0'a’, a’'b', b'c’, 0, a’c .

Finally, for every ordinal 5 < « that is the supremum of a countable sequence
of smaller ordinals, we choose one particular increasing sequence {3, } such that
supf, = B, and we add a disjoint directed path of length 2n + 3 from 8 to G,
for each n (Fig. 4.8).
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F1G. 4.8. An infinite rigid digraph.

The vertex set of the resulting graph G is a union of fewer than « sets of car-
dinality smaller than « and thus V(G) and X are in a bijective correspondence.
We now show that G is indeed rigid. Let f : G — G be a homomorphism. Ob-
serve that 0 and 0" are the only vertices that belong both to a directed cycle and
to an infinite subtournament of G. It is easy to see that f(0) = 0" or f(0’) =0
are impossible, hence we my assume that f(0) = 0, f(0') = 0. Tt follows easily
that f restricted to the set {a,a’,b,b’,c,c'} is the identity, and that f maps X
to X and X’ to X’. Since the arcs S0’ are the only arcs between X and X',
we have (f(8)) = f((B)’) for every 8 < a. Note also that f restricted to X (or
X') is a monotone mapping, with respect to <. If f is not the identity mapping
then there is a first 8 with f(8) # (3; necessarily f(3) > 3, since f(8) < 8
would imply f(f(83)) < f(8) by monotonicity, thus contradicting the minimality
of 8. Therefore, we have 8 < f(8) < f(f(8)) < --- . In other words, letting
Y0 = B,Yn+1 = f(vn), we obtain a sequence 79 < 71 < 72 < ---; denote by 6
the supremum of the sequence. Recall that we have fixed a particular increasing
sequence with supremum 9, say §,,. Because of the paths joining § to the vertices
0!, it is easy to see that the increasing sequence chosen for f(4) must be f(dy),
and, in particular, the supremum of the latter sequence must be f(d). Note that
the sequence f(7,) is the sequence 7, with the first term removed. Since the
sequences vy, 0, are interlacing, (after each -, there is some d,, and conversely),
so are the sequences f(7V), f(d,), and hence also the sequences v, f(d,). Thus
the supremum of f(d,) is also ¢, and we have f(§) = ¢. Considering once more
the paths joining f(d) to f(d),), we see that each f(d,) = 0,. This is impos-
sible, since there exist m and n so that 7v,, < 0, < Ym41, which means that
f(ym) = Ym+1 > 0n = f(dn), contrary to the monotonicity of f. O
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Corollary 4.10 There is a rigid graph on every infinite set.

Proof This will follow from the technique introduced in the next section, and
illustrated in Fig. 1.10. In this case, we take a rigid digraph G on a set of equal
cardinality, and construct the graph G * J, where J is any finite connected rigid
strong replacement graph, such as, say, Hi. Note that the resulting graph is
connected. O

In fact, we have the following stronger result.

Corollary 4.11 On a set of infinite cardinality o there exists an incomparable
family of 2% rigid graphs.

Proof Let G be a rigid graph with vertex set of cardinality « from Corollary
4.10. Since G is connected, the cardinality of its edge set is also a. Since G is
rigid, no two of the 2% possible orientations of G are isomorphic, and in fact these
2% digraphs are an incomparable family of rigid digraphs. Now we can apply the
replacement operation once more, to obtain graphs instead of digraphs. O

4.4 The replacement operation

We now formally introduce the technique of replacing each arc of a digraph G
by a copy of a fixed graph J. Various versions of this operation occur frequently
in our constructions, and we see it as basic to the study of graph homomor-
phisms. We have illustrated the technique to prove Theorem 1.34 (Fig. 1.10). If
the replacement graph J is chosen carefully, the resulting graph will have ‘the
same’ homomorphisms as G. Therefore, we will be able to, for instance, con-
struct a rigid graph (or a family of incomparable rigid graphs), from a rigid
digraph (respectively a family of incomparable rigid digraphs). More generally,
the technique can be applied to a binary relational system, replacing each arc of
a particular colour by a particular graph (or digraph, as in Fig. 1.10), with the
same goal.

Let J be a fixed graph, and j, 7’ two nonadjacent vertices of J. We call J
a replacement graph with respect to the connector vertices j, j'. The connector
vertices can be either clear from the context, or are arbitrary, and we often omit
mentioning them.

For any digraph G, we denoted by G % J the graph obtained from G by
replacing each arc zy € E(G) by an isomorphic copy J., of J, identifying «
with j and y with j’; it is assumed that all the copies J;, are pairwise vertex
disjoint. The graph G * J is said to arise from G by the replacement operation
with respect to J, j, j'. The replacement operation is illustrated in Fig. 4.9. Note
that G * J consists of the vertices of GG, which we shall call the branch vertices
of G+ J (shown in the figure by the larger circles), and of the vertices inside the
individual copies of the replacement graph J; we call these latter vertices the
inner vertices of G x J (shown by the smaller circles).

Suppose G, H are digraphs, and J a replacement graph (with respect to
the connector vertices j,5'). If f : G — H is a homomorphism, we define a
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Fi1G. 4.9. The replacement operation.

homomorphism f x J as follows. If v is a branch vertex of G x J, then its image
is the same as under f, ie., (f * J)(v) = f(v). If v is an inner vertex, say in the
copy Jay of J, then its image (f * J)(v) is the corresponding vertex in the copy
Jt(2)f(y)- Thus f*J maps adjacent vertices of G*.J to adjacent vertices of Hx*J,
and f*J is a homomorphism G * J — H *xJ. We define the replacement digraph
J (with respect to j,j’) to be strong if J satisfies the following condition:

e for any irreflexive digraph G and any homomorphism f : J — G % J, the
homomorphic image f(J) is contained in some copy Jay.

(Note that the definition applies to graphs J as well, and in fact we shall mostly
use it for graphs.)

If we wish to faithfully represent the homomorphisms of G to H by the
homomorphisms G*J — H x.J, we must take care to choose .J, and its connector
vertices 7, 7/, so that it is both rigid and strong.

Proposition 4.12 If J is both rigid and strong, then for any two irreflexive
digraphs G, H without isolated vertices, each homomorphism G xJ — H % J is
equal to f x J for some homomorphism f:G — H.

Proof Consider a homomorphism h : G*J — H % J. Since G has no loops and
no isolated vertices, each vertex of G * J belongs to some copy Ja, of J. (This
copy is unique for all inner vertices of G * J.) Since J is strong, each copy Jgy of
G maps to a copy Jy, of H. Since J is rigid, this mapping takes corresponding
vertices identically to each other. Hence restricting h to the connector vertices
defines a mapping f of the vertices of G to the vertices of H. Clearly, this
mapping is a homomorphism G — H, and h = f * J. O
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Since a rigid digraph, or any digraph in a family of incomparable digraphs,
must be irreflexive and without isolated vertices, we obtain the following fact.

Proposition 4.13 Let J be a strong replacement graph.

e If G is a rigid digraph, then G * J is a rigid graph.
o IfG;,i €1, is a family of incomparable digraphs, then G;* J,i € I, is a family
of incomparable graphs. O

A prototype rigid digraph that is not strong is the directed path P, with
respect to the connector vertices 0, k. Indeed when G = Pg, there _are many
homomorphisms P, — G P, which map P, to neither copy of J = P,.

However, many of the rigid digraphs in Section 4.2 are, in fact, strong. Con-
sider, for instance, the digraph Q(2,3) from Proposition 4.4 (Fig. 4.3). Take
J = Q(2,3) as a replacement digraph, with respect to the first and last vertex,
and assume that H is an irreflexive digraph. Then H x J is a balanced digraph,
since the connectors vertices have the same level 0 in J. Moreover, H % J has
height four, the same as J. Thus J is strong by Proposition 1.14.

Proposition 4.14 Each replacement digraph Q(i,k) is strong, with respect to
the first and last vertez. O

We next consider the graphs J = Hj, from Proposition 4.5 (Fig. 4.6). Since
these graphs are all triangle-connected, they are covered by the following propo-
sition.

Proposition 4.15 If the replacement graph J is rigid and triangle-connected,
then it is strong (with respect to any pair of nonadjacent connector vertices).

Proof Consider a homomorphism h : J — H *J, for any irreflexive H. Since J
is triangle-connected, so is h(Jy,). We claim that the maximal triangle-connected
subgraphs of H * J are the copies Jg of J. Indeed, suppose a path vy, v2, -+, vp
in which each v; is adjacent to v; o (for ¢ < p—2) was joining v in Jyy to v, not
in Jzy, and suppose v was the last vertex on the path which is in Jg,. Then vy,
is a branch vertex, and hence the inner vertices viy_1 and vg1 in different copies
of J cannot be adjacent. Therefore, h(J) is included in some copy of J in H * J.

O

Now we consider the graphs Gy, from Proposition 4.6 (Fig. 4.7).

Proposition 4.16 FEach replacement graph Gy is strong, with respect to the
connector vertices a, b.

Proof Let J = Gy, and consider a homomorphism h : J — H % J for any
irreflexive H. Since each vertex of J belongs to an odd cycle of length at most
2k + 5, the same must hold for h(J). However, the connector vertices a, b have
distance 2k in J, hence the only odd cycles of length at most 2k +5 in H x J are
included in copies of J. It follows that h(J) is included in some Jy. O
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Since each Gy or Hy is strong, Proposition 4.13 allows us to construct many
rigid or incomparable graphs, from the rigid or incomparable digraphs discussed
earlier.

In fact, a simple variant of the replacement operation allows us to construct
rigid and incomparable graphs that are themselves triangle-connected, and hence
strong.

Suppose J is a fixed graph, and jijo, jij5 two fixed nonadjacent edges of J.
(Neither of ji, jo is adjacent to neither of 5, j5.) We call J the edge-based replace-
ment graph with respect to the connector edges j1ja, j1j4. (We again often do not
explicitly refer to the connector edges.) Suppose J is an edge-based replacement
graph (with some connector edges). Given a digraph G, we again denote by G *J
the graph obtained from G as follows: first we replace each vertex v of G by two
vertices v1,vs; then we replace each arc uv of G by a copy of J, identifying u;
with j; and v; with j/,7 = 1,2 (Fig. 4.10).

Fi1G. 4.10. The edge-based replacement operation with respect to connector
edges.
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Proposition 4.17 Suppose J is a triangle-connected rigid edge-based replace-
ment graph. Suppose further that each connector edge jj' of J has the following
property P. For every vertex x of J there is a path x = v1,v2, -+ ,Vp—1 = J,Vp =
Jj'or a path x = vi,vs,--- ,vp_1 = j', v, = J, in which each v; is adjacent to
Vit2 (as long as i+ 2 <p).

1. If G is a connected digraph, then G = J is a triangle-connected graph,

2. if G is a rigid digraph, then G % J is a rigid graph,

3. if Gi, k € K, is an incomparable family of digraphs, then G x J, k € K is an
incomparable family of graphs. O

Note that Propositions 4.17 and 4.15, together with Corollary 4.2, or Propo-
sition 4.3, or Propositions 4.4 and 4.5, imply the following fact.

Corollary 4.18 For any positive integer n, there exists an incomparable family
of n rigid strong replacement graphs. O

This is illustrated in Fig. 4.10. We took the two incomparable rigid graphs
from Fig. 4.2 (or Proposition 4.3), and our triangle-connected rigid edge-based
replacement graph J = Hj, in which each connector edge satisfies property P.
The result is a pair of incomparable triangle-connected (and hence strong) rigid
graphs, which can serve as replacement graphs in other constructions.

The replacement operation applies equally in the more general context of
binary relational systems. If G is a binary I-system, and J = (J;),i € I, a
family of replacement graphs (each with respect to its own connector vertices
Jiyjl), then the replacement operation applied to G and J results in the graph
G % J obtained from G by replacing each arc uv of colour i with a copy of the
graph J;, identifying w with j; and v with j]. An example of this construction,
for replacement digraphs, is given in Fig. 1.10. The definition of f * J and of
strong replacement graphs for binary I-systems is analogous to the definition for
digraphs. In particular we have the following result.

Theorem 4.19 Suppose J = (J;,i € I) is an incomparable family of rigid
strong replacement graphs.

If G, H are binary I-systems without loops (all relations are irreflexive) or
isolated vertices, then each homomorphism GxJ — Hx*J is equal to some fx7J,
where f is a homomorphism G — H.

Proof This is proved in the same way as Proposition 4.12, noting that a copy
of J; can only be mapped identically to a copy of the same J;, thus mimicking
the action of a homomorphism G — H. O

Therefore, assertions about rigidity and incomparability of binary relational
systems (such as those in Proposition 4.17) translate directly into the corre-
sponding assertions about graphs.

Finally, we note that the replacement operations can also be defined for
replacement digraphs, or replacement binary relational systems.
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Figure 4.11 shows the result G * J of the replacement operation on a digraph
G using a replacement digraph J = Q(2,3) from Fig. 4.3 (or Proposition 4.4).
We note, in particular, that G = J is a balanced digraph for any digraph G.

FiG. 4.11. A digraph replacement operation.

Figure 4.12 shows the result G* 7 of the replacement operation on the binary
relational system G with respect to a family of replacement binary systems J;,
each consisting of just two arcs of different colours. Here we note that the result
is always a binary relational system in which all relations are irreflexive.

It is easy to see that in both these cases the replacement relational systems are
rigid and strong, so that homomorphisms are preserved under the replacement
operation. In other words, if G, H are binary I-systems, then any homomorphism
GxJ — H =« J is equal to some f x J, where f is a homomorphism G — H.

4.5 Categories

We have seen in Chapter 1 how the structure of composition can be analysed
for endomorphisms. To do a similar analysis for homomorphisms in general, we
need to address several problems.

o What abstract structure (analogue of an abstract monoid) does the set of all
homomorphisms amongst a set of graphs define?

e How to associate elements of such an abstract structure with concrete sets and
mappings?
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F1G. 4.12. A replacement operation using systems J;.

e How to add relations to the associated sets, that ‘select’ the right mappings
as homomorphisms?

e How to transform the resulting relational systems into graphs without chang-
ing the composition structure of the homomorphisms?

This section focuses on the first problem—we want to define an abstract
structure which generalizes a monoid and which allows some compositions to be
left undefined. (Two endomorphisms can always be composed, but two homo-
morphisms can only be composed if the codomain of the first one is the domain
of the second one.) Such a structure is called a category. Recall the composition
table of the set of homomorphisms amongst the three graphs in Fig. 1.8, in Table
1.1. One can consider such a table without knowing which homomorphisms of
which graphs the entries represent (Table 4.1). After all, this is what we do when
we give an abstract group, or an abstract monoid, cf. Table 1.2. It makes sense
to define a category to be just such a table (satisfying the right set of axioms).

In Table 4.1, we give an example category. The reader should compare this
table to the operation table of a group, or a monoid (such as in Table 1.2). A
group is an associative total operation with an identity element, with respect to
which every element has an inverse. A monoid is an associative total operation
with an identity element. A category is an associative partial operation that
also satisfies certain axioms. We say that a partial operation o is associative if
xo(yoz) = (xroy)oz whenever at least one side is defined. An identity in
a partial operation o is an element u such that wox = z,y o u = y whenever
these operations are defined. Let us write z € M (u,v) if u,v are identities
and z o u,v o xz are defined. The remaining axioms for a category defined as
a partial operation require that each = belongs to a unique M (u,v) and that
x € M(v,w),y € M(u,v) imply z oy € M(u,w). As explained below, we will
usually assume that each set M (u,v) is finite.

However, it is more common, and will be more convenient for our purposes,
to define a category differently. The above view emphasizes the ‘morphisms’ and
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Table 4.1 An example category; a and b are the identities.

their composition, subsuming the actual objects (associated with the identities).
We shall define a category in terms of both ‘objects’ and ‘morphisms’. In the
above table we have two identities—a and b, and we associate with them two
objects, say A and B. The other elements of the table must then correspond
to other morphisms of these objects. The domain of an element x is the object
associated with the identity u for which z owu is defined, and the codomain of z is
the object associated with the identity v for which v o x is defined. For instance,
in Table 4.1, the element f can compose with b on the left and with a on the right
(in other words, both bo f and f oa are defined in the table), thus f has domain
A and codomain B. If the table corresponds to a real example, the composition
of mon is defined if and only if the codomain of n is the domain of m. Moreover,
the composition must be associative, i.e., (mon)op = mo (nop) whenever the
domains and codomains are appropriate.

Figure 4.13 depicts the situation as a labeled digraph, where an arrow repre-
sents a morphism (with the beginning object indicating the domain and the end
object indicating the codomain); such a picture tells us in a more transparent
way the domains and codomains of the morphisms, and hence indicates which
morphisms can be composed. Thus we can also view a category as consisting of
abstract objects and morphisms satisfying certain axioms.

FiG. 4.13. The homomorphisms a,--- ,i among A, B.



CATEGORIES 125

A category C consists of objects A € O, and morphisms m € M. Each mor-
phism m is associated with a pair of objects—its domain D(m), and its codomain
C(m). In general, both O and M can be arbitrary sets, but typically O consists
of sets (with some additional structure) and M consists of mappings (compatible
with the structure). Even if this is not the case (examples appear below), it is
helpful to think of a morphism m with domain A and codomain B as a labeled
‘arrow’

A B.

We shall denote by M(A, B) (or sometimes just C(A4, B)) the set of all mor-
phisms with domain A and codomain B. The set M is partitioned into the sets
M(A, B), A, B € O. Unless explicitly stated otherwise, we shall assume that O
is a countable set and that all M(X,Y),X,Y € O, are finite sets. (These as-
sumptions reflect our interest in finite objects; they are not standard in category
theory which typically deals with infinite objects as well as finite ones.) Note
that, in general, the sets O and M can be infinite. If, however, O and M are
finite sets, we say that C is a finite category.

Additionally, there is a partial binary operation composition on M, denoted
by o. The composition m o n is defined just if C(n) = D(m). (It is again not
necessarily the case that o is a composition of mappings in the usual sense,
but it helpful to have this example in mind.) Therefore, for each A, B,C € O,
the composition is a mapping M(B,C) x M(A,B) — M(A,C), taking the
morphisms A —— B and B - C' to the morphism A ™% C.

There are just two axioms that a category has to satisfy.

e The associativity axiom requires that
(mon)op=mo(nop),

whenever at least one side is defined (i.e., for all A *» B, B " C,C - D.)

e The identity axiom requires that for each object A there be a particular mor-
phism 14 € M(A, A), such that

molyg=m, lyon=mn,

whenever the compositions are defined (i.e., whenever D(m) = C'(n) = A).

Our first example of a category is the motivating example. If G is any set
of graphs, then the homomorphism category of G is the category with objects
O = G, and morphisms M(G, H) consisting of all homomorphisms of G to H.
Since we have motivated the abstract definition of a category with the properties
of homomorphisms, it should be clear that the axioms are satisfied.

If G is the set of all graphs, the resulting category—whose objects are all
graphs and morphisms are all homomorphisms amongst them—will be denoted
by Graph. There are some technicalities to be taken care of in order to keep
the category Graph within our constraints, i.e., to make sure that the number
of objects is countable. (Even though our graphs are finite, we need to make
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sure that we don’t take too many isomorphic copies of each graph.) Usually
we can safely ignore these technical issues, but if needed, we shall assume that
each graph has a vertex set which is a finite subset of the natural numbers.
Then there are only countably many objects possible. It is easy to see that this
implies, in particular, that we may also assume, if needed, that different graphs
have different vertex sets.

Two similar categories also receive a special mention:

e [Rel denotes the category of all binary relational I-systems and their homo-
morphisms, and
e Digraph denotes the category of all digraphs and their homomorphisms.

If needed, we may assume, as above, that each relational system, or digraph,
has a vertex set which is a subset of natural numbers, and that different relational
systems, or digraphs, have different vertex sets. Note also that Digraph is the
same category as IRel where |I| = 1.

We could, of course, also obtain a category by taking a set of groups and
all their group-homomorphisms, or a set of finite topological spaces and all their
continuous maps, or a set of finite partial orders and all their monotone mappings.
The language of categories is common to all these theories, and it offers a unifying
perspective.

One more category shall play an important role:

e Set denotes the category of all finite sets and their mappings.

If needed, we may assume, as above, that the objects of Set are subsets of
natural numbers.

In all the above categories, the objects were sets (perhaps with additional
structure), and morphisms were mappings (somehow preserving the structure).
There are simple categories where the morphisms are not mappings.

We give three standard examples. First, suppose S = {A, B,---} is a count-
able set, partially ordered by <. We can define the thin category Cs associated
with S by setting O = S, and setting M to consists of all pairs of objects (A, B)
such that A < B. The domain of (4, B) is A and the codomain is B. The compo-
sition of two morphisms is defined by (B, C)o (4, B) = (4, C), and the identities
are 14 = (A, A). It is easy to see that the axioms are satisfied. Note that all the
sets M (A, B) in a thin category have at most one element.

For our second example, consider a group I'. It can be viewed as a category
with one object, say O, by considering each element g € T to be a morphism
O - O. The identity element of I' is 1p, and the composition is the group
operation.

Our third example generalizes the second, by replacing the group with a
monoid. (Monoids were defined in Chapter 1; it is easy to see that monoids are
precisely one-object categories.)

However, a category such as in the above examples may still be isomorphic to
a category in which the objects are sets and the morphisms are mappings. It is
of course well known that every group is isomorphic to a group of permutations
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on a set, and we have seen in the introduction how to generalize this to monoids
(every monoid is isomorphic to the monoid of mappings—the ‘left translations’—
on a set). Even in the above example of the thin category Cg associated with a
partial order S, we can replace each object A € S by the set S4 = {X : X < A},
and each morphism (A, B) (with A < B) by the mapping m4 gy : Sa — SB
taking each X € S, identically to itself (as A < B implies that S4 C Sg). It
is easy to see that the compositions and identities in this category of sets and
mappings are in a one-to-one correspondence with those in the category Cgs.

Formally, two categories C, D are isomorphic if there exists a mapping F
which bijectively assigns

e to each object A of C an object F'(A) of D, and
e to each morphism m € C(4, B) a morphism F(m) € D(F(A), F(B)),

so that F(mon) = F(m) o F(n) whenever either side is defined.
(It follows from the definition that we have F'(14) = 1p(4) for every object A.)

Let C,D be categories. We say that C is a subcategory of D if each object
or morphism of C is also an object or morphism of D (with the same domains
and codomains of morphisms), and the composition and the identities in C are
the same as in D. A subcategory is called induced (by the set of objects of C),
if C(A,B) = D(A, B), for all A,B € O. (Induced subcategories are sometimes
called full subcategories.)

We shall say that a category C is represented in a category D, if C is isomorphic
to an induced subcategory of D. Any isomorphism of C to an induced subcategory
of D will be called a representation of C in D. It is easy to see that a composition
of a representation of C in D and a representation of D in £ is a representation
of Cin &.

Consider the thin category C associated with a partial order S. To represent
C in Graph means to find a set G of graphs and a bijective mapping associating
to each A € S a graph G4 € G such that G4 — Gp if and only if A < B. Thus
this use of the term ‘represent’ is consistent with that in Section 3.2.

Similarly, for the one-object category corresponding to a monoid M, respec-
tively a group I, to represent M or I' in Graph means to find a graph G with the
endomorphism monoid isomorphic to M, respectively the automorphism group
isomorphic to I'. This is also consistent with our informal use of the term ‘rep-
resent’ earlier in this chapter as well as in Chapter 1.

We have seen in the introduction how to represent each monoid in a suitable
category IRel. In the next section we shall generalize this result, and represent
each finite category in some I'Rel. This will of course include a representation of
each (thin category associated with a) finite partial order (Theorem 3.5).

In the next section, we shall also show how to represent each category I'Rel
(for a finite I) in the category Graph. Hence we will be able to conclude that each
finite category (including all monoids and groups, and all finite partial orders)
can be represented in the category Graph . We shall also prove that Graph can be
represented in some of its induced subcategories such as that induced by three-
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colourable, or k-connected, subgraphs, and hence obtain similar representation
theorems for such graphs.

4.6 Representation

We now proceed with our original goal-—to represent a finite category C (such
as the one given by Table 4.1) as the homomorphism category of a family of
graphs. The process is very similar to the technique we used to represent each
monoid as the endomorphism monoid of a graph (in Section 1.7). We begin by
finding an isomorphism of C to a subcategory of Set, i.e., by associating each
object of C with a finite set and each morphism of C with a mapping. In the case
of categories one uses the following terminology.

A category C is called concrete if it is isomorphic to a subcategory of Set.
(Note that we do not require that C be represented in Set, i.e., that it be iso-
morphic to an induced subcategory of Set.)

All of our standard example categories in which objects are sets with some
additional structure and morphisms are mappings preserving the structure, are
concrete—one can simply ‘forget’ the additional structure, to obtain objects
that are sets and morphisms that are mappings. For example Graph admits an
isomorphism F' to a subcategory of Set, by setting F(G) = V(G) for every
graph G, and F(f) = f for every homomorphism f. (Here we make use of our
assumption that different graphs have different vertex sets, so the above mapping
is injective.) Moreover, we have seen three example categories where the objects
are not sets and morphisms are not mappings—a group, a monoid, and a finite
partial order—which were also shown to be concrete.

Thus our first step amounts to proving the following result.

Proposition 4.20 FEvery finite category is concrete.

Proof Suppose C is a category with finite sets O, M of objects and morphisms,
respectively. We shall construct an isomorphism F' to a subcategory of Set as
follows. For each A € O we define the associated set F(A) = UxcoM(X, A);
for each m € M(A, B) we define the associated mapping F(m) to be the ‘left
translation” F'(A) — F(B) which takes each p € F(A) (thus p € M(X, A) for
some object X) to mop € F(B) (which is well defined since C(p) = D(m) = A)
(Fig. 4.14). Since O, M are finite, each F'(A) is finite. Clearly F'(14) = 1p(a),
and it is easy to check that F(m on) = F(m) o F(n). Finally, if A # B then
F(A) # F(B) (for instance 14 ¢ F(B)), and if m # n then F(m) # F(n).
O

Next we shall add binary relations to the sets F(A4), A € O, from the pre-
ceding proof, which will ensure that each mapping F(m),m € M(A,B), is a
homomorphism of F(A) to F(B), and which also ensure that no other homo-
morphisms of F(A) to F(B) exist. (The added relations will ‘select’ the correct
mappings.) This is again a generalization of what we have done in Section 1.7
for monoids.
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F1G. 4.14. How F(A) maps to F(B).

Theorem 4.21 FEwvery finite category can be represented in some I'Rel of binary
relational systems.

Proof Consider the mapping F' defined in the preceding proof, which associates
to each object A the set F(A) = UxecoM (X, A), and to each morphism m €
M(A, B) the left translation F(m) : F(A) — F(B). Let I = M and let ®(A) be
the binary I-system with vertex set F'(A) and relations R,,,m € I, where R,,
consists of all pairs (a, b), where b = aom (Fig. 4.15). (Note that if m € M(X,Y)
then a € M(Y,A) C F(A) and b € M(X,A) C F(A).)

F1a. 4.15. The pair (a,b) € R, on F(A).

To complete the definition of the isomorphism ®, we let ®(m) = F(m), for
any morphism m. It remains to verify that each mapping F'(m), m € M(A, B), is
a homomorphism of ®(A) to &(B), and that there are no other homomorphisms
®(A) — ®(B). This is easily checked, along the lines of the proof of Theorem
1.35. For instance, to see that there are no other homomorphisms, consider an
arbitrary homomorphism 7 : ®(A) — ®(B). for each m € M(X,A), X € O,
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we have (7(14),7(m)) € Ry, (as (14,m) € Ry, by definition), and so w(m) =
7m(14) om for all m. Therefore, 7 is ®(f) where f =m(14). O

To prove that every finite category can be represented in Graph, it remains
to find a representation of each I'Rel in Graph.

Theorem 4.22 For any finite set I, the category I'Rel can be represented in
Graph.

A corresponding result for categories of general relational systems with a
fixed pattern in discussed in Exercise 10.

Proof The idea is to use the replacement operation. However, we need to be
careful, as to apply Theorem 4.19 we need to have binary relational systems that
are irreflexive and without isolated vertices.

We first let I’ = T U0 (assuming 0 ¢ I), and represent I'Rel in I'Rel as
follows. Each I-system S will be represented by the I’-system S’ obtained from
S by adding a new vertex vg and all arcs vgv (v € V(5)) in the added relation
Ry(5’). Each homomorphism of an I-system S; to an I-system I5 extends to a
homomorphism of the corresponding I’-system 5] to S5 by sending the special
vertex vg, to vs,. It is easy to check that this defines a representation of IRel in
I'Rel. Moreover, it is a representation in the subcategory of I'Rel induced by all
connected relational systems (i.e., systems whose underlying graph is connected).
It follows that each I'Rel can be represented in the subcategory of some I'Rel
induced by relational systems without isolated vertices.

Next we observe that each category I'Rel can be represented in the subcat-
egory some I'"Rel induced by irreflexive relational systems. Indeed, it suffices to
let I' = T x {0,1}, and use the replacement relational systems from Fig. 4.12.
(Each arc of relation R; is replaced by a path consisting of an arc of relation
R(; 0 followed by an arc of relation R; 1).)

In conclusion, we have represented each I'Rel in the subcategory of some
I'Rel, induced by irreflexive relational systems without isolated vertices.

Suppose that I’ has n elements. Corollary 4.18 ensures that there exists a set
of n incomparable rigid strong replacement graphs, and Theorem 4.19 implies
that the homomorphism category of the resulting graphs is isomorphic to the
homomorphism category of the binary I-systems. O

Thus we finally obtain our main representation theorem, asserting that each
finite category is isomorphic to the homomorphism category of some set of
graphs.

Corollary 4.23 Any finite category can be represented in Graph. O

This result implies that any group, monoid, or finite partial order, can be rep-
resented by the automorphism group, endomorphism monoid, or homomorphism
order of a graph or family of graphs.

Many other categories can be represented in Graph, including such basic
categories as the category of all finite topological spaces and their continuous
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maps, the category of all groups and their group homomorphisms, etc. In fact,
the following deep result has been shown to hold.

Theorem 4.24 [295] Every concrete category can be represented in Graph.

Therefore, concrete categories that are not finite also admit a representation
in Graph; this includes, say, the category of finite topological spaces and their
continuous maps, or the category of groups and their group homomorphisms.
It is important, however, to remember here that we have assumed that O is a
countable set and that all M(X,Y),X,Y € O, are finite sets. These assump-
tions are crucial for this result (otherwise the situation is complicated by a set
theoretic assumption). Thus, we also obtain Theorem 3.3 as a corollary (in fact,
strengthened to a representation in Cg, rather than just C). The proof of The-
orem 4.24 is beyond the scope of this book and we direct the interested reader
to [295] where a wealth of other results on representations can also be found.

We now turn to representing Graph in other categories. Observe that if Graph
can be represented in C, then all the representation results we had about Graph
also apply to C, including the representability of any group, monoid, countable
partial order, or category.

Proposition 4.25 The category Graph can be represented in each of the follow-
ing induced subcategories of Digraph (¢ > 1,9 > 3, are any integers).

1. The category of all three-colourable graphs.
2. The category of all £-connected graphs.

3. The category of all graphs of girth at least g.
4. The category of all balanced digraphs.

Proof Let Digraph* denote the subcategory of Digraph induced by connected
irreflexive digraphs, and let Graph* denote the subcategory of Graph induced by
connected graphs. The proof of Theorem 4.22 actually shows that each I'Rel can
be represented in Graph*. This includes the category Digraph, and hence also its
induced subcategory Graph. Thus we have a representation of Graph in Graph™*.
Of course, Graph™ is an induced subcategory of Digraph*, and hence we also
have a representation of Graph in Digraph*. It remains to find representations
of Digraph* in the categories 1-4.

The category Digraph* is represented in the category of graphs with girth
at least 2k + 5, by using the replacement operation with J = G, the graph in
Fig. 4.7, with connector vertices a and b. Proposition 4.6 ensures that each Gy,
is rigid; Proposition 4.16 ensures that it is strong. The girth of each replaced
graph is at least 2k 4+ 5 because the girth of Gy, is 2k 4+ 5, and the distance in Gy,
between a and b is 2k + 2. This proves 3.

In fact, it also proves 1, if we recall our observation, following Proposition 4.6,
that J = G} admits a three-colouring in which a, b have the same colour. This
observation implies that each H % J is three-colourable. To prove 2 for £ = 2, we
can use the edge-based replacement graphs Hy, as in Fig. 4.10. For higher connec-
tivity, we define a more general Ky-based replacement graph H(k,¢) analogous
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to Hy, cf. Exercise 6. (This construction also yields graphs H * J with arbitrary
chromatic number &k > 3.)

Finally, for 4 we use the strong rigid replacement graph J = Q(2,3), with
connector vertices being the first and the last vertex of the path, from Proposition
4.4, (as in Fig. 4.3), cf. Proposition 4.14. O

Corollary 4.26 Any finite category (and hence any group, monoid, or finite
partial order) can be represented in any of the categories 1—4. O

The corollary yields the following facts.

e Each group is isomorphic to the automorphism group of a three-colourable
(respectively k-connected, etc.) graph G.

e FEach monoid is isomorphic to the endomorphism monoid of a three-colourable
(respectively k-connected, etc.) graph G.

e FEach finite partial order is isomorphic to the homomorphism order of a set of
three-colourable (respectively k-connected, etc.) graphs.

We close with one more example illustrating the power of the replacement
operation.

Proposition 4.27 Let G be a graph, and let Cg be the subcategory of Graph
induced by all graphs containing an induced subgraph isomorphic to G. Then
Graph can be represented in Cg.

Corollary 4.28 Every graph is an induced subgraph of a rigid graph.

Proof We first prove the corollary. Given a graph G with n vertices, we take a
family of incomparable triangle-connected rigid graphs J;,7 = 1,2,--- ,n, with
the property that the chromatic number of each J; is greater than x(G). Such
families can be constructed by generalizing the graphs Hj from Fig. 4.6, as
outlined in Exercise 6. For each vertex v; of G, we identify one vertex of J; with
the vertex v;. It is easy to see that the resulting graph G* is rigid. (Note that no
J; can be mapped entirely into G since it has greater chromatic number.) It is
easy to see that G* is a strong replacement graph as well, whence the proposition
also follows. O

4.7 A combinatorial obstacle to representation

We have seen that many categories admit a representation in Graph. One may
wonder whether there are any restrictions on which categories can be represented
in Graph (or a similarly rich category such as I'Rel).

It turns out that there is a nontrivial necessary condition for such a represen-
tation to exist. The obstacle turns out to be the first step of our representation
process, namely finding an isomorphic subcategory of Set. Recall that a cate-
gory is concrete (Section 4.6) if is isomorphic to a subcategory (not necessarily
induced) of Set. Since the composition of an isomorphism to an induced sub-
category and an isomorphism to a subcategory must be an isomorphism to a
subcategory, we have the following observation.
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Proposition 4.29 If a category C is isomorphic to an induced subcategory of
Graph then C is concrete. O

In view of Theorem 4.24, we may ask is every category concrete? We shall
see that this is an interesting question with a nontrivial answer.

For every two objects A, B, of C, denote by F(A, B) the set of all pairs (m,n)
of morphisms of C which have D(m) = D(n) and C(m) = A, C(n) = B. Each
(m,n) € F(A, B) is called a fork over A, B.

Fic. 4.16. Equivalent forks.

On each set F'(A, B) we define an equivalence ~ as follows.

Two forks (m,n), (m’,n’) over A, B are equivalent, (m,n) ~ (m/,n’), pro-
vided fom = gon if and only if f om’ = gon/, for any two morphisms f, g
with D(f) = A, D(g) = B and C(f) = C(g) (Fig. 4.16).

It is easy to see that ~ is an equivalence on the set of forks over A, B.

We have the following necessary condition for a category to be concrete. Let
us say that a category C satisfies Isbell’s condition, if for each pair A, B of objects,
the equivalence ~ has finite index, i.e., has only finitely many equivalence classes.

Theorem 4.30 A category C is concrete if and only if it satisfies Isbell’s condi-
tion.

Proof Assume first that C is concrete; we may assume without loss of generality
(by identifying the corresponding objects and morphisms under an isomorphism
of C to a subcategory of Set) that C is a category of (some) sets and of (some)
mapping between them. Thus a fork with respect to objects (sets) A, B, is a pair
of morphisms (mappings) (m,n) with D(m) = D(n) and C(m) = A,C(n) = B.
Let D(m) = X; since both m and n are mappings of X, we may define a relation
S(m,n) C Ax B by

S(m,n) = {(m(z),n(z)) : v € X}.

We now claim that the number of inequivalent forks with respect to A, B is
bounded. Indeed, if two forks (m, n), (m’, n’) with respect to A, B define the same
relation S, i.e., if S(m,n) = S(m’,n’), then they must be equivalent, (m,n) ~
(m’,n’). (Note that f(m(z)) = g(n(z)) if and only if f(m/(z’)) = g(n'(z'))
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for some 2’ satisfying (m(z),n(z)) = (m/(z'),n’(z’)).) Hence the number of
equivalence classes of ~ on F/(A, B) is at most 214151,

Assume next that C satisfies Isbell’s condition, i.e., that on each set of forks
F(A, B), the equivalence ~ has finite index. This means that we can choose,
for each pair of objects A, B a finite set R(A, B) C F(A, B) of ‘representative
forks’, such that each fork (m,n) € F(A, B) is equivalent to exactly one fork
r(m,n) = (m’,n’) € R(A, B). (Thus two forks are equivalent if and only if their
representatives are equal.) We may want to try and imitate the proof of Propo-
sition 4.20, and define an isomorphism to a subcategory of Set by associating
with each object A the union of R(A, X) over all objects X. The first problem to
overcome is that even though each set R(A, X) is finite, we may have infinitely
many objects X.

At this point, we invoke the fact that the set of objects of C is countable;
hence the objects can be enumerated as A1, As, - -, and we shall write A < B if
A precedes B in this enumeration, i.e., if A= A;, B = A;,i < j.

We say that a fork (m,n) € F(A, X) is minimal if there is no object Y, Y < X
such that m = pogq, for D(p) = C(gq) = Y. In other words, in a minimal fork
(m,n), the first morphism, m, cannot be factored into two morphisms going
through an object that precedes the second object, X, in the enumeration. Let
M (A, X) denote the set of all minimal forks in F'(A, X). We have made some
progress, as there are now only finitely many objects X with M (A, X) # @, since
M(A,X) =@ when X > A (any morphism —— A factors into 14 om through
A, A < X). However, we cannot just take the usual representatives of M (A, X),
as minimality may fail to be invariant under ~.

Therefore, we define a new equivalence between forks. We say that forks

(m,n),(m',n') over A, X in C are strongly equivalent, (m,n) ~ (m/,n’), provided
(m,n) ~ (m',n'), and moreover for each fork (m, q) over A,Y with Y < X, there
is a fork (m’,q’) over A,Y, and for each fork (m’,q’) over A, Y with ¥V < X,
there is a fork (m,q) over A,Y, such that (m,q) ~ (m/,q'). It is easy to verify
that strong equivalence ~ is indeed an equivalence relation, and is a refinement
of the equivalence ~, on any F(A, X).
Claim If (m,n) ~ (m/,n') and (m,n) € M (A, X) then also (m',n') € M(A, X).
If (m’,n') is not minimal, then m’ = p’ o ¢/, where C(¢') = D(p) = Y < X.
Since (m’,q’) is a fork over A,Y, there is a fork (m,q) over A,Y such that
(m,q) ~ (m/,q’). Since 14 om’ = p' o ¢, we must have 14 om = p’ o g, i.e.,
m = p’ o q also factors through Y < X, contradicting the minimality of (m,n).
This proves the Claim.

Suppose (m,n) is a fork over A, X, and X = Aj. We define the k-tuple of
sets R(m,n) = (R1, Ra, -+, Ri), where Ry = {r(m,n)} and each R;,j < k, is
the set of all 7(m, g) where (m, ¢) is a fork over A, A;. Isbell’s condition ensures
that each R; is a finite set. Moreover, it is easy to see that (m,n) ~ (m/,n’) if
and only if R(m,n) = R(m/,n’).

Hence the above Claim implies that it is meaningful to speak of k-tuples
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R(m,n) where (m,n) is a minimal fork over a pair of sets (since it is a property
of the k-tuple R(m,n) and does not depend on which (m,n) was used to define
R(m,n)).

Now we can define an isomorphism F' of C to a subcategory of Set. To each
object A of C we assign the following finite set F'(A):

F(A) = | {Rom.n): (m.n) € M(4,X)}U{Oa}.
XeO

(The element Oy4 is different for every object A, and plays an auxiliary role.)

To each morphism A -~ B of C we assign the following mapping F(p) = f :
F(A) — F(B):

e f(R(m,n)) = R(p om,n), if (m,n) is a minimal fork over A, X, as long as
(pom,n) is also a minimal fork over B, X; and
o f(R(m,n)) =0p if (p om,n) is not minimal; and

e f(O4) = Osp.

It remains to verify that F(p) is well defined (independent of the choice of
(m,n)), and that F' is an isomorphism of C to a subcategory of Set. These are
routine verifications and we leave them as an exercise. O

It is not difficult to construct examples of categories that do not satisfy Isbell’s
Condition, and hence are not concrete, Exercise 4.

4.8 Some categories are not rich enough

The conclusions of the previous two sections can be summarized as follows. Any
concrete category can be represented in a sufficiently rich category, such as the
category of graphs, or some of its subcategories including the category of three-
colourable graphs, k-connected graphs, and so on. (Here, and also below, k is
any positive integer).

Here are some similar looking categories that are not rich enough. Not every
concrete category can be represented by

e the category of bipartite graphs
e the category of graphs with degrees at most k
e the category of planar graphs.

In these cases, one cannot even represent a one-object category, i.e., a monoid.
However, it can be shown that in the first two categories every group M can be
represented, i.e., that every group is isomorphic to the automorphism group of
a graph that is bipartite, or has degrees bounded by a constant k, with £ > 3
[165,305]. This is not, however, the case for planar graphs [10]. On the other
hand, every finite partial order is isomorphic to the homomorphism order of a
set of planar graphs with degrees at most three (Exercise 10 in Chapter 3).

The first bullet is easy to see.
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Proposition 4.31 Let M be a group with more than one element. Then there
is no bipartite graph G such that END(G) is isomorphic to M.

Proof The group M cannot be represented as the endomorphism monoid of a
bipartite graph, since a nontrivial bipartite graph always admits a noninvertible
endomorphism (for instance, a retraction to any edge). O

The second bullet is a consequence of the following theorem.

Theorem 4.32 For every positive integer k there exists a monoid My, such that
each graph G with END(G) isomorphic to M, contains a vertex of degree at least
k.

In the proof we shall use the concept of extension.

Let X be a set and II a group of permutations on X. If 1 : X — X’ is a bi-
jective mapping, we denote by ¢(II) the set of permutations on X’ corresponding
to II, i.e., the set of all permutations ¢ o7 ot ~! where 7 € II.

Let G be a graph such that X C V(G). We say that AUT(G) extends 11
if the operation of restricting elements of AUT(G) to X is a bijection between
AUT(G) and II. (In other words, the restriction of each automorphism of G to
the set X is a permutation in II, and each permutation in II is the restriction
of a unique automorphism of G.) More generally, we say that the automorphism
group of an arbitrary graph G extends II via a bijection ¢ of X to X’ C V(G),
if AUT(G) extends the group ¢(II) acting on X’. Note that this means that for
each « € II there exists a unique § € AUT(G) with t o« = S o, and for each
B € AUT(G) there exists an unique « € II with the same property.

Given a group II of permutations on a set X, one may ask whether or not
there exists a graph G with V(G) = X such that AUT(G) = II. This is a
stronger requirement than just asking for a graph whose automorphism group
is isomorphic to the group II, and the answer is, in general, negative. However,
we shall show that any group of permutations can be extended, in the following
very strong sense.

Lemma 4.33 Let I be a group of permutations on a set X. There exists a
monoid M such that for any graph G with END(G) ~ M and at least three
vertices, the automorphism group AUT(G) extends II.

Proof Suppose II is a group of permutations on X, and let M consists of IT
together with all mappings of f : X — X for which |f(X)| < 2. Note that
M contains the constant maps ¢, : X — {«}, for all x € X. We claim that
this monoid M (viewed abstractly, by its composition table) has the properties
claimed in the lemma. Indeed, let G be any graph with at least three vertices and
END(G) ~ M, and let ¢ be an isomorphism of M to END(G). Each permutation
7 € II yields an invertible ¢(7) € END(G), i.e., an automorphism of G. Suppose
xo # x1 are two fixed distinct elements of X. Then c¢;, # ¢z, in M, and hence
é(z0) # ¢(x1) in END(G). Let v be a vertex of G such that the endomorphisms
@(xo) and ¢(x;) differ on v. We now define a bijection ¢ between X and X’ C
V(G):Let 1(x) = P(cs)(v).
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We claim that ¢ is an injective mapping of X to V(G). Indeed, assume that
x # y are elements of X, and consider the mapping o : X — X with a(z) = zo
and «a(t) = xp for all ¢ # x. (The vertices 29 and 1 are specified above.) Note
that o € M, and

P(a) () = p(a)(p(cz)(v)) = (d(a) o ¢(cz))(v) = Pla 0 cz)(v) = ez, ) (v)
7 Oca)(v) = dlaoey)(v) = - = d() (e(y))-

Therefore we must have ¢(x) # t(y).

To complete the proof of the lemma, we note that, for any 8 € M, we have

P(B)((x)) = ¢(B)(d(cz)(v) = ¢(B 0 cz)(v) = dlcp))(v) = L(B()).

Since GG has at least three vertices, each automorphism of G is equal to some
¢(B) where g € 1L O

We now return to the proof of Theorem 4.32; we will apply the lemma to a
particular group II, of permutations. Let p be a prime, and let Z, denote the
cyclic group on 0,1,2,--- ,p — 1. We take the set X = Z, x {1,2,3} and define
on X the permutations m; ;, for 4, j € Z,, as follows:

] 7T7;7j(]€,1) = (k—l—i,l)
° Wi’j(k,2) = (k-l—j, 2)
° Wi’j(k,?)) = (k+l+],3)

We let X; denote Z,, x {i}; thus X = Xy U X3 U Xs.

It is easy to see that the permutations 7; ; form a group, 1I,, which acts on
X, and is isomorphic to the abstract group Zf,. We also observe that, for each
element x € X, the stabilizer of = has size p, i.e.,

|{7Ti’j c Hp : 7Ti7j(£l,') = :L'}| =p.

Let M be the monoid from the lemma, applied to this group of permutations
IT,,. Without loss of generality, we may assume that V(G) contains X, i.e., that
the bijection (from the definition of extension) is the identity, and hence that
the restrictions of the automorphisms of G to X are precisely the permutations
m; ;. 1t follows that |[AUT(G)| = p?.

We partition the vertices of G into three sets Vj, V1, V4 according to the size
of their stabilizer. Specifically, for i = 0, 1, 2, let V; consist of all the vertices v of
G for which

{f € AUT(G) : f(v) =v}| = p.

(The size of the stabilizer must divide the size of the group; also recall that p is a
prime.) The vertices in V5 are fixed by every automorphism of G. The vertices in
Vb are only fixed by the identity automorphism of G. Each vertex in Vj is fixed
by precisely p automorphisms of G; according to the above observation, this set
includes all vertices of X.
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If there is in G an edge joining a vertex v of V5 to a vertex u of Vi, then
the vertex v must have degree at least p, since there are p? automorphisms of G
that fix v and exactly p of them map u to any fixed neighbour of v (including
u). A similar argument establishes that v has degree at least p if a vertex in V;
is joined to a vertex in V; with ¢ # j.

Let a and b be distinct vertices of Vp, and let A,, Ay respectively be the
stabilizers of a and b. We first observe then the sets A,, Ay are either equal or
intersect in the identity permutation. Indeed, the number of automorphisms of G
fixing both a and b must divide p; hence either all automorphisms fixing one also
fix the other, or only the identity fixes both. It now follows that G has a vertex
of degree at least p if there exist two adjacent vertices a,b € V; with A, # Ay.

Thus it remains to consider the case when G has components C;,i € I, each
C; lying entirely in Vj, V4, or V4. Moreover, we may assume that no C; contains
two vertices from distinct sets X, as such vertices have distinct stabilizers and
hence there would need to be a vertex of degree at least p by the same argument
as above. Since each component of G can be mapped independently by an auto-
morphism, there would have to exist an automorphism of G which fixes X; and
X2 but not X3, contrary to the fact that AUT(G) extends II. Therefore, this
case cannot occur. This proves the theorem. O

It turns out that, more generally, for every graph H there exists a monoid Mg
such that each graph G with END(G) isomorphic to My contains a subdivision
of H. Thus the category of graphs that do not contain a subdivision of H is also
not rich enough. This excludes the category of planar graphs (our third bullet),
or graphs embeddable on any fixed surface.

4.9 Remarks

The study of graphs in the context of category theory began in the early sixties,
with pioneering work of Z. Hedrlin, A. Pultr, and, independently, G. Sabidussi.
It was part of an intense attempt to develop a theory of ‘general mathemati-
cal structures’ in the framework of algebra and category theory [233,247]. The
combinatorial side of this development came to be called the Prague School of
Category Theory, and is credited with the solution of several basic problems, in-
cluding the proof, by L. Kuc¢era and Z. Hedrlin, of Theorem 4.24. Prague School
remains active to this day; a nice account of the main developments up to 1980
can be found in in the book of A. Pultr and V. Trnkovd [295]. Other useful
sources include the surveys [155,157,256,257,259]. Our discussion here is much
simplified by focusing on finite objects, i.e., by working in finite set theory. Many
of the techniques and constructions in this case mirror the general case; however,
in some cases, set-theoretic complications do arise, which we have been able to
avoid. We did illustrate some of the elegance of the infinite case by our one ‘ex-
cursion to infinity’, Section 4.3. Theorem 4.9 was first proved in [334]; we followed
a simpler proof from [260]. Corollary 4.11 answered a question asked by S. Ulam,
who seems to have been the first to consider families of incomparable graphs,
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i.e., antichains in the partial order Cg. Isbell’s condition also first appeared in
the context of infinite set theory in [186], where its necessity was discovered. Its
sufficiency was first proved by P. Freyd [111]; the simpler proof presented here
is due to P. Vindrek [331], and is the first proof that also applies to finite set
theory. The importance of rigid graphs was first recognized by Z. Hedrlin and
A. Pultr in connection with representations of categories [147,148]; our examples
use some of their constructions, supplemented from [164,63,149]. The smallest
rigid graph is from [149], cf. also [11,12, 145,152, 155,157,164, 165, 242, 272)
for other constructions of rigid graphs and digraphs. The replacement operation,
named the §ip product (or arrow construction) by E. Mendelsohn [242], goes back
to [112] and [72]. Theorem 4.7 is an unpublished result of P. Erdds; our proof
is taken from [204]. (A similar result on asymmetric graphs appeared in [92].)
Corollary 4.28 is from [63]; Theorem 4.32 is based on a result of L. Babai and
A. Pultr [13], who proved a more general result on representability by proper
minor-closed families of graphs.

The example in Exercise 4 is from [186]. Exercise 8 is due to Z. Hedrlin.
Exercise 10 is discussed in [295] (Theorem 5.3). Exercise 11 is based on [275];
it has been conjectured that there are only finitely many minimal asymmetric
graphs, and no nontrivial critical rigid oriented graphs [275]. Exercise 20 deals
with graphs that have been investigated by I. Rosenberg [303].

4.10 Exercises

1. Prove that in any representation of the category from Table 4.1 in Digraph,
the homomorphism ¢ must be a retraction, e must be an automorphism, h
and ¢ must be injective, and f and g surjective homomorphisms.

2. Prove that asymptotically almost every graph G is not only rigid, but also
has the property that any G’ obtained from G by changing (i.e., adding or
deleting) at most k edges, is also rigid (k is fixed).

3. Suppose G is a rigid graph with m edges.

(a) Prove that each orientation G of G is a rigid digraph.

(b) Prove the set of all 2™ different orientations of G is an incomparable
family of digraphs.

(¢) Construct from this family a large incomparable family of rigid graphs.

4. Prove that the following category C is not concrete. C has two special
objects X and Y, and two families of objects A,,, B, with n ranging over
all positive integers. C has identity morphisms for all objects, and there are
morphisms «,, with domain A,, and codomain X and ~,, with domain A,
and codomain Y, as well as morphisms (3, with domain X and codomain
B, and ¢, with domain Y and codomain B,. For each positive integer
n, there is a unique morphism with domain A, and codomain B, that is
simultaneously the composition of a,,, 8, and of v,, d,. However, for each
positive integers m # n there are two morphisms with domain A,, and
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THE STRUCTURE OF COMPOSITION

codomain B,, one being the composition of «,,, 3, and the other being
the composition of v, and §,.

. Prove that Digraph is isomorphic to an induced subcategory of Graph

and conversely, that Graph is isomorphic to an induced subcategory of
Digraph.

. Let 1 < ¢ < k and consider the following graph H(k,¢): the vertices are

1,2,---,3k+ 7, and the edges are 1(3k + 7),1(5 + ¢) and all 45 with 1 <
|i — j| <k + 1. Prove that

H(k,1) is isomorphic to H.

Each H(k,?) is rigid.

There is no homomorphism H(k,¢) — H(k,¢") with £ # ¢'.

Each H(k,?) is (2 + k)-clique-connected, i.e., any two of its vertices are
joined by a path v1,va,- -+ , v, in which each v; is adjacent to viyry1 (as
long as i + k +1 < p).

e Each homomorphic image of every H(k,{) is two-connected.

Construct a rigid series-parallel graph. (A graph is series-parallel if it has
no K, minor.)

. Given sets A, B and mappings fi, fo, -, fq : A — B, construct graphs

G,H with A C V(G),B C V(H) such that there are exactly ¢ homo-
morphisms G — H, namely Fi, Fy,---,F,, where each F; extends the
corresponding f;. (Hint: Construct a two-object category to include all f;
and all constant mappings on A and B; then modify the representation
from the proof of Theorem 4.21 to focus on the maps f;.)

. (Infinite graphs) Construct an incomparable family of 2¥ countable graphs

with maximum degree three.

Let P be a fixed pattern (as defined in Section 1.8), consisting of a finite set
I and positive integers k;,i € I. The category of general relational systems
PRel has as objects all general relational systems with the pattern P and
as morphisms all homomorphisms amongst such systems. Prove that for
any pattern P, the category PRel can be represented in Digraph (and
hence also in Graph).

[275] A minimal asymmetric graph is an asymmetric graph such that each
induced subgraph admits a nontrivial automorphism. A critical rigid di-
graph is a rigid digraph G such that each vertex-removed subgraph G — v
has a nontrivial endomorphism. Prove that there are only finitely many
minimal asymmetric trees, and no nontrivial critical rigid oriented trees.
[166] Let G be a graph and H an orientation of G. Show that the automor-
phism group of H is a subgroup of the automorphism group of G. (Easy.)
Show that for every group I and subgroup © there exists a graph G and an
orientation H of G such that the automorphism group of G is isomorphic
to I' and the automorphism group of H is isomorphic to ©.

[64] Let G be a graph and ¢ a colouring (not necessarily proper) of its
vertices. Show that the automorphisms of G that preserve ¢ (in the sense
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that the image of any vertex has the same colour as the vertex itself) form
a normal subgroup of the automorphism group of G. (Easy.) Prove that
for every group I' and normal subgroup © there exists a graph G and a
vertex colouring ¢ of G such that the group of all automorphisms of G is
isomorphic to I" and the group of all colour-preserving automorphisms of
G is isomorphic to O.

[145] Prove that for any two monoids M and M’ there exists a graph G
with a subgraph G’ such that the endomorphism monoid of G is isomorphic
to M and the endomorphism monoid of G’ is isomorphic to M.

Show that this is no longer true if we insist that G’ is obtained from G by
deleting one vertex.

[1] Prove that any connected nonbipartite graph is a homomorphic image
of a rigid graph.

[155] If H is a subgraph of G, we may view homomorphisms of G to H
as having domain G and codomain G. This way, we may compose any two
homomorphisms of G to H.

Prove that in this sense HOM(G, H) forms a semigroup under composition.
Prove that for any semigroup S there exists a graph G and a vertex g such
that the semigroup HOM(G, G — g) is isomorphic to S.

[148,149] Prove that the graph in Fig. 4.4 is rigid, and that each nontrivial
rigid graph has at least as many vertices and at least as many edges. Do
the same for the asymmetric graph and asymmetric tree in Fig. 4.5.

[164] A k-uniform hypergraph can be viewed as a relational system with one
k-ary relation R which has the property that for each (a1,aq2, - ,ar) € R
and any permutation p, the k-tuple (p(a1),p(az2),--- ,p(ax)) is also in R.
(Homomorphisms of hypergraphs preserve hyperedges.)

Prove that, for any & > 2, every finite monoid is isomorphic to the endo-
morphism monoid of a k-uniform hypergraph.

[243] A hypergraph is intersecting if any two edges have a common vertex.
Prove that there are only finitely many nonisomorphic intersecting three-
uniform hypergraphs that are cores.

[303] Show that asymptotically almost all graphs are both projective and
rigid.
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TESTING FOR THE EXISTENCE OF HOMOMORPHISMS

In this chapter, we return to the problem of existence of homomorphisms, and
investigate it from an algorithmic perspective. We also expand our focus some-
what, and include list homomorphisms and other homomorphism-like partitions.
The examples in Section 1.8 illustrate that we frequently encounter situations
where we seek homomorphisms to one fixed target graph H, from many different
input graphs G. This is the context for the present chapter.

5.1 The H-colouring problem

Let H be a fixed digraph. The homomorphism problem for H asks whether or
not an input digraph G admits a homomorphism to H. Recall that a homomor-
phism of G to H is also called an H-colouring of G. Thus the homomorphism
problem for H will also be called the H -colouring problem, and denoted H-COL.
Proposition 1.10 states that G admits an H-colouring if and only if there is a
partition of V(G) into sets Sg, x € V(H), such that S, is independent when zz is
not a loop of H, and there are no arcs from S to S, when zy ¢ E(H). Hence the
H-colouring problem asks whether or not such a partition S, x € V(H), exists.
The H-colouring problem can be analogously stated for any general relational
system H, as we have done in Section 1.8. Recall that in that case the problem
is also known as the constraint satisfaction problem (or CSP) with a template
H, and denoted either as H-CSP (if we wish to emphasize that H is a general
relational system), or simply as H-COL.

Recall that two digraphs are homomorphically equivalent if each admits a
homomorphism to the other. Clearly two homomorphically equivalent digraphs
result in the same homomorphism problem. Specifically, if H, H' are homo-
morphically equivalent, then a digraph G is H-colourable if and only if it is
H'-colourable. Also recall from Corollary 1.32 that every digraph is homomor-
phically equivalent to a unique smallest subgraph called the core. Thus it will
suffice to consider the H-colouring problems when the fixed digraph H is a core.
Of course, the same remarks apply to any fixed relational system H.

Some H-colouring problems are easy to solve. Before Proposition 1.15, we
gave a simple algorithm for solving the H-colouring problem when H is the
directed cycle Cr. We begin by restating this algorithm in the format we shall
use for presenting algorithms.

142
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Algorithm 1

Input: A connected digraph G.

Task: Find a C_"k—colouring of G, if one exists.

Action: Choose a vertex v € V(G) and set f(v) = 0. Then whenever a vertex
x has been assigned an image f(x) = 4, set f(y) = ¢ — 1 for all vertices y
that are inneighbours of x, and set f(z) = i + 1 for all vertices z that are
outneighbours of z. (Addition is taken modulo k.)

The correctness of the algorithm was shown in Corollary 1.16. We have de-
scribed similar algorithms for homomorphisms to directed paths P, (Exercise 14
in Chapter 1), and transitive tournaments T (Proposition 1.20). These simple
algorithms were associated with duality theorems. For instance, we have proved
(Corollary 1.18) that

e G 4 Cr if and only if C — G for some oriented cycle C' of net length not
divisible by k.

In the case of graphs, there are few polynomial time algorithms and dual-
ity results. There is the trivial problem of Kj-colourability, where the duality
states G 4 K3 if and only if Ko — G the corresponding algorithm solves the
Kj-colouring problem by checking whether or not G has any edges. There is
also the easy problem of Ks-colourability, which is the usual problem of two-
colourability. As noted after Corollary 1.19, this case can be viewed as a restric-
tion of C’}—colourability to undirected graphs, and hence solved by Algorithm
1. Therefore, we have polynomial time algorithms (and duality results) for all
graphs homomorphically equivalent to K7 or K, i.e., all bipartite graphs.

For graphs with loops allowed, the situation is even simpler—all graphs which
have a loop have core L, the graph with one vertex and a loop. Clearly, the
problem of L-colourability is trivial, since every graph with loops allowed is ho-
momorphic to L. To summarize these observations, we have shown the following
facts.

Proposition 5.1 Let H be a graph with loops allowed. If H is bipartite or con-
tains a loop, then the H-colouring problem has a polynomial time algorithm.
O

5.2 Dichotomy for graphs

Recall that the usual k-colouring problem is polynomial time solvable when k < 2
and is N P-complete for k > 2. Such a classification result implies that we have a
dichotomy of possibilities—each k-colouring problem is polynomial time solvable
or N P-complete. Of course, if P = N P, then each k-colouring problem is polyno-
mial time solvable, and this dichotomy is not interesting. But assuming P # NP
(as is generally believed), we can say that each k-colouring problem is either poly-
nomial time solvable or N P-complete, and this dichotomy is an interesting fact,
since it is known that (under our assumption) there are computational problems
in N P that are neither polynomial time solvable nor N P-complete [212]. In other
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words, the dichotomy result says that k-colouring problems do not contain such
pathological examples.

It turns out that this result can be viewed as a special case of the follow-
ing deeper dichotomy result, classifying the complexity of all homomorphism
problems.

Theorem 5.2 Let H be a graph with loops allowed.

e If H is bipartite or contains a loop, then the H-colouring problem has a poly-
nomial time algorithm.
e Otherwise the H-colouring problem is N P-complete.

The first statement is proved in Proposition 5.1. As for the second statement
(the H-colouring problem for nonbipartite graphs H is N P-complete), we shall
accept it without proof for a very small (cf. Exercise 12) and special class of
graphs, and then derive it for all other graphs.

We say that a graph H is extra-ordinary (Fig. 5.1), if for every vertex v

(P1) the neighbours of v induce a subgraph of H which is a union of disjoint
edges a1by,as,bs, -+ ,arby, and

(P2) each nonneighbour of v lies in a four-cycle C; ;, whose consecutive vertices
are adjacent to a;,aj, to a;,bj, to b;, by, and to b;, a;, for some ¢ # j.

(There could be additional edges joining the unlabeled vertices to each other and
to some a; or bj; the four-cycles C; ; could also intersect.)

V

C| ’j

Fic. 5.1. An extra-ordinary graph.

A nonbipartite graph which is not extra-ordinary will be called ordinary. We
shall use without proof the following fact.

Proposition 5.3 [168] Let H be an extra-ordinary graph. Then the H-colouring
problem is N P-complete. O
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The original proof of Proposition 5.3 in [168] is long and technical. There is
now a new algebraic proof [50], based on an analysis of polymorphisms of an
extra-ordinary graph (and of its subgraphs); we shall briefly discuss the tech-
nique, related to projectivity, at the end of this section.

Accepting this fact, we now complete, in the remainder of this section, the
proof of Theorem 5.2. It is worth noting that the properties (P1) and (P2) (from
the definition of an extra-ordinary graph) will play a role only at the end of the
proof, just above Corollary 5.9.

We begin by illustrating our first tool.

Proposition 5.4 The Cs-colouring problem is N P-complete.

Proof Note that the Cs-colouring problem is just the usual three-colouring
problem, well-known to be N P-complete. We now describe a reduction from the
usual five-colouring problem to the Cs-colouring problem. Given an instance G
of the five-colouring problem, we replace each edge of G with a path of length
three, calling the resulting graph *G. (Using the terminology of Section 4.4,
*G = G * P3 where the replacement graph P; uses the first and last vertex of
the path as its connector vertices.) We now claim that G has a five-colouring if
and only if *G has a Cs-colouring. Indeed, a five-colouring of G, with colours
0,1,2,3,4, provides us with images for all the branch vertices of *G, i.e., those
vertices that were present in G. The inner vertices of *G, i.e., those lying on the
added paths, can easily be mapped so that edges are preserved, since for any
pair of distinct vertices of Cs there is a homomorphism from the path of length
three to Cs, which maps the endpoints to these prescribed vertices. (If a,b are
consecutive vertices of Cs, the path can map to a,b,a,b; otherwise, we may
assume that, say, a = 0,b = 2, and the path can map to 0,4, 3,2.) Conversely,
any homomorphism of *G to C5 yields a mapping of the branch vertices in which
two branch vertices joined by one of the added paths (and thus adjacent in G)
have distinct images. This is so, since C5 contains no triangle, and hence there
is no homomorphism of Ps to C5 in which the endpoints have the same image.

O

This technique can be generalized as follows. Let I be a fixed graph with
two specified vertices i, j such that some automorphism of I exchanges i and j.
The indicator construction (with respect to the indicator 1,4, j) transforms an
arbitrary graph H into the graph H*, with the same set of vertices as H, and
with adjacency defined by the following rule: zy is an edge of H* if and only if
there exists a homomorphism of I to H that maps i to  and j to y. (The same
construction also applies to digraphs H, except in this case do not require that
I has an automorphism exchanging ¢ and j.)

Lemma 5.5 If the H*-colouring problem is N P-complete, then so is the H-
colouring problem.

Proof There is a polynomial time reduction from the H*-colouring problem to
the H-colouring problem. Let *G = G I, i.e., let *G be obtained from G by
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replacing each edge uu’ of G with a copy of I, identifying ¢ with « and j with
u’. Then we again easily verify that *G' — H if and only if G — H*. O

Note that the indicator construction with respect to I = Ps, with 4, j being
the first and last vertex of the path, transforms H = C5 into H* = Kj. Thus
Proposition 5.4 is a special case of Lemma 5.5.

In general, the result of the indicator construction, i.e., the graph H*, can
have loops—if I admits a homomorphism to H in which the images of ¢ and j
are equal. However, we will want to choose the indicator I,1,j so that H*-COL
is N P-complete, and, therefore, so that H* is a graph (i.e., has no loops).

Corollary 5.6 The Cy-colouring problem is N P-complete, for any odd positive
integer k > 1.

Proof Let H = Cj and let I be a path of length £ — 2 with endpoints i, j.
Then H* = K}, and so H*-COL is N P-complete. The conclusion now follows
from Lemma 5.5. O

In addition to the indicator construction, the proof Theorem 5.2 uses just
one other technique—the so called sub-indicator construction, illustrated in the
following example.

Proposition 5.7 Let S be the penny graph from Fig. 5.2. Then S-COL is N P-
complete.

a V4

Fi1G. 5.2. The penny graph S.

Proof The graph S is called the penny graph because it can be realized by
seven points in the plane with two points adjacent if and only if they have
Euclidean distance one. (It is a subgraph of the unit distance graph, cf. Exercise
18 in Chapter 6. It is also known as the the Moser spindle.)

We first remark that S is a core. Indeed, it is easily checked that it has
chromatic number four, but every proper induced subgraph is three-colourable.
(See Exercise 6 in Chapter 1.) We shall give a polynomial time reduction from
the problem of three-colourability to S-COL. Let TG be the following graph
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(constructible from G in polynomial time). We start with the disjoint union of
G and S, and adjoin, for every vertex u of G, a new vertex u’ adjacent only to
u and to the two vertices v and w of S.

We now claim that G is three-colourable if and only if TG — S. If G is
three-colourable, then colour it with colours a, b, c. Each vertex u’ for which the
corresponding vertex u has been coloured b or ¢ can be coloured y, and each
vertex u' for which u has been coloured a can be coloured z. Taking S to itself
identically completes a homomorphism of TG to S.

Hence suppose TG — S. Since S is a core, we may assume (by composition
with a suitable automorphism of ), that some homomorphism f :* G — S
takes S to itself identically. In that case, all of the vertices v/, for u in G, will be
mapped to y or z, and hence all the vertices of G will be mapped to a, b, ¢, v, or
w. If we now focus only on G, then each vertex coloured v can be re-coloured by
b and each vertex coloured w by ¢. Thus G is three-colourable. O

This example is generalized as follows. Let J be a fixed graph with specified

vertices ki, ko, - -+, k; and j. The sub-indicator construction (with respect to the
sub-indicator J, k1, ko, -+ , ks, j) transforms an arbitrary graph H with specified
vertices 1,2, -+ ,x; into its subgraph HT defined as follows. Let W be the

graph obtained from the disjoint union of H and J by identifying each k; with
the corresponding x;,4 = 1,2,--- ,t. Then H™T is the subgraph of H induced by
those vertices = for which some retraction of W maps j to z.

In general, we have the following fact.

Lemma 5.8 Let H be a graph which is a core. If the H-colouring problem is
N P-complete, then so is the H-colouring problem.

Proof We give again a polynomial time reduction from the H-colouring prob-
lem to the H-colouring problem. Given a graph G, we construct a graph TG such
that G — H™* if and only if *G — H. The construction of TG is as above—
we adjoin to the disjoint union of G and H, one copy of J for each vertex u
of G, identifying the vertex j with u, and identifying each vertex k; with the
corresponding vertex x;, for i = 1,2,--- | t.

It is again easy to see that G — H™ implies TG — H. When TG — H then
the copy of H that is a subgraph of ¥G must map onto H, since H is a core. It
is easy to deduce, as above, that this implies that G — H™. a

Note that when J is the graph K 3 with the vertices of degree one named
j, k1, k2, then the sub-indicator construction on S with specified vertices x; =
v, T2 = w results in ST being the subgraph of S induced by {a, b, ¢, v, w}, which
is homomorphically equivalent to K5. Thus Proposition 5.7 is a special case of
Lemma 5.8.

Suppose, for future reference, that H is any graph and f : S — H a ho-
momorphism. Then the same sub-indicator construction applied to z; = f(v),
zo = f(w), reduces the H-colouring problem to the H*-colouring problem. In
this case, H is a subgraph of H which contains the triangle f(a), f(b), f(c).
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If, moreover, H does not contain a K, then H+ does not contain the vertices
f(y), f(2). Hence in many cases we will be able to derive the N P-completeness
of the H-colouring problem when S — H.

We now continue proving Theorem 5.2 by contradiction. Suppose it is false,
and let H be a nonbipartite graph such that

1. the H-colouring problem is not N P-complete,
2. subject to 1, H has the smallest number of vertices, and
3. subject to 1 and 2, H has the greatest number of edges.

It follows from the definitions that H is a connected graph and a core. We
shall now derive some additional properties of the graph H.

Property 1 The largest clique in H is the triangle.

Proof First we show that H must contain a triangle. Otherwise, assume that
the shortest odd cycle has length k > 3. Let I be the path Ps (of length three)
with end vertices 7 and j, and perform the indicator construction. It is easy to
see from the definitions that H* contains all edges of H. The absence of triangles
ensures that H* is also a graph (has no loops), and the fact that H has a cycle of
length k& > 3 ensures that H* has more edges than H. Thus H* is a nonbipartite
graph with no more vertices that H and strictly more edges than H. If the H*-
colouring problem was not N P-complete, we would have a contradiction with
the the assumptions 1-3 on H. Therefore, H*-colouring is N P-complete, and by
Lemma 5.5 so is H-colouring, contrary to assumption 1.

Next we show that H cannot contain a Ky. Otherwise, let J be an edge
with end vertices j and k;, and perform the sub-indicator construction on H
with z; being a vertex in a K. The resulting graph H™* is nonbipartite, since it
contains a triangle amongst the neighbours of x1. On the other hand, H* does
not contain x1, hence it is a smaller graph than H. Once more, if H "-colouring
is not N P-complete we obtain a contradiction with the assumptions 1-2, and
if H*-colouring is N P-complete we obtain a contradiction with Lemma 5.8 as
above. O

Property 2 Fach edge of H belongs to a unique triangle.

Proof We begin by showing that each vertex of H belongs to a triangle. Let J
be the disconnected sub-indicator consisting of a triangle 7, ', 7", and an isolated
vertex k1, and perform the sub-indicator construction on H, with x; being any
vertex. It follows that H7T is the subgraph of H induced by the vertices that
belong to triangles. Hence HY is a nonbipartite graph; it cannot have fewer
vertices than H by Lemma 5.8. Hence each vertex belongs to a triangle.

Next, we show that each edge of H belongs to a triangle. Consider the sub-
indicator J consisting of a path of length two with end vertices j and k;. Using
this sub-indicator with any vertex x; of H, results in a nonbipartite graph H+
which contains any triangle containing x; (and we have proved there exist such
triangles) and does not contain any vertex not having a path of length two to
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x1. Hence V(H™") = V(H), and any two vertices of H are joined by a path of
length two; in particular, each edge belongs to a triangle.

Fi1Gc. 5.3. The indicator I.

It remains to show that an edge cannot belong to two triangles, i.e., that
the graph K, , obtained from K4 be removing an edge, is not a subgraph of H.
According to the discussion below Lemma 5.8, we may assume that S 4~ H.
This allows us to use the indicator I in Fig. 5.3 without creating loops in H*.
Since each vertex of H lies in a triangle, H* contains all edges of H. Indeed,
consider an edge xx’ of H. There is a homomorphism of I taking 7 to = and j
to 2’ using the triangles incident to x and to z’. Now suppose H contains a K ;
since H does not contain a K4 by Property 1, we may assume that u,v are the
nonadjacent vertices of our K, . Moreover, H is a core, so the neighbourhoods
of u and v cannot be the same. Thus some vertex w is adjacent to, say, v but
not u. Since w belongs to a triangle, there is a homomorphism of I to H taking
7 to u and j to w. This means that H* is an nonbipartite graph with the same
vertices as H and having more edges than H, with N P-complete H*-colouring
problem by Lemma 5.5, contrary to our assumptions on H. O

We denote by P the graph in Fig. 5.4.

Fia. 5.4. The graph P.

Property 3 Any two intersecting triangles of H are contained in some induced
subgraph P.
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Proof Let abe, ab’c’ be two triangles of H intersecting in the vertex a. Property
2 implies that the vertices b,b, c,c’ are distinct, as two triangles of H cannot
intersect in more than one vertex. Consider the sub-indicator J in Fig. 5.5,
applied to H with z1 = b and zo = ¢/.

ky ko

FiGc. 5.5. The sub-indicator J.

The graph HT will contain the triangle ab’c’, and hence we again arrive at
a contradiction, unless b (and c) is also in HT. This means that there exists
a vertex d adjacent to b’ and a vertex f adjacent to ¢’ and both d and f are
adjacent to b and to each other. By Property 2, there exist triangles b'de, ¢ f g;
it also follows from Property 2 that all the nine vertices a,b,b’,¢,c,d, e, f, g are
distinct. We now prove that ce, cg, eg are edges of H. Consider the indicator U
in Fig. 5.6.

Fi1G. 5.6. The indicator U.

The discussion following Lemma 5.8 ensures that U does not admit a ho-
momorphism to H in which ¢ and j obtain the same image. Therefore, H* is a
graph (has no loops). It is also easy to see that H* contains all the edges of H. (U
admits a homomorphism f to a triangle, with f(i) # f(j).) Moreover, U admits
a homomorphism f to the named nine vertices of H with f(i) = ¢, f(j) = e,
respectively f(i) = ¢, f(j) = g, and f(i) = e, f(j) = g. If either one of these
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edges were not in H we would obtain a contradiction with Lemma 5.8 as before.
O

We are now ready to conclude the proof of Theorem 5.2. Indeed, Proper-
ties 1-3 imply that H is an extra-ordinary graph. Property 2 implies that the
neighbours of any vertex v induce a subgraph of H consisting of disjoint edges
as in (P1), and Property 3 implies that for any two of these edges there exists
a four-cycle as in (P2) (Fig. 5.1). Finally, it is easy to see that this accounts
for all the vertices of H, as any vertex u has a path of length two to v (see the
proof of Property 2), and thus participates in one of these four-cycles. Therefore,
Theorem 5.2 now follows from Proposition 5.3. O

Note that we have the following byproduct of Theorem 5.2.

Corollary 5.9 Suppose H' is an induced subgraph of a graph H. There is a
polynomial time reduction from the H'-colouring problem to the H-colouring
problem.

Proof We may assume that H’ is not bipartite, otherwise the problem is poly-
nomial time solvable and we can reduce each instance of H’-colouring to one of
two fixed instances of H-colouring (a positive instance and a negative instance).
But then H is also not bipartite and thus H-colouring is N P-complete. It is
easy to see that all homomorphism problems are in the class NP. According to
a theorem of S. Cook [68], all problems in N P can be polynomial time reduced to
any N P-complete problem. Hence there exists a reduction from the H'-colouring
problem to the H-colouring problem. O

It is ironic that we derived Corollary 5.9 in such a roundabout way (using
Cook’s Theorem). After all, it is precisely the kind of statement which is rou-
tinely proved directly—Dby actually constructing a reduction. If we could find
such a direct construction, we would have a much more satisfying proof of the
above theorem—since every nonbipartite graph contains an odd cycle, and the
N P-completeness of H-colouring when H is an odd cycle was easily proved in
Corollary 5.6. On the other hand, there may be good reasons for the difficulties
in trying to prove Corollary 5.9 directly—for instance it fails to hold for digraphs,
as we shall see in the next section.

5.3 Digraph homomorphisms and CSPs

In Fig. 5.7 we have a digraph H which is a subgraph of a digraph H'. Yet H-COL
is N P-complete and H'-COL is polynomial.

Proposition 5.10 Let H be the digraph from Fig. 5.7. Then the H-colouring
problem is N P-complete.

Proof We take this opportunity to explain one additional reduction, useful for
proving the N P-completeness of the H-colouring problem for many digraphs H.
The reduction is from the well-known N P-complete problem ONE-IN-THREE
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1 1

H H

FiG. 5.7. A hard digraph H and an easy digraph H'.

satisfiability without negated variables [116]: given a set of clauses with three
variables each, none negated, is there a truth assignment in which each clause
has exactly one true variable?

X y y4

Fig. 5.8. The gadget D.

Consider the digraph D depicted in Fig. 5.8 In any homomorphism of D to
H the directed triangle z'y’ 2’ of D must map to the directed triangle 012 of H.
Suppose, without loss of generality, that the vertex z’ is taken to 1. Then x must
also be taken to 1, while the other two vertices y, z can each be taken to 0 or 2
independently of each other.

Given a set of three-variable clauses (without negated variables), we construct
a digraph by taking a vertex for each variable z, and a copy of D for each clause
C, and identifying the vertices z,y, z of D with the three variables occurring in
the clause C'. We now claim that the resulting digraph admits a homomorphism
to H if and only if the clauses can be satisfied as required. Assume first that there
is a truth assignment which gives each clause exactly one true variable. Mapping
each true variable to 1 and each false variable to 0 extends to a homomorphism
to H. On the other hand, having a homomorphism to H, we see that each clause
has exactly one variable mapped to 1. Thus we can declare those to be true, and
the other variables (mapped to 0 or 2) to be false. O

Proposition 5.11 Let H' be the digraph from Fig. 5.7. Then the H'-colouring
problem has a polynomial time algorithm.
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Proof In a digraph G, no vertex of positive outdegree can be coloured 3, in
any H'-colouring of G. On the other hand, if a vertex of outdegree zero obtained
a colour different from 3, in some H’-colouring of GG, we can re-colour it by 3,
and still have an H’-colouring of G. Hence we can test for the H’-colourability
of G by first colouring all vertices of outdegree zero by 3 and removing them
from G. The original graph G is H’-colourable if and only if the reduced graph
is Cs-colourable, which can be checked by Algorithm 1. O

In the example in Fig. 5.7, the graph H is not an induced subgraph of H'.
In Exercise 5(b), we show how to construct graphs H, H' where H is an induced
subgraph of H' and it is still the case that H-colouring is hard and H'-colouring
easy.

The H-colouring problem for digraphs has received much attention, and yet
no graph-theoretic classification has been obtained, or conjectured. In fact, re-
turning to our discussion of dichotomy from the beginning of Section 5.2, even
the following dichotomy conjecture is still open.

Conjecture 5.12 For each digraph H, the H-colouring problem is polynomial
time solvable or N P-complete.

Recall that the dichotomy of all constraint satisfaction problems is a long-
standing open problem. Let T be a general relational system, with vertex set V'
and relations R;,i € I, where R; is a k;-ary relation on the set V. (Recall that
the family P of integers k;, indexed by a finite set, i € I, is called the pattern of
T.) Each such system T defines a constraint satisfaction problem with respect to
the template T, denoted by T-CSP, in which we are to decide whether or not a
given general relational system S, with the same pattern P, is homomorphic to
T. When T is a digraph, i.e., has just one binary relation, the problem T-CSP is
precisely the problem T-COL; by extension, we also occasionally use T-COL to
denote T-CSP. We shall also consider the retraction problem for T, denoted by
T-RET. In T-RET, the instance is a relational system S with the same pattern
P, which contains T as a subsystem, and we are to decide whether or not there
is a retraction of S to T, i.e., a homomorphism f of S to T such that f(z) =«
for all  in T'. It is easy to verify (Exercise 2) that if T is a core, then T-RET
is polynomially equivalent to T-COL. This is true for general relational systems
T, and in particular, also for digraphs T'.

Recall the general Dichotomy Conjecture of Feder and Vardi.

Conjecture 5.13 For each general relational system T', the constraint satisfac-
tion problem T-CSP is polynomial time solvable or N P-complete.

The role of digraphs is central to dichotomy, as we have the following fact
implying that Conjecture 5.12 implies Conjecture 5.13.

Theorem 5.14 FEvery constraint satisfaction problem T-CSP is polynomially
equivalent to some H-colouring problem for a suitable digraph H.
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Proof The theorem will be proved by constructing, for each relational system
T, a digraph H = Hy, such that H-COL is polynomially equivalent to T-CSP.
Recall that two problems are polynomially equivalent, if each of them admits a
polynomial reduction to the other.

As remarked at the beginning of this section, we may assume that T is a core,
i.e., that each homomorphism of T" to itself is an automorphism of T". Therefore,
as noted above, we may consider, instead of T-CSP, the problem T-RET. Thus it
suffices to show that for each core relational system T there exists a core digraph
H = Hrp such that T-RET and H-RET are polynomially equivalent.

Lemma 5.15 For each general relational system T there exists a bipartite graph
H = Hr such that T-RET and H-RET are polynomially equivalent.

Proof We shall first introduce an auxiliary property of general relational sys-
tems; it will help in formulating the polynomial reductions needed. We say that
a general relational system T is transversal if the vertex set V' of T can be par-
titioned into subsets Vi, Vo, - -+, Vi such that each relation R;,i € I, is a subset
of the cartesian product of k; distinct sets V.

We claim that we may assume that the relational system 7T is transversal. In
other words, we claim that for each relational system T' there exists a transversal
relational system 7", such that the retraction problems for T and for 7" are
polynomially equivalent. (We note that T’ need not have the same pattern as
T.) Suppose k is the maximum arity k;, over all < € I, and let Vq,Va, -+, Vj be
disjoint copies of the set V. Hence each vertex v € V corresponds to a different
vertex v7 in each Vi,j = 1,2,--- k. The system 7" will have the vertex set
Vi=VuVyaU---UV, and for each relation R;,i € I, on V, it will have
a relation R}, of the same arity k;, consisting of all k;-tuples (u!,v? w3, --+)
such that (u,v,w,---) € R;. Finally, 77 will also have the additional binary
relations £} j consisting of all ordered pairs (v7, vj’) with v € V, for all distinct
4,7 =1,2,--- k. We say that T was obtained from T by stretching. It is clear
that we have successfully transformed (stretched) T', in the sense that 7" is now
transversal. It remains to show that the retraction problems for T and T’ are
polynomially equivalent. For each instance S of T-RET we can define a natural
instance S’ of T-RET, obtained by the same stretching construction from S. If
S retracts to T, then clearly S’ retracts to 7. Moreover, if S’ retracts to 17,
then, since all relations Ej j: are preserved, we also obtain a retraction of S to T'.
Conversely, for each instance S’ of T'-RET, we define an instance S of T-RET as
follows. Repeatedly identify in S” any two vertices related by any of the relations
E; j+, until no distinct vertices are in any of these relations; call the final system
S. Note that this will cause the subsystem T” of S’ to become the system T'. It
is then easy to argue that S retracts to T if and only if S’ retracts to T".

Thus assume that T is a transversal general relational system, with vertex
set V' partitioned into parts Vq, Vo, - - -, Vi, satisfying the transversal condition.
Let R be the disjoint union of all the sets R;,7 € I. The bipartite graph H = Hp
will contain as vertices all elements of V' and of R, with the tuple r € R adjacent
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to all v € V contained in it (and no others). There will also be a vertex for
each part V;,5 = 1,2,--- , k, adjacent to all v € V; (and no other v € V), and
a vertex for each relation R;,i € I, adjacent to all tuples r € R; (and no other
r € R). We denote these vertices also by V; and R;. Finally, H also contains two
special adjacent vertices a* and b*, where a* is adjacent to all v € V, and b* is
adjacent to all r € R (Fig. 5.9). We have constructed a bipartite graph H with
parts A and B, where A consists of a*, all » € R, and the vertices corresponding
to the sets V;,5 =1,2,--- ,k, and B consists of b*, all v € V, and the vertices
corresponding to the relations R;,i € I.

a*

R, R, Ry o
FiGc. 5.9. The bipartite graph H.

We first describe a polynomial reduction from T-RET to H-RET. Hence, let
S be a relational system containing 7" and with the same pattern as T'. Let X be
the set of vertices of S not in T'. If x € X is not involved in any constraint, i.e.,
a tuple of some relation in S, it can be mapped arbitrarily. Recall that S has the
same pattern as T', thus there are relations corresponding to each R;,i € I, and
each R; is a subset of some cartesian product of distinct sets V;. Suppose now
that € X is in a position of one tuple which requires it to map to a set V;, and
another position of another tuple that requires it to map to Vj» with j # j'; then
clearly no retraction is possible. Therefore, we may assume that each x € X is
associated with a unique j so that x cannot retract to any vertex other than V;.
We now define a bipartite graph G = Gg, containing the subgraph H. In addition
to H, it will contain, for each vertex z € X a vertex adjacent to the V; associated
with x. For each i € I, and each k;-tuple r of the relation in S corresponding
to R;, we create a vertex r, adjacent to the vertex of B corresponding to R;
and to the k; vertices corresponding to the vertices of V involved in the tuple r,
including the new vertices corresponding to x € X. It is now easy to argue that
G retracts to Hrp if and only if S retracts to T'.

Finally, we describe a polynomial reduction from H-RET to T-RET. Let
G be a bipartite graph containing H as a subgraph. We may assume G to be
bipartite, as otherwise no retraction is possible. We may also assume that no
vertex of G is adjacent to two distinct vertices corresponding to Vj,Vj/, or to



156 EXISTENCE OF HOMOMORPHISMS

R;, R;/, as such a vertex would have no possible image under a retraction to H.
On the other hand, we may also assume that each vertex of G (other than a*, b*)
is adjacent to some V; or to some R; since all other vertices of G can safely be
mapped to either a* or b* (depending on which part of the bipartition of G they
belong to). We can therefore construct a corresponding instance S of T-RET by
viewing each vertex of G adjacent to some Vj as a vertex of S and each vertex of
G adjacent to some R;, i € I, as a tuple (constraint) from relation corresponding
to R;. O

We now show that each bipartite retraction problem, H-RET with H bipar-
tite, is polynomially equivalent to a digraph retraction problem H’-RET where
H’ is a core, and hence polynomially equivalent to H'-HOM by Exercise 2. Let
A, B be a bipartition of H.

We first construct oriented paths P,Q, P,,a € A,Qp,b € B, satisfying the
following properties.

The height of P and each P, is |A|+1, the height of Q) and each @y is |B|+1,
the last vertex of each P, is a, and the first vertex of each Q) is b,

the last vertex of P is called 0, the first vertex of @ is called 1,

P, — P, implies a = d,

Qb — Qb’ implies b= b/,

P — P, foralla € A,

Q — Qp forall be B,

if X is a digraph and x a vertex of X such that for some a # a' there exist
homomorphisms f : X — P, and f': X — P,/, with f(x) = a and f'(z) = d/,
then there exists a homomorphism F : X — P with F(z) =0, and

9. if Y is a digraph and y a vertex of Y such that for some b # o’ there exist
homomorphisms f:Y — Qp and [/ : Y — Qp, with f(y) = b and f'(y) =¥/,
then there exists a homomorphism F': Y — Q with F(y) = 1.

PN WD

Such a collection of oriented paths is easily constructed from the zig-zags 7,
in Fig. 3.1. For instance, consider the path Z obtained from Z5 by deleting the
last two vertices, ca,d. (In other words, Z is the oriented path consisting of two
forward arcs followed by one backward arc.) Using exponents to denote repeated
concatenation, we may take for the path P the path Z"~2. 132, and for the family
P,,a € A, the family of paths Zi~J5’1~Zh*2’i']32,i =0,1,--+,h—2. (The integer
h is chosen sufficiently large to have h — 1 > |A|.) The path @ and the family
@b, b € B, is constructed similarly. The properties 1-9 are easily checked.

The construction of the digraph H' begins by taking H and orienting all edges
from A to B. Then the paths P,,a € A, and Qp,b € B, are added, attached by
their common vertices, a, b, to H. The resulting graph H’, depicted in Fig. 5.10
is balanced, of height |A| + |B| + 3, and a core (because of the properties 4 and
5, cf. Proposition 1.14).

We claim that H-RET is polynomially equivalent to H-RET (and hence to
H’-HOM). If G is a bipartite graph containing H, we construct a digraph G’
containing H’, with parts A’, B’ containing A, B respectively, by orienting all
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v

FiG. 5.10. The graph H'.

edges from A’ to B’, and attaching at each new vertex of A’ the last vertex 0 of
a separate copy of P, and attaching at each new vertex of B’ the first vertex 1
of a separate copy of Q). Because of properties 6 and 7, Proposition 1.14 implies
that G’ retracts to H' if and only if G retracts to H. Conversely, suppose we have
a digraph G’ containing H'. We may assume G’ is balanced, else no retraction
to the balanced H' would be possible. The two levels of G’ corresponding to the
vertices of H define an orientation of a bipartite graph, which we shall call G.
The components of G’ — G fall into two types, those whose vertices are on levels
lower than the levels of G and those whose vertices are on levels higher than the
levels of G. Let Cf,---,C¢ be the components of the former type. If some C}
contains two distinct vertices of GG, then we may as well identify those vertices,
otherwise there could be no retraction of G’ to H’, since C; will have to map
to some P,. Thus we may assume that each C; is attached to a unique vertex
of G. By the same argument, we may assume that C; is homomorphic to some
P,,a € A. If a is unique, we may map C; to P,, modifying the graph G’. Hence
we may assume that each C; is homomorphic to two distinct paths Py, , P,
and hence homomorphic to all the paths P,,a € A, by properties 6 and 8. Then
G’ retracts to H' if and only if G retracts to H. This completes the proof of
Theorem 5.14. O

Note that Theorem 5.14 implies Theorem 1.37, i.e., that we now know that
dichotomy for digraphs would imply dichotomy for all constraint satisfaction
problems. As discussed before the theorem, Conjecture 5.13 is a difficult open
problem. Hence we may want to lower our sights somewhat—we should be happy
with dichotomy classifications of restricted classes of digraphs. Theorem 5.2 is
such a result, since the class of graphs is a subclass of the class of digraphs. A few
such results are known, cf. Section 5.9, and the Exercises. However, in general,
dichotomy results seem hard to come by. It is, for instance, not known whether
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or not the class of oriented trees has dichotomy. Dichotomy is not even known
for trees H which consist of three oriented paths meeting at one vertex. Such
trees are called triads; Fig. 5.11 shows a triad H (constructed by concatenating
zig-zags as suggested by the enlarged vertices), for which H-colouring has been
shown to be N P-complete.

AN

—>0—>0—>0—>@

>._H.

/ ™
/.// 7 >
g
=7 .
o« // \l\\\
o« e

FiG. 5.11. A tree H for which H-colouring is N P-complete.

By contrast, we shall show in the next section that H-colouring has a poly-
nomial time algorithm whenever H is an oriented path.

There is a conjectured dichotomy classification for digraphs without sources
and sinks, i.e., those digraphs in which each vertex has positive indegree and
outdegree.

Conjecture 5.16 Suppose H is a connected digraph without sources and sinks.
If the core of H is a directed cycle, then H -colouring is polynomial time solvable.
Otherwise H-colouring is N P-complete.

We note that it is easy to check whether or not the core of a given digraph G
is a directed cycle, since it would have to be a shortest directed cycle in G. Thus
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finding the length k of a shortest directed cycle and testing for ék—colourability,
by the algorithm of Section 1.4, will accomplish the check.

The conjecture has been verified for a number of digraph classes. We may
view Theorem 5.2 as verifying the conjecture for the class of graphs (subclass of
the class of digraphs), since a connected graph H has a core which is a directed
cycle if and only if the graph is bipartite or has a loop.

Before leaving the topic of dichotomies, we should remark that there is an
algebraic approach to proving N P-completeness of H-colouring problems, which
substantially depends on the generality of constraint satisfaction problems. Re-
call from Section 2.7 that a polymorphism of G is a homomorphism of any
numeric power G* to G.

Proposition 5.17 Assume V(G) = V(H) = V. If each polymorphism of G
18 also a polymorphism of H, then the H-colouring problem is polynomially re-
ducible to the G-colouring problem.

Proof To prove the proposition requires a consideration of general CSPs, even
if both G and H are digraphs. Specifically, one can show [193] that if each
polymorphism of G is also a polymorphism of H, then H can be obtained from
G by a sequence of operations of the following kind.

e Adding one new binary relation E consisting of all pairs (v,v),v € V.

e Taking an existing k-ary relation and a permutation of 1,2, --- , k, and adding
a new k-ary relation consisting of all permuted k-tuples.

e Taking an existing k-ary relation R and adding a new (k 4 1)-ary relation
consisting of all (k 4+ 1)-tuples in which the first k elements form a k-tuple
from R.

e Taking an existing k-ary relation R and adding a new (k — 1)-ary relation (for
k > 1) obtained by deleting the k-th element of each k-tuple in R.

e Taking the intersection of any two existing relations.

(Note that the relations that have been introduced may be used in the rest of
the sequence.) It is then shown by routine reductions that if a relational system
X is transformed to a relational system Y by one step in the sequence, then
Y-COL is polynomially reducible to X-COL.

Consider the first kind of operation; let Y be obtained from X by the addition
of the relation F (‘equality’). Given an input A for Y-COL, we form A’ as follows.
Whenever two vertices v, v’ of A are related in a binary relation R corresponding
to E, we replace all occurrences of v by v/, in all tuples of A, and remove the
relation R. It is now easy to check that A is Y-colourable if and only if A’ is
X-colourable.

For the second operation, suppose Y is obtained from X by adding a relation
R’ obtained by permuting an existing relation R. Given an input A for Y-COL,
we form A’ as follows. We remove the relation corresponding to R/, and apply
the inverse permutation to all tuples corresponding to R. Then we again have
that A is Y-colourable if and only if A is X-colourable.

The other operations are handled similarly. O
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The proposition implies that having fewer polymorphisms makes H-colouring
problems more likely to be IV P-complete. Recall, for instance, that for n > 3, the
graph K, is projective (Corollary 2.44). This means that the only polymorphisms
of K, are obtained from projections by a permutation. Thus K, has truly few
polymorphisms—and, indeed, we know that K,,-COL is N P-complete. Another
general relational system with few polymorphisms is the system N introduced
in Section 1.8. Recall that N has two vertices 0,1, and one ternary relation
E(N) = {(1,0,0),(0,1,0),(0,0,1),(1,1,0),(1,0,1),(0,1,1)}. (See Exercise 13.)
However, we do not really need to know all polymorphisms of N—we already
know that N-COL is N P-complete, since it is the problem of NOT-ALL-EQUAL
3-SAT. The point is that any general relational system S on two elements (say 0
and 1), which has no other polymorphisms than those of N, i.e., no others than
projections followed by a permutation of 0 and 1, has the problem S-COL N P-
complete by Proposition 5.17. Similarly, any system S on k > 3 elements which
has no other polymorphisms than those of K, i.e., no others than projections
followed by a permutation of V(K}), must have an N P-complete problem S-
COL.

It appears that all known N P-complete H-colouring problems, for any gen-
eral relational system H, fit this framework, i.e., the polymorphisms on H can
be shown to be included (possibly after a suitable transformation we will not
discuss [54]) in the set of polymorphisms of N or of some K, with n > 3. In
any event, it has been conjectured in [54] that these are all the N P-complete
constraint satisfaction problems.

This approach can be used for a probabilistic analysis of dichotomy. How
can one consider the asymptotic behaviour of constraint satisfaction problems?
There are two extreme cases. One can fix the pattern P and consider relational
systems S with pattern P and large V' (S), or one can fix the vertex set V and
consider relational systems S with V(S) = V and large patterns P. It can be
shown, by analysing the polymorphisms of T', that in both cases asymptotically
almost all problems T-CSP are N P-complete.

Theorem 5.18 [230] Let P be a fized pattern, k;,i € I, with some k; > 1.
Then asymptotically almost all relational systems T with pattern P are projective,
and hence have N P-complete problems T-CSP, as the size of V(S) increases to
nfinity.

Let V' be a fized set with at least two elements. Then asymptotically almost
all relational systems T which contain at least one k-ary relation are projective,
and hence have N P-complete problems T-CSP, as k increases to infinity.

In particular, asymptotically, there is dichotomy for constraint satisfaction
problems: most are N P-complete. Therefore, the Dichotomy Conjecture (Con-
jecture 5.13) amounts to simply asserting that the rare problems that are not
N P-complete are in fact polynomial time solvable.
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5.4 Duality and consistency

In this section we focus on digraphs (and occassionally graphs). Recall that most
of our simple polynomial time algorithms for the various H-colouring problems
seem to have been accompanied by duality theorems. (Duality has been discussed
in Section 1.4 and 3.8.) In particular, we have given polynomial time algorithms
for H-colouring when H is én, Ko, ﬁn, or fn, and simultaneously we have estab-
lished the following duality results (cf. Corollary 1.18, Corollary 1.19, Exercise
14 in Chapter 1, and Proposition 1.20).

Proposition 5.19 1. G 4 C_"n, for a digraph G, if and only if C — G for some
oriented cycle C' of net length not divisible by n.

2. G 4 Ko, for a graph G, if and only if Cr, — G for some odd k.

3. G4 ]3”, for a digraph G, if and only if P — G for some oriented path P of
net length greater than n.

4. G 4 fn, for a digraph G, if and only if B, —>G. O

These results suggest the following terminology. Let 7 denote the class of all
oriented trees. We say that the graph H has tree duality, if there exists a set
F C T such that

e G4 Hif and only if T — G for some T € F.

Note that each member 7" of F must have T' 4 H, since the condition must
apply to G = T. A graph H which has tree duality allows us to certify non-H-
colourability of G by an obstruction that is an oriented tree T with T"— G and
T 4 H. Statements 3 and 4 of Proposition 5.19 show that ﬁn and fn have tree
duality.

More generally, we consider orientations of graphs with bounded treewidth. A
graph is a k-tree if it can be obtained from K by a sequence of vertex additions,
where each new vertex is adjacent to a clique of size k in the previously generated
graph. A graph has treewidth at most k if it is a subgraph of a k-tree. Let 7
denote the class of all connected digraphs which are orientations of graphs of
treewidth at most k. Note that a 1-tree is just a tree, and thus 7 = 7;. We say
that the graph H has treewidth k duality if there exists a set F C 7 such that

e G4 H if and only if T — G for some T € F.

A digraph H has bounded treewidth duality, if there is an integer k such that
H has treewidth k duality.

It is easy to see that cycles have treewidth two, so statements 1 and 2 above
show that C_"n, K5 have treewidth two duality.

The examples in Proposition 5.19 suggest that polynomial time H-colouring
algorithms are related to bounded treewidth duality of the graphs H. We will
prove the following result.

Theorem 5.20 If H has bounded treewidth duality, then the H-colouring prob-
lem has a polynomial time algorithm.
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For digraphs, all known polynomial time solvable H-colouring problems fit
this framework, i.e., the digraph H has bounded treewidth duality. (In fact, in all
these cases, the graph H has tree duality, or admits a majority function, which
means it has treewidth two duality, Theorem 5.31).

The algorithm needed for Theorem 5.20 is a procedure called consistency
check. We shall focus on the special case of tree duality (that is, treewidth one
duality). By verifying the correctness of the algorithm we will prove Theorem
5.20 for this special case; the general proof is along similar lines, using higher
order consistency checks (cf. Section 5.5).

Suppose H is a fixed digraph, and G is a digraph in which every vertex
u € V(G) has a list (that is, a set) L(u) C V(H). The lists L are said to be
consistent if for any arc uv € E(G) and any x € L(u) there exists an y € L(v)
with zy € E(H), and for any arc uv € E(G) and any y € L(v) there exists an
x € L(u) with xy € E(H).

Suppose the initial lists are all L(u) = V(H). (In Section 5.6, we will remove
this restriction.) The following algorithm reduces the given lists L to consistent
lists L*.

Algorithm 2 (Consistency Check)

Input: A graph G, with lists L(u) = V(H),u € V(G).

Task: Reduce the lists to L*(u) C V(H),u € V(G), that are consistent.
Action: Initially set all lists L*(u) = L(u), and then, as long as changes
occur, process uv € E(G) repeatedly as follows: remove from L*(u) any z for

which no element y € L*(v) has zy € E(H), and remove from L*(v) any y for
which no z € L*(u) has vy € E(H).

We say that the consistency check fails if some list L*(u) becomes empty;
otherwise we say that the consistency check succeeds.

Arcs may have to be reprocessed as the changes propagate in the graph G;
however, since the size of H is fixed, the procedure is linear in the size of G
(Exercise 11).

Recall how our polynomial time H-colouring algorithms became associated
with duality results. Typically, as in Proposition 1.15, it was clear that the success
of the proposed algorithm identified an H-colouring; and if the algorithm did
not succeed in finding an H-colouring then it identified an obstruction certifying
non-H-colourability. The consistency check behaves differently: a failure is a clear
certificate of non-H-colourability.

Lemma 5.21 If G is H-colourable, then the consistency check will succeed.

Proof If f is a list H-colouring of G, then f(u) will never be removed from
L*(u). O

On the other hand, if the check succeeds, we cannot be sure an H-colouring
of G exists. For instance, suppose H = K3 and G = K3. The initial lists L(u) =
{1,2} are consistent, so the consistency check will not modify them; yet no
homomorphism of G to H exists. However, if H enjoys tree duality, then we can
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conclude that G — H, and hence verify the correctness of the consistency check
for solving the H-colouring problem.

Theorem 5.22 H has tree duality if and only if G — H whenever the consis-
tency check applied to G succeeds.

(The above example shows that K3 does not have tree duality. Recall that it
does have treewidth two duality.)

The theorem is a consequence of the following interpretation of the lists L*
produced by the consistency check.

Lemma 5.23 © € L*(u) if and only if for each oriented tree T and each t €
V(T) the following condition holds:

o [f there is a G-colouring of T which takes t to u, then there is an H-colouring
of T which takes t to x.

Proof Suppose first that @ € L*(u). If a homomorphism f : T' — G satisfies
f(t) = u, then we can begin to define a homomorphism F' : T'— H by setting
F(t) = x. This definition has the property that F(t) € L*(f(t)). Assume we
have already defined F' on a subtree 7" of T so that F'(s) € L*(f(s)) for all s in
T’. Suppose s’ is an inneighbour (respectively an outneighbour) of a vertex s for
which F'(s) has already been defined. Since F'(s) € L*(f(s)), some inneighbour
(respectively outneighbour) y of F(s) is in L*(f(s’)), and we can set F(s') = v,
maintaining the desired property of F'. This will define a homomorphism F' as
required.

We prove the converse by contradiction; thus suppose that there exist pairs
u,x with ¢ L*(u) such that if there is a G-colouring of T which takes ¢
to u, then there is an H-colouring of T" which takes ¢ to x. Consider now a
concrete execution of the consistency check (Algorithm 2). For each pair u,x
with the above property, the vertex x was removed from L*(u) at some point
in the execution. We focus on the pair u,x, for which this point occured first
in the order of execution. Without loss of generality, assume that at this point
we were processing the arc uu'. If z was removed from L*(u) because it had
no outneighbours in H, then the tree T consisting of one arc tt’ admits a G-
colouring which takes t to u, but not an H-colouring which takes ¢ to x, giving us
a contradiction. Otherwise, z was removed from L*(u) because all outneighbours
a’ of z were missing from L*(u') at this point in the execution. According to the
minimality of the pair u, z, that means that for each outneighbour z’ of x there
exists a ‘certifying tree’ T, with a vertex t,/, such that T, admits a G-colouring
which takes ¢,/ to v/, but not an H-colouring which takes t,. to z’. Let T be the
tree obtained from the union of the trees T, for all outneighbours z’ of x, by
identifying all the vertices ¢,/ into a common vertex ', and adding a new vertex
t with an arc tt’. It is easy to see that T contradicts our assumption, since it
admits a G-colouring taking ¢t to u, but no H-colouring taking ¢ to z. O

If H enjoys tree duality, then it follows from the lemma that each oriented
tree which is homomorphic to G is also homomorphic to H and hence G — H
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by the tree duality of H. (As to actually finding such a homomorphism, see the
proof of Proposition 5.26.) Conversely, if H doesn’t have tree duality, then some
tree T is homomorphic to G but not to H, and hence some lists L*(u) will be
empty. This proves Theorem 5.22 (and hence Theorem 5.20 in the case of tree
duality). O

We illustrate the use of the technique by discussing a polynomial time algo-
rithm for the H-colouring problem where H is any oriented path.

Theorem 5.24 If H is an oriented path, then H has tree duality.

In fact, Exercise 25 shows that the set F from the definition of tree duality
(the certificates of noncolourability) can be chosen to consist of oriented paths.
We will prove the theorem by showing that if the consistency check succeeds then
an H-colouring exists. (This implies the result via Theorem 5.22).

Proof Suppose that the vertices of the oriented path H are consecutively
named 1,2,---,n. If the consistency check for an input graph G (with all lists
equal to V(H)) succeeds, then each final list L*(u) will be nonempty, and
will consist of some integers between 1 and n. We now claim that choosing
for each f(u) the smallest integer in L*(u) will define a homomorphism f of
G to H. If this were not the case, then some edge uu’' € E(G) would have
i = min(L*(u)), = min(L*(u’)), and ¢’ ¢ E(H). Recall also that the lists L*
are consistent, thus some j' > ' has ij’ € E(H), and some j > i has ji' € E(H).
Finally, observe that the consecutive numbering of the vertices of the path H
ensures that if k¢ is an arc of H, then k — 1 < ¢ < k + 1. Hence we have

J<i'+1<j <i+1<y,

whence i = ¢/ and j = j’. This is impossible, since H has no symmetric arcs
ij, ji. O

In particular, we obtained a polynomial time algorithm for the H-colouring
problem, when H is any oriented path.

This idea can be obviously extended to any digraph H which admits an
ordering of the vertices 1,2,---,n with the following property, called the X-
underbar property.

e If 35/, ji’ are arcs of H and if i < 7,4 < j/, then ¢ is also an arc of H.

Note that the X-underbar property can be restated as follows: if ij and ¢'j’ are
arcs of H then min(i, ") min(j, j') is also an arc of H.

The ordering of the vertices of H is also called an X -underbar enumeration
of H. Thus for any fixed digraph H with an X-underbar enumeration we have
the following linear time H-colouring algorithm.
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Algorithm 3

Input: A digraph G.

Task: Find an H-colouring of G, if one exists.

Action: Apply the consistency check (Algorithm 2). If the check fails, no
H-colouring exists. If the check succeeds, let each f(u) be the smallest element
of L*(u).

Corollary 5.25 If H has an X -underbar enumeration, then H has tree duality.

There are several equivalent mechanisms for defining digraphs that have tree
duality. We focus on the following property. Let P(H) be the digraph whose
vertices are nonempty subsets of V(H), and two subsets X, X’ of V(H) are
adjacent vertices of P(H) if for each x € X there is an 2/ € X', and for each
' € X" an x € X, such that z2’ € E(H).

Proposition 5.26 H has tree duality if and only if P(H) — H.

Proof Suppose ¢ is a homomorphism of P(H) to H. We can use ¢ to define
a homomorphism f of G to H whenever the consistency check succeeds: for
each u € V(G), let f(u) = ¢(L*(u)). It follows from the definitions that f is
a homomorphism. Conversely, suppose H has tree duality. Let G = P(H), and
let each list L(X) = V(H). Tt is easy to see that after applying the consistency
check each L*(X) will contain the set X (adjacency in P(H) is defined in such
a way that the lists L'(X) = X are consistent, so nothing in these lists will be
eliminated during the consistency check). Since the consistency check succeeds,
we know from Theorem 5.22 that there is a homomorphism from G = P(H) to
H. O

Proposition 5.26 is a decision procedure for tree duality. Even though much of
the above discussion can be extended to bounded treewidth duality, no decision
procedure for treewidth k£ duality is known apart from the above case of k =
1. Moreover, the homomorphism ¢ : P(H) — H, which can be viewed as a
certificate that H has tree duality, is useful in actually finding a homomorphism
of G to H when the consistency check succeeds, as seen in the proof.

We remark in passing that Theorem 5.20 allows us to ‘predict’ theorems,
using the general expectation that P # NP. For instance, we have seen that
nonbipartite graphs H yield N P-complete H-colouring problems. This means,
in view of Theorem 5.20, that we should not expect nonbipartite graphs to have
bounded treewidth duality. The predicted theorem is the following.

Theorem 5.27 Let H be a nonbipartite graph. Then H does not have bounded
trecwidth duality.

Since we have seen that a bipartite graph has treewidth two duality, this
result completely classifies graphs that have bounded treewidth duality. The
corresponding problem for digraphs is wide open.

Proof We seek, for any integer k, a graph G} that is not H-colourable, but
which has the property that all Gg-colourable graphs of treewidth k are H-
colourable. To ensure that Gy is not H-colourable, it suffices take G to be a
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graph of chromatic number greater than H. Since H is nonbipartite, it contains
an odd cycle, say Copy1. It turns out that by taking Gy of high girth, we can
ensure that all Gg-colourable graphs of treewidth k£ are Cy41-colourable, and
hence H-colourable. (Recall that there exist graphs of arbitrarily high girth and
chromatic number, Corollary 3.13.) The following proposition is the crucial result
used to complete the proof, and is of independent interest. O

Proposition 5.28 [280] There is a function g(k,?) such that if G is a graph of
girth greater than g(k,?), then any graph of treewidth k that is G-colourable is
also Capy1-colourable.

5.5 Pair consistency and majority functions

Let us now return to bounded treewidth duality and higher order consistency
checks. Consistency could be called ‘single consistency’, in the sense that we are
testing whether lists of single vertices are consistent over pairs of vertices. (In-
deed, only adjacent pairs pose any restrictions, so checking for all pairs amounts
to the same thing as checking over arcs.) There is a natural extension of the
concept, called k-tuple consistency, in which k-tuples of vertices are tested for
consistency over (k + 1)-tuples. For our purposes, we shall focus on the case
k = 2, and talk about pair consistency. (Everything we discuss extends in an
obvious way to higher values of k.)

Assume that each pair of distinct vertices u, v’ of G has a pair list L(u,u") C
V(H)x V(H). We will always assume that if (x,2) € L(u,v’) then the mapping
taking u to x and v’ to z’ is a homomorphism of the subgraph of G induced
by {u,u'} to H. (In other words, any arcs and loops present amongst v and v’
correspond to arcs and loops amongst = and z’.) We say that the pair lists L
are consistent if for any three vertices u,u’,u” € V(G) and any (z,2’) € L(u,v’)
there exists an 2" € V(H) with (z,2") € L(u,v”) and (2/,2") € L(v/,u"). In
this case we will take the following initial pair lists L(u,u’). Consider the set
F of all homomorphisms of the subgraph of G induced by u,u’ to H, and let
L(u,u’) consist of all pairs f(u)f(u') with f € F. Note that, if there are no
edges of G on u,u’, then L(u,u’") = V(H) x V(H); if u has a loop in G, then
in any (z,2') € L(u,u’), the vertex = has a loop in H; and so on. The following
generalization of the consistency check reduces the pair lists L to consistent pair
lists L*.

Algorithm 4 (Pair Consistency Check)

Input: A digraph G, with initial pair lists L(u,u’), as described.

Task: Reduce the pair lists to L*(u, u), that are consistent.

Action: Initially set all lists L*(u,u’) = L(u,u'), and then, as long as changes
occur, process triples u, u’, u” of vertices of G as follows: remove from L*(u,u')
any (z,z') for which no element z” € V(H) has (z,2”) € L*(u,u”) and
(«',2") € L(u/,u").

We say that the pair consistency check fails if some list L*(u,u’) is empty;
otherwise we say that the consistency check succeeds. It is again the case that
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the pair consistency check can be performed in polynomial time, and that the
check cannot fail if a homomorphism exists. We also have the following result.

Theorem 5.29 [171] H has treewidth two duality if and only if G — H when-
ever the pair consistency check applied to G succeeds.

We see that for digraphs H that enjoy treewidth two duality we can efficiently
test H-colourability of input digraphs by running the polynomial time pair con-
sistency check. If the check fails, we know the input digraph is not H-colourable.
If the check succeeds, we know the input digraph is H-colourable; but how do
we find an H-colouring?

At this point we have, for each vertex u € V(G), a list of candidate images
in H. Consider any other vertex v’ € V(G) and let

L*(uw)={x € V(H): (z,2") € L*(u,u’) for some o’ € V(H)}.

(Because the pair lists L* are consistent, it follows that L*(u) does not depend
on which v’ is chosen). Since the pair consistency check succeeded, each set L*(u)
is nonempty. At this point it would be good if we could concisely describe how
to choose a member of each L*(u) to obtain a homomorphism of G to H. (We
were able to do that after the single consistency check using the homomorphism
F : P(H) — H.) Unfortunately, no general technique for this is known, and all
algorithms to find an H-colouring are somewhat more involved.

We first describe a class of graphs with treewidth two duality which admit
a particularly simple kind of algorithm to find an H-colouring (following a suc-
cessful pair consistency check).

Recall that we have introduced, in Chapter 2, a majority function for a re-
flexive graph H, and used it in Corollary 2.57 to characterize absolute retracts.
A majority function can be defined for any digraph (or general relational system)
H, by the same definition, as a polymorphism of order three, i.e., a homomor-
phism p: H x H x H — H, satisfying the following condition:

e if at least two of the vertices a, b, ¢ are equal to = then p(a,b,c) = x.

We shall show that the existence of a majority function for H implies that H-
colouring is polynomially solvable, and that, in this case, there is a canonical way
to define a homomorphism following the success of the pair consistency check.

Before we state this result, we note the following fact.

Lemma 5.30 Let L* be the pair lists produced by the pair consistency check, on
an input graph G, and suppose that u is a majority function on H.

Then (a,a’), (b,0),(c,d') € L*(u,u’) implies that (u(a,b,c),u(a’,t’,d)) €
L*(u,u’).

Proof The initial pair lists L satisfy this property by the definition of u.
We show that the property is maintained by each step of the pair consistency
check. Suppose that the current lists L* satisfy the property, and the pairs
(a,a’), (b,b"), (c,c’) are in the next version of the list L*(u,u’) (after one step
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of the algorithm). Then for any u” € V(G), there exist a”,b”,¢” such that
(a,a"), (b,0"),(c, ") € L*(u,u”) and (a’,a”), (b',0"),(c, ") € L*(uv/,u"). Since
the current lists satisfy the property in the lemma, we must have

ula,b,e)u(a”, b, ¢") € L (u,u”) and (', b, )u(a” b, ") € L* (ol u"),

and therefore the pair (u(a,b,c), pu(a’,b’,c’)) also survives to the next version of
the list L*(u, u’). O

Theorem 5.31 If H admits a majority function then H has treewidth two du-
ality.

Proof Suppose L*(v,v"),v,v" € V(G),v # v, are the nonempty pair lists pro-
duced by the pair consistency check, on an input graph G. If f is a mapping
of some subset U of V(G) to V(H), we say that f is consistent, if f(v)f(v') €
L*(v,v") for all v,v" € U,v # .

Let Ej denote, for any integer k > 2, the following assertion.

e For any digraph G, any set U of k vertices of G, any consistent mapping
f U — V(H), and any vertex v’ € V(G) — U, there exists a consistent
mapping f' of U U{u'} to V(H) which extends the mapping f.

We shall prove the theorem by proving that the existence of a majority
function for H is equivalent to the conjunction of all the assertions FEj for
k=2,3,---,|V(H)| — 1. This conjunction implies that a successful pair consis-
tency check allows us to define a homomorphism starting from any two suitable
values ((z,2') € L(v,v") for any v,v’ € V(QG)), introducing one new value at a
time (cf. Algorithm 5). Note that a consistent mapping f defined on U = V(G)
is a homomorphism of G to H.

Suppose first that all assertions Fj hold. Let G be the product H x H x H
and U the set of all vertices (a,b,c) in which not all a, b, ¢ are distinct. Finally,
let f(a,b,c) =z if at least two of a,b, ¢ are equal to z. According to the asser-
tions Eyy|, Ejy|41, -+, Ejv(m)|—1, there is a homomorphism of H x H x H to H
extending these values; clearly this homomorphism is a majority function yu on
H.

Conversely, suppose that p is a majority function on H. We shall use pu
to prove all assertions Ej, by induction on k. The assertion Fs follows trivially
from the success of the pair consistency check. Thus suppose that & > 3 and that
FE—1 has already been proved, and let U be any set of k vertices of a digraph G,
f:U — V(H) a consistent mapping and u’ a vertex of G not in U. Since k > 3,
we can choose distinct vertices uy,uq,uz € U. Let U; = U — u;,7 = 1,2,3. By
the induction hypothesis, each restriction f|U; can be extended to a consistent
mapping f; : UU{u'} — V (H). We now set f(u') = u(f1 ('), f2(u'), fo(u')), and
claim that the extended mapping f : UU{u'} — V(H) is also consistent. To see
this, consider two distinct vertices v, v" in U U{u'}. Clearly, f(v)f(v') € L'(v,v")
if both v and v’ are in U, so we may assume that, say, v = /. If v # u; for

any ¢ = 1,2,3, then f(v)f(v') € L'(v,u’) because f(v) = u(f1(v), f2(v), f3(v))
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and f(u) = p(fi(w), fa(e), fo(u)), and each (fi(v), fi(w')) € L'(v,u’) (simce
fi is consistent), cf. the discussion preceding the theorem. If v = u; for some

i =1,2,3, we proceed analogously, replacing f; with any consistent mapping f/
on {u;,u'} with f/(u') = fi(u). O

Let U be a set of vertices of G. A mapping f : U — V(H) which cannot be
extended to a homomorphism of G to H, but such that the restriction of f to
any proper subset of U can be so extended, is called a conflict on G with respect
to H. It follows from the above arguments that we have the following result.

Corollary 5.32 A digraph H admits a majority function if and only if every
conflict with respect to H has at most two vertices.

By applying Theorem 5.20, we also have the desired result.

Corollary 5.33 If H admits a majority function, then H-colouring is polyno-
mial time solvable. O

Recall from Proposition 5.17 that having more polymorphisms makes a prob-
lem more likely to be polynomial time solvable. Majority functions are just one
example of polymorphisms that are sufficient for polynomial solvability; they
are particularly useful when H is a graph. For digraphs, and more general sys-
tems, there are other useful polymorphisms that guarantee polynomial solvabil-
ity [53,54].

In the case when H has a majority function, there is a canonical way to find
a homomorphism following the success of the pair consistency check. Based on
the above proof, we can use the following algorithm.

Algorithm 5
Input: A graph G with vertices uy,ug, - , Usy,.

Task: Find an H-colouring of G, if one exists.

Action: Perform the pair consistency check (Algorithm 4), obtaining final
pair lists L*(u, u'). If the check fails (some pair list is empty), then G is not H-
colourable. Otherwise find an H-colouring of G as follows. Define f(u1), f(uz)
so that the pair (f(u1), f(u2)) is in L*(u1,ug). Then, having defined f con-
sistently on uy,uz, - ,u;—1, for 3 < i < n, find a vertex x € V(H), so that
letting f(u;) = x extends the definition of f consistently to ui,ua, - -, u;.

The proof of Theorem 5.31 ensures that this procedure is correct, i.e., that
at each stage one can actually find a required vertex x.

We now return to the general case of a graph H with treewidth two duality
and give a self-reduction procedure, obtained by modifying Algorithm 5, that
will still find an H-colouring of the input graph, if one exists. (However, the
modified algorithm is more complex and less efficient.) We may assume that
H is a core. The Action begins as above, by performing the pair consistency
check, and declaring that there is no H-colouring if the check fails. If the check
succeeds, we proceed to assign images f(u1), f(uz), -+ . Say that an assignment



170 EXISTENCE OF HOMOMORPHISMS

of f(ur) = @1, f(uz) = 2, - flui—1) = x;—1 is admissible, if there is an H-
colouring of the input graph extending this assignment. Having an admissible
assignment f(u1) = 1, f(ug) = x2, -+, f(ui—1), we test all z € L*(u;) until we
find an z such that the assignment f(u1) = z1, f(u2) = za, -+, f(ui—1) = -1,
and f(u;) = z, is also admissible. Since we know an H-colouring of the input
graph exists, we will always be able to extend the current assignment so that
it remains admissible, until an H-colouring of G is found. It remains to explain
how to test whether an assignment f(u1) = z1, f(u2) = 22, , f(u;) = x4, is
admissible. This is where we use the fact that H is a core. Let G’ be obtained
from the input graph G and a copy of the graph H by identifying each vertex
u; with the corresponding vertex z;, for all j = 1,2,---,i. Then G’ — H
if and only if there is a homomorphism of G to H extending the assignment
fur) = xq, f(uz) = z2,-- -, f(u;) = x;. Indeed, any homomorphism of G to H
extending the given assignment is easily extended to G’. Conversely, if there is a
homomorphism of G’ to H, then there is such a homomorphism that maps the
vertices of the copy of H included in G’ identically to the vertices of H. (Since
H is a core, the restriction to the copy of H in G’ is an automorphism a of H,
and we can compose the homomorphism with the inverse of a.) Therefore, the
restriction of this homomorphism to G extends the given assignment. Of course,
we can test the existence of a homomorphism G’ — H by performing a pair
consistency check, since H has treewidth two duality.

5.6 List homomorphisms and retractions

We now return to the study of list homomorphisms. Let H be a fixed digraph.
Assume that for each vertex u of the input graph G we are given a list (set)
L(u) CV(H). A list homomorphism of G to H, or a list H-colouring of G, with
respect to the lists L, is a homomorphism f of G to H, such that f(u) € L(u) for
all u € V(G). The list H-colouring problem asks whether or not an input digraph
G with lists L admits a list homomorphism to H with respect to L. We note
that when H = K, a list homomorphism of G to H is a list colouring of G, and
hence that the list K,,-colouring problem is essentially the usual list colouring
problem (with a restricted set of colours). We also note that each H-colouring
problem can be viewed as a list H-colouring problem restricted to inputs G with
all lists L(u) = V(H).

List H-colourings tend to be more manageable than H-colourings, since they
offer a natural way to recurse. Seeking a list H-colouring of G we may choose a
value for v € V(G) (from the list L(u)), modify correspondingly the lists of all
neighbours of u (they can no longer use colours not adjacent to the value assigned
to u) and then remove u from consideration. Similarly, if the list H-colouring
problem is N P-complete, then so is any list H'-colouring problem where H is an
induced subgraph of H’. (Restrict the inputs G to have their lists contained in
V(H).) Also, many natural applications of homomorphisms, such as frequency
assignment, scheduling, and so on, tend to have additional constraints expressible
by lists. Finally, it turns out that many algorithms for graph homomorphisms
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adapt very naturally to lists. This is the case for virtually all the algorithms we
have discussed, and is particularly plain for consistency check, which introduces
lists even if lists were not originally present.

In what follows we shall focus mostly on reflexive graphs, in some cases
expanding our focus to include all graphs with loops allowed (cf. also Exercise
18 dealing with just graphs).

A graph (with loops allowed) H is chordal if it does not contain an induced
cycle of length greater than three. Equivalently, a graph H is chordal if and
only if its vertices admit a perfect elimination ordering, i.e., an ordering V(H) =
{v1,v2,- - ,vn} such that any two neighbours v;, vy of v; with i < j,7 < k, are
adjacent to each other [123].

An interval graph is a graph H whose vertices can be represented by intervals
on the real line, such that two vertices are adjacent in H if and only if the
corresponding intervals intersect. Note that by this definition interval graphs are
reflexive, cf. Fig. 1.11. (It is more common to define adjacency by intersection
only for distinct vertices, but for our purposes we need the above definition.) It
is easy to see that a reflexive cycle of length greater than three is not an interval
graph. Since an induced subgraph of an interval graph must be an interval graph,
we conclude that each interval graph is chordal. The following theorem specifies
which chordal graphs are interval graphs. The forbidden configuration turns out
to be an asteroidal triple: three pairwise nonadjacent vertices a, b, ¢, and for each
pair of them a path joining them without containing a neighbour of the third
vertex.

Theorem 5.34 [218] Let H be a reflexive chordal graph. Then H is an interval
graph if and only if it does not contain an asteroidal triple.

In particular, a reflexive graph is an interval graph if and only if it does not
contain an induced cycle of length greater than three or an asteroidal triple.

We have the following classification of the complexity of list H-colouring
problems for reflexive graphs.

Theorem 5.35 Let H be a reflexive graph.

e If H is an interval graph then the list H-colouring problem has a polynomial
time algorithm.
e Otherwise the problem is N P-complete.

Proof To show that list H-colouring problems for interval graphs H have poly-
nomial time algorithms, we shall prove that each interval graph H admits a
majority function, with an important additional property.

We shall say that a majority function is conservative if u(a,b,c) € {a,b, c},
for all a, b, c. A conservative majority function on H yields a polynomial time list
H-colouring algorithm along the lines of Algorithm 5. We only have to change
the definition of a mapping f being consistent to include, in addition to the
earlier condition, that each f(u) € L(u). With this modification, and starting
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the pair consistency check with the initial lists being the given lists L(u), Al-
gorithm 5 applies directly. The crucial observation, in proving the assertions
FE using the existence of a conservative majority function g on H, is that the
definition of f(u') as u(f1(v'), fa(u'), f3(u')) ensures that it is equal to one of
fi(u'), fa(u'), f3(u'), since p is conservative; this easily implies that the extension
is also consistent, in this new sense, and proves the following fact.

Lemma 5.36 If H admits a conservative majority function then the list H-
colouring problem has a polynomial time algorithm. O

We now continue with the proof of Theorem 5.35. According to the lemma,
it will suffice to show that each interval graph H has a conservative majority
function. Consider z,y,z € V(H), and the corresponding intervals I,I,,I..
Let I be the interval whose left endpoint is the middle point of the three left
endpoints of I, I, I, and whose right endpoint is the middle point of the three
right endpoints of I, I, I.. One of the three intervals I, I,,I., say I;, must
contain I, since two of the three intervals have left endpoint not to the right of
the left endpoint of I, and two of the three intervals have right endpoint not to
the left of the right endpoint of I. Note that ¢ is one of the three vertices x, y, z,
and we define u(x,y, z) = t. It is clear that if at least two of x,y, z are the same,
say equal to a, then ¢ = a. It remains to show that if za’, yy’, 22’ € E(H), then
tt' € E(H) for t = p(z,y,2) and ' = u(a’,y’, 2’). Suppose to the contrary that
I; is disjoint from Iy, say I; precedes Ip. Then at least two of I, I, I, precede
at least two of I/, I/, I/, so either I, is disjoint from I/, or I, from I, or I,
from I/, a contradiction. This proves the first assertion of Theorem 5.35.

To prove the second assertion, consider a graph H which is not an interval
graph. Thus H contains an induced cycle of length greater than three or an
asteroidal triple. We first illustrate the proof of N P-completeness in the case H
contains an induced (reflexive) fourcycle C' (Fig. 5.12). In this case, we reduce the
problem of graph four-colourability to the list H-colouring problem as follows.
Given a graph G, we let G’ be the graph G x J where J is the replacement graph
shown in the figure, obtained from C by adding one edge, and with the shown
connector vertices 7, j. In other words, G’ is obtained from G by replacing each
edge zy of G with a copy J,, of J, identifying = with ¢ and y with j. We then
let G be obtained from G’ by adjoining a copy Cp, of C' and connecting the
copy of C' in each Jgy to this special Cj by a chain of three other copies of C, as
illustrated in the figure. (These copies of C are disjoint for each J,,, except for
the Cy which is common to all of them.) We now define lists on G” as follows:
for each vertex v of Cy we let L(v) = {v}; for all other vertices u of G” we let
L(u) = V(Cy). Consider now any list homomorphism f of G to H. Because of
the lists, all images f(z) are amongst the four vertices of Cy. The images f(u)
of the vertices u in Cy are fixed. For any chain of cycles C' leading from Cj up
to some J;,, each consecutive cycle in the chain must map to the previous cycle
either directly, taking each vertex x to the corresponding vertex x, or it must
‘rotate’ to the right, taking each vertex z to z+1 (mod 4). This ensures that the
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images f(i') and f(j) have distance two in C, and hence that f(z) and f(y) are
different. Therefore, G is four-colourable. On the other hand, each four-colouring
of G gives rise to a list homomorphism of G” to H, since each chain of copies of
C has three members, and hence allows i’ and j to map to any two vertices of
distance two in Cj by a suitable number of rotations, and so allows ¢ and j to
map to any two distinct vertices of Cj.

FiG. 5.12. The construction when H is a four-cycle.

Returning to the general case, when C' is a cycle of length k = 2¢, we proceed
as above, taking for J a copy of C' with two opposite vertices ¢’ and 7, and with
i joined to ¢’ by a path of length ¢ — 1. Each copy of C in a J, is joined to the
special cycle Cy by a chain of k — 1 copies of C. Exactly as above, we reduce
k-colourability to the problem of list G”-colouring. When C' is a cycle of length
k = 20+ 1, we proceed similarly, except J is obtained from C by adding a new
vertex ¢/ adjacent to the two consecutive vertices of C, opposite to j.

Next, suppose that H contains an asteroidal triple 0, 1, 2 of vertices with paths
Po1, Poo, P12 disjoint, respectively, from the neighbourhoods of 2,1,0. We may
assume without loss of generality that these paths P, are shortest paths in H,
and in particular that « and y have unique neighbours in P, (for z,y € {0,1,2}).
We shall reduce NOT-ALL-EQUAL 3-SAT without negated variables to the list
H-colouring problem.

Let x,y be distinct elements of {0,1,2} and let X,Y be subsets of {0,1,2}.
A chooser with inputs x,y and corresponding output sets X,Y is a path P from
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the startpoint a of P to the endpoint b of P, with lists L(p) C V(H), for all
p € V(P), such that

e any list homomorphism f of P to H has f(a) =z and f(b) € X or f(a) =y
and f(b) € Y; and
e for any 2/ € X and 3’ € Y there is a list homomorphism f of P to H with
f(a) =z and f(b) = 2’ and a list homomorphism g of P to H with g(a) =y
and g(b) =v'.
To show the correspondence between the inputs and their associated output sets,
we shall write X = o(z) and Y = o(y).
Suppose P;,i = 1,2, 3 are choosers with inputs 0,1 and output sets
0(0) ={0,1},0(1) = {1, 2} for Py,
0(0) ={1,2},0(1) = {0,2} for Ps,
0(0) = {0,2},0(1) = {0,1} for Ps.
Let T be the tree obtained from P;, P>, P3 by identifying the three vertices b and
distinguishing the respective startpoints a by calling them aq, as, ag (where a; is
the a of P;). The lists of T" are those inherited from the P;’s. We note that

e no list homomorphism f of T' to H has f(a1) = f(a2) = f(as3), and
o for any three distinct values by, b, b3 € {0, 1}, there exists a list homomorphism
f of T such that f(a;) =b; fori =1,2,3.

Using this tree T' we will be able to give a polynomial reduction from Not-
All-Equal Three-Satisfiability without negated variables to the list H-colouring
problem. It suffices to replace each clause with variables x,y, z by a separate
copy of T, identifying a; with z, as with y, and ag with z. Clearly, the resulting
graph admits a list H-colouring if and only if the instance is satisfiable.

It remains to construct the three choosers P;. We first construct some auxil-
iary choosers.

Consider the following chooser P(0,1,2) with inputs 0,1 and output sets
0(0) = {0,2}, o(1) = {1,2}. Let ¢ be the larger of the lengths of Pya, Pi2, and
let A be the set of all vertices in Py1, P12, Py2 except those adjacent to 0 or 1.
(Recall that there are at most two vertices adjacent to 0 and at most two vertices
adjacent to 1 on these paths.) Let 07, 1% be the first vertices on Pya, Pi2 after 0,1
respectively. We take P(0,1,2) to be a path of length ¢ from a startpoint a to an
endpoint b; we also denote by a™ the first vertex of P(0, 1, 2) after a. We define the
lists on P(0,1,2) as follows: L(a) = {0,1}, L(a™) = {0T,17}, L(b) = {0,1, 2},
and L(p) = A for all other p € V(P(0,1,2). This is indeed a chooser with
0(0) = {0,2} and o(1) = {1,2}. Any list homomorphism taking a to 0 must take
a™ to 07 since 0 has no neighbours in P;2. If the next vertex of P(1,2,3) is
taken to 0 then all vertices of P(1,2,3) have to map to 0, including b. Otherwise
neither 0 nor 1 can be images of any vertex of P(1,2,3) because of the choice of
A. There are clearly list homomorphisms taking a to 0 and taking b to 0, and
taking b to 2, since /£ is large enough. The output set of 1 is analysed similarly.

Analogous constructions provide us with choosers P(z,y, z) with inputs z,y
and output sets o(x) = {x, z},0(y) = {y, 2}, for any permutation zyz of 012.
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Next we construct a chooser P(0,1) with inputs 0,1 and output sets o(0) =
{0},0(1) = {2}. Let m be the length of the path Pi5 and let B = V(Pi2).
Recall that 0 is not adjacent to any vertex of B. We take P(0, 1) to be a path of
length m from a startpoint a to an endpoint b will all lists L(p) = B, except for
L(a) = {0,1} and L(b) = {0,2}. It is easy to check that P(0,1) is the required
chooser.

Analogous constructions provide us with choosers P(z,y) with inputs z,y
and output sets o(x) = x, 0(y) = z for any permutation zyz of 012.

We now concatenate P(0,1) and P(0,2,1), by identifying the endpoint of
P(0,1) with the startpoint of P(0,2,1); clearly this is a chooser with the same
inputs as P(0, 1), i.e., 0 and 1. To find the output set 0(0) we consider the output
0 of P(0,1) as the input of P(0,2,1) and obtain the corresponding output set
{0,1}; similarly, o(1) = {1,2}. We let P, be this concatenation.

Similarly, we let P» be the concatenation of P(0,1), P(2,0), P(1,2), and
P(0,1,2), in that order, and we let P; be the concatenation of P(1,0) and
P(1,2,0). It is easily checked that these concatenation have the required prop-
erties. O

Note that the lemma and the theorem predict the following result. A reflexive
graph H admits a conservative majority function if and only if H is an interval
graph, (Exercise 8). (See our remarks, preceding Theorem 5.27, on using N P-
completeness to predict results.)

The above N P-completeness proof for reflexive graphs containing an induced
cycle of length greater than three only uses lists that are either the entire cycle
C or a single vertex of C. A natural restriction of the list H-colouring problem
requires that each list be connected. The connected list H-colouring problem is
the restriction of the list H-colouring problem to instances G such that each
list L(u), v € V(G), induces a connected subgraph of H. Thus the above proof
actually shows that for reflexive graphs the connected list H-colouring problem
is N P-complete unless H is a chordal graph. For reflexive chordal graphs, the
problem is polynomial time solvable.

Theorem 5.37 Let H be a reflexive graph.

e If H is chordal then the connected list H-colouring problem is polynomial time
solvable.
e Otherwise, the connected list H-colouring problem is N P-complete.

Proof As noted above, our previous N P-completeness proof implies the second
assertion. We now describe a polynomial time algorithm proving the first asser-
tion. Thus, let H be a fixed reflexive chordal graph; we fix a particular perfect
elimination ordering of H, say x1, %2, - ,2k. (Therefore, if x; is adjacent to z;
and to xy, with ¢ < 7,7 < k, then x; and xj are adjacent to each other.)
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Algorithm 6
Input: A graph G, with connected lists L(u) C V(H),u € V(G).

Task: Find a list H-colouring of G (with respect to L).

Action: Initially we set all lists L*(u) = L(u). We process the vertices of H
in the perfect elimination order: when z; is processed, we remove it from all
lists L*(u) which contain at least one other vertex; for lists L*(u) = {z;}, we
remove all vertices nonadjacent to z; from each list L*(u') where v’ is adjacent
to u.

Once again, we say that the algorithm succeeds if all final lists are nonempty,
and say that it fails otherwise. Let us say that the current lists L* (during the
execution of the algorithm) are feasible if there exists a list homomorphism of G
to H with respect to L*. We shall show that each step of the algorithm maintains
the following invariant.

o The lists L* are connected, and L* are feasible if and only if the initial lists L
are feasible.

The invariant certainly holds for the initial lists L* = L. Suppose the lists L*
satisfy the invariant, and we make one step during the processing of x;. Here a
step means modifying one list L*(u)—either by removing x; from L*(u) (if L*(u)
contains at least one other vertex), or by removing from L*(u) all nonneighbours
of z; where L*(u') = {x;} and uuv’ € E(G). Note that in the second case the
removed vertices x; must have ¢ < j, as otherwise x; could only be in the list
of wif L*(u) = {z;}, and then z; would have been removed from L*(u') during
the processing of «;.

If the step made was removing x; from L*(u), then note that the neighbour-
hood of z; in L*(u) is complete, and so the deletion of z; does not disconnect
L*(u). Clearly, if the modified L* is feasible, then so is the (larger) unmodified
L*. So suppose the unmodified L* was feasible, and a list homomorphism f of
G to H with respect to the unmodified L* assigned f(u) = x;. We now define
a new list homomorphism f’ of G to H with respect to the modified lists. We
only change the image f(u) = z; to f/'(u) = i, for any zj in L*(u) adjacent
to z;. First of all, such an xj;, must exist since L*(u) was connected. Second, we
claim that f’ is a homomorphism. Indeed, each neighbour z; of z; with j > i is
also a neighbour of x;, (this applies also to z; = xy since H is reflexive). Thus
any edge uv of G which was taken by f to an edge z;x; of H with j > 4, is
now taken by f’ to the edge zyxz; of H. Furthermore, if any edge uv of G was
mapped by f to an edge x;x; of H with j < 4, then f(v) = x; was assigned after
x; has been processed, and hence we must have L*(v) = {x;}; therefore L*(u)
only contains neighbours of z; at this point, and so z, is adjacent to ;. Hence
J’ maps the edge uv to the edge z1x;. Hence f’ is a homomorphism, and hence
a list homomorphism with respect to the modified lists L*.

Thus assume the step made was removing from L*(u) all nonneighbours of
x;, where some neighbour «’ of w has L*(u’) = {z;}. Then the remaining vertices
of the modified L*(u) are all neighbours z; of x; with j > ¢ and hence adjacent
to each other, so the modified L*(u) is again connected. The modification results
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in feasible lists if and only if the unmodified lists were feasible (and hence if and
only if L are feasible) because a nonneighbour of x; cannot be assigned to u if
x; is assigned to u'.

This completes the proof of the validity of the invariant throughout the al-
gorithm; at the end of the algorithm the lists L* either include an empty list,
in which case the final lists, and hence the initial lists L, are not feasible, or the
final lists define a list H-colouring. (Note that if adjacent vertices u, u’ of G were
assigned to x;, z; with ¢ < j respectively, then the fact that x; was not removed
from L*(v’) implies that x;, x; are adjacent in H.) O

A similar algorithm, directly employing the consistency check is given in
Exercise 30.

For graphs (without loops), the dichotomy of list homomorphism problems,
analogous to Theorem 5.35, involves (the complements of) circular arc graphs, in
place of interval graphs (Exercise 18). For graphs with loops allowed, the general
dichotomy result is stated below; it involves the following concept. Let C be a
fixed circle with two specified points p and g. A graph H with loops allowed is
called a bi-arc graph. if each vertex x of H corresponds to a pair of arcs (N, Sy)
on C', with N, containing p but not ¢ and S,, containing ¢ but not p, so that for
any x,y € V(H), not necessarily distinct, the following hold:

e if z and y are adjacent, then neither IV, intersects S, nor N, intersects Sy;
e if x and y are not adjacent, then both N, intersects S, and N, intersects S;.

(Note that we cannot have (N, S;), (Ny, Sy) such that N, intersects S, but S,
does not intersect N,.)

Theorem 5.38 [99] Let H be a fixed graph with loops allowed.

e If H is a bi-arc graph then the list H-colouring problem has a polynomial time
algorithm.
e Otherwise the problem is N P-complete.

We now return to the context of reflexive graphs. Recall the retraction prob-
lem H-RET. In the context of reflexive graphs, we can state it as follows. Given
a reflexive graph G containing H as a subgraph, decide whether or not there is
a retraction of G to H. Clearly, a retraction of G to H exists if and only if there
is a list homomorphism of G to H, where all lists are L(u) = V(H) except for
vertices « of H, which have lists L(z) = {«}. Note that the N P-completeness
construction in the proof of Theorem 5.35 also shows that if C is a reflexive cy-
cle of length greater than three, then C-RET is N P-complete. (Cf. our remark
following the proof of Theorem 5.35.) If H is a connected chordal graph, the
problem H-RET is a restriction of the connected list H-colouring problem, and
hence Algorithm 6 solves H-RET in polynomial time. The problem H-RET for
disconnected chordal graphs H is also easily solved, by observing that a com-
ponent of G cannot retract to two different components of H, and hence we
can apply the H-RET algorithm for connected graphs to each component of H
separately. Therefore, we have the following corollary.
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Corollary 5.39 Let H be a reflexive graph.

e If H is chordal then H-RET is polynomial time solvable.
e If H is a cycle of length greater than three then H-RET is N P-complete.

a

Despite the fact that the the corollary appears close to a classification, it
seems that dichotomy for retraction problems for reflexive graphs will be hard
to obtain, cf. Exercise 29.

5.7 Trigraph homomorphisms

Recall the kind of vertex partition problems that can be expressed as graph
homomorphism problems. Proposition 1.10 describes this in the context of di-
graphs. In the special case of graphs, we can seek partitions of V(G) into parts
S, where certain parts S, are required to be independent, and certain pairs of
parts Sy, S, are required to have no edges joining them. By requiring the com-
plement of the graph G to admit a homomorphism to the complement of H, we
may also express the problems of finding vertex partitions into parts S, where
certain parts S, are required to be complete, and certain pairs of parts S, Sy
are required to have all the edges joining S, to S,/. (In the list version of these
problems, we equip the input graphs G with lists restricting the parts to which
the vertices of G can be placed.)

A natural extension of such homomorphism problems seeks vertex partitions
in which some parts may be required to be either independent or complete, and
some pairs of parts may be required to have either no edges or all the edges.
These partitions extend the partitions corresponding to homomorphisms (as in
Proposition 1.10), and also extend the complemented partitions suggested above.

A natural way to model these partitions is to introduce the following gen-
eralization of graphs. A trigraph H consists of a set V(H) of wertices, a set
W(H) of weak edges, and a disjoint set S(H) of strong edges. We shall focus
on (undirected) trigraphs with loops allowed, i.e., the (strong and weak) edges
are two-element or one-element subsets of V(H). Trigraphs will be pictured by
drawing the strong edges thicker than the weak edges, cf. Fig. 5.13.

The adjacency matriz of a trigraph H is the symmetric matrix M (H), with
a row and a column for each vertex of H, and entries

o M(z,2') =0 if za’ is not an edge of H,
o M(z,2') =« if za’ is a weak edge of H, and
o M(z,2')=1if za’ is a strong edge of H.
A homomorphism f of a graph G to a trigraph H is a mapping f of V(G) to
V(H) such that the following two properties hold for vertices u # u’ of G:
e uu' € E(G) implies f(u)f(u') € W(H)U S(H), and
e wu' ¢ E(G) implies f(u)f(u') & S(H).
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(d) ()

Fia. 5.13. Example trigraphs.

(Homomorphisms of trigraphs to trigraphs can also be defined, and satisfy the
expected properties, cf. Exercise 14.)

As always, a homomorphism of a graph G to a trigraph H will also be called
an H-colouring of G.

In the remainder of this section, we shall often describe a trigraph H by its
adjacency matrix M = M (H). Thus, it is useful to formulate the H-colourability
of G in terms of the matrix M.

Proposition 5.40 Let G be a graph, and H a trigraph with adjacency matrix
M= M(H).

Then G admits a homomorphism to H if and only if the vertices of G can
be partitioned into sets Sy,x € V(H), such that the following properties are
satisfied.

1. if M(z,z) =0, then S, is independent in G,

2. if M(z,x) =1, then Sy is a clique in G,

3. if M(z,2") =0, then uv' ¢ E(G) whenever uw € Sy and u' € Sy.
4

Cif M(z,2") =1, then uwu' € E(G) whenever u € S, and v’ € Syr. O

A partition of G satisfying the properties 1-4 of Proposition 5.40 is called an
M -partition of G.

Note that when the trigraph H has S(H) = @, an H-colouring of a graph G is
simply an ordinary homomorphism of G to the graph consisting of the weak edges
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of H. Hence homomorphisms to trigraphs extend homomorphisms to graphs,
and we shall use the standard terminology introduced for homomorphisms, e.g.
surjective homomorphisms, homomorphic images, etc. In particular, we note that
the class of H-colouring problems, for fixed trigraphs H, extends the class of H-
colouring problems for fixed graphs H. This simple generalization of the graph
homomorphism framework has surprisingly strong modeling power. In addition
to homomorphism problems, this framework includes, for instance, the following
natural concepts.

1. A graph G is split if it can be partitioned into an independent set and a clique.
Thus a graph is split if and only if it admits an H-colouring where H is the
trigraph in Fig. 5.13(a). Split graphs are a well-understood and useful class
of chordal graphs [123].

2. A clique cutset of a connected graph G is a clique of G whose removal discon-
nects GG. Hence a graph has a clique cutset if and only if it can be partitioned
into a clique and two nonempty sets joined by no edges. In other words, G has
a clique cutset if and only if it admits a vertex-surjective H-colouring where H
is the trigraph in Fig. 5.13(b). Clique cutsets can be recognized in polynomial
time and lead to efficient optimization algorithms for graphs decomposable
by clique cutsets [325,340].

3. Surjective homomorphisms to the trigraphs in Fig. 5.13(d) and (e) correspond
respectively to the existence of a so called skew cutset and two-join. These
concepts (and their close relatives) play an important role in the proof of the
Strong Perfect Graph Theorem [61].

4. Homomorphisms to the trigraph in Fig. 5.13(c) (with some additional restric-
tions on the size of preimages, explained below), correspond to the existence
of a so called homogeneous set of vertices. Modular decompositions into ho-
mogeneous sets are a useful tool for efficient recognition of several graph
properties [318].

We note that it is easy to capture additional requirements, that the homomor-
phisms be vertex-surjective, or edge-surjective, or have at least a certain number
of preimages for specified vertices, or have at least some edges joining them, etc.,
by lists. For instance, the definition of a homogeneous set requires that f~!(c)
has at least two vertices and that f~!(a)U f~1(b) is nonempty; this can be done
by choosing (in every possible way) three vertices u, v, w of the input graph and
specifying that the lists of u, v only consist of ¢ and the list of w consists of a, b.
Thus the problem of finding a homogeneous set in a graph with n vertices is
reduced to n(n —1)(n—2) list H-colouring problems. (A homogeneous set exists
if and only if at least one of the n(n — 1)(n — 2) choices of u, v, w has a desired
list H-colouring). Analogously, one can ensure that there is at least one edge
between f~1(x) and f~!(y) by restricting (by the choice of lists) two adjacent
vertices u, u’ to be mapped to x,y respectively, for all possible choices of an edge
wu’ in the input graph.
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Therefore, we shall consider, for each fixed trigraph H, the following list H -
colouring problem: given a graph G, with lists L(u) C V(H), u € V(G), is there
a homomorphism f of G to H such that f(u) € L(u) for all u € V(G)?

While the known polynomial cases of the H-colouring problem for graphs
H seem to follow the same few patterns (tree duality, majority functions), a
variety of different algorithm paradigms seems to become relevant in the case of
trigraphs H. In the remainder of this section, and in the next section, we shall
try to illustrate this wealth of algorithmic ideas.

One of the most useful technique for solving list H-colouring problems for
small trigraphs H is the two-satisfiability algorithm.

Suppose first that the fixed trigraph H has only two vertices, say a and b.
We can solve the list H-colouring problem by introducing a boolean variable x,
for each vertex v of the input graph G; we think of the value of x, as encoding
whether or not the vertex v is mapped to a (z, = 1 means v is mapped to a,
x, = 0 means v is mapped to b). It is then easy to see that all the constraints, and
lists, of the list H-colouring problem can be stated by polynomially many clauses
with at most two literals each. For instance, if f~!(a) is to be an independent set
(M(a,a) = 0), we impose the constraint Z,, VT, for each edge uv of G. Similarly,
if, say, every edge from f~'(a) to f~1(b) is to be present (M(a,b) = 1), we
impose the constraints x,, VT, and z, VT, for each nonedge uv of G. Finally, if
the list of v is, say, b, we impose the constraint Z,. Hence the problem can now
be solved by any two-satisfiability algorithm such as [6].

For instance, we can solve this way the pre-colouring split extension problem,
in which an input graph G is to be partitioned into a clique and an independent
set, with some vertices pre-coloured, i.e., placed in the clique or independent set
to be constructed. The two parts are respectively complete and independent,
and we correspondingly denote them by C and I. Each vertex v corresponds to
a variable z,, and x, = 1 means v € C, x, = 0 means v € I. We obtain one
constraint for each edge vw € E(G), namely x,, V 2,,, and one constraint for each
nonedge vw ¢ E(G), namely T, V T,,. Moreover, if a vertex v has a restricted
list, we add the constraint x, or T,.

The same technique applies whenever we have an instance in which every list
has size at most two.

Proposition 5.41 For any fixed trigraph H, there is a polynomial time algo-
rithm which solves the list H-colouring problem restricted to instances in which
the list of every vertex of the input graph has size at most two. a

To illustrate the usefulness of Proposition 5.41, we shall give an algorithm
to solve the list version of the clique cutset problem. Recall the clique cutset
problem from Fig. 5.13(b); in the list version, we have an input graph G with
lists (subsets of {a,b,c}), and we seek a list homomorphism of the graph G to
the trigraph in Fig. 5.13(b). In other words, we seek a partition of the vertex
set of G into three sets A, B, C' where C is a clique of G, and there are no edges
in G between the parts A and B. To simplify the notation, we shall assume
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the lists are be subsets of {A, B,C} and each vertex of G has to be placed in
a part belonging to its list. We call this the list clique partition problem We
begin by recalling that there is a polynomial time algorithm to find a minimal
chordal extension H of a graph G [302]. This is a graph H which contains G as a
subgraph, with V(G) = V(H), and with E = E(H)— E(G) inclusion minimal, in
the sense that GUE' is not chordal for any E' C E, E' # E. It is easy to see that
for any partition A, B, C' of G, the minimal chordal extension H will not contain
any edges between the sets A and B. Indeed, H with all these edges removed
would still be a chordal extension of G, since any cycle in it that contains both
a vertex of A and a vertex of B goes twice through the clique C' and hence must
have a chord.

Let z1,29, - ,x, be a perfect elimination ordering of H. Let F; be the
forward clique of H, consisting of x; and all adjacent x;,j > i. The fact that
each F; is a clique follows from the definition of a perfect elimination ordering.
Moreover, each clique A of H (and hence also each clique A of G) is a subset of
some F;—it is enough to let ¢ be the lowest subscript of any v; € A. In conclusion,
the sets F; have the following property: for any partition A, B, C, there exists a
set F; that contains C' and is disjoint from either A or B. (Indeed, F;, being a
clique of H, cannot contain both a vertex of A and a vertex of B.)

We can now state our algorithm.

Algorithm 7

Input: A graph G, with lists L(u) C {4, B,C},u € V(Q).

Task: Find a partition V(G) = AU B U C where C is a clique, there are no
edges between A and B, and each u belongs to a part X € L(u).

Action:

Compute a minimal chordal extension H of G.

For each forward clique F; of H try to find a list partition A, B, C in which F;
contains C' and is disjoint from A, or contains C' and is disjoint from B. (The
former is tested by deleting A from all lists of vertices in F; and deleting C
from all lists of vertices not in Fj; the latter is tested by deleting A from all
lists of vertices in F; and deleting C' from all lists of vertices not in F;. In both
cases we have lists of size at most two and we can use Proposition 5.41.)

If all tests fail, no list partition exists.

Corollary 5.42 The list clique partition problem is solvable in polynomial time.
O

When there are no lists but we require each part A, B, C to be nonempty, we
can proceed as above, testing for a list clique cutset for n(n—1)(n —2) choices of
vertices z,y, z for which we set L(x) = {A}, L(y) = {B}, L(z) = {C} (all other
lists being set to {A, B, C}). We have shown the following fact.

Corollary 5.43 There is a polynomial time algorithm to test whether or not a
graph has a clique cutset. O



GENERALIZED SPLIT GRAPHS 183

5.8 Generalized split graphs

Consider the following generalization of split graphs. An (a,b)-graph is a graph
whose vertices can be partitioned into a independent sets and b cliques. Such a
partition will be called an (a, b)-partition of G. Let M be the symmetric (a+b) x
(a + b) matrix with all off-diagonal entries *, and having a 0’s and b 1’s on the
diagonal. Note that M is the adjacency matrix of a trigraph H which contains
a complete graph on a + b vertices, with all edges being weak edges, and with
exactly b strong loops, and no weak loops. Then G is an (a, b)-graph if and only
if it admits a homomorphism to H, and if and only if it admits an M-partition.

The following result classifies the complexity of the recognition problem for
(a, b)-graphs. We state it in the terms of M-partitions, to make the role of lists
clearer.

Proposition 5.44 If both a < 2 and b < 2, then the list M -partition problem
is solvable in polynomial time. Otherwise the list M -partition problem is N P-
complete.

Proof First we note that if @ > 3 then the M-partition problem is N P-
complete, since we can decide whether or not an input graph G is three-colourable
by endowing all its vertices with the list {1,2,3}, and then asking whether or
not it has a list M-partition. (If b > 3 the proof is similar.)

We illustrate one technique for recognizing (1,1)—,(2,1)—,(1,2)—,(2,2)—
graphs. For simplicity we consider only the case of (2,1)-graphs; the other cases
are treated similarly. Note that a (2, 1)-partition of G can be viewed as a partition
of the vertices of GG into an induced bipartite subgraph and a clique. By focusing
on the union of the two independent sets (the bipartite subgraph) we emphasize
the fact that we shall treat their vertices in the same way. In fact, we shall
repeatedly use the obvious fact that a bipartite graph and a clique can meet in
at most two vertices.

We claim that a graph G on n vertices has at most n* different (2,1)-
partitions, and all these partitions can be found in time proportional to n®.

Let V(G) = BUC be a particular (2,1)-partition. Then any other (2,1)-
partition V(G) = B'UC" has |[B'NC| <2 and |[BNC’| <2, s0 B’ is obtained
from B by deleting at most two vertices and inserting at most two new vertices.
In fact, if we allow ourselves to insert back a vertex that has just been deleted, we
can say that we make exactly two deletions and exactly two insertions. Each of
these at most four operations can be made in at most n ways. This observation
proves the first part of the claim and allows us to find all (2,1)—partitions if
one such partition is known. It amounts to a four-local search (the current S is
changed in at most four vertices), and can be performed in time n*.

It remains to explain how to find the first (2, 1)-partition. The algorithm
procedes in two phases. The first phase attempts to find as large a bipartite
subgraph as possible. This is based on the observation that if V(G) = BUC is
a (2,1)-partition and B’ a bipartite graph smaller than B, then B’ N C has at
most two vertices, and hence, as above, B’ can be enlarged by removing some two
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vertices and inserting some three new vertices. Thus, starting with any bipartite
subgraph of G, we can increase its size by performing a five-local search (making
all possible two deletions and three insertions and testing if the result is bipartite)
in time n° times the time to check whether a graph is bipartite. After performing
this operation at most n times, we reach a situation where the current bipartite
subgraph can no longer be enlarged in this way. Clearly, at this point our current
bipartite graph B’ has the same size as the (unknown) B.

The second phase of the algorithm attempts to change B’, without changing
its size, until V(G) — B is a clique. This is accomplished by a four-local search,
based on a very similar principle—namely, if V(G) = BUC'is a (2, 1)-partition
and |B| = |B’|, then B is obtained from B’ by a deletion of two vertices and the
insertion of two other vertices. Hence we can test all n* possible new sets B’ for
being bipartite and the corresponding V(G) — B’ for being a clique, and if no
(2, 1)-partition is found we can be sure none exists.

The most time-consuming operation is the first phase of the algorithm, finding
one (2, 1)-partition—taking time n®. No low-degree algorithms for (2, 1)-partition
seem to be known at this time. (Another high degree algorithm is given in [39,
40].) O

We summarize the steps of the algorithm.

Algorithm 8

Input: A graph G.

Task: Find a (2, 1)-partition of G, if one exists.

Action: Start with any induced bipartite subgraph B of G (say, a single

edge). While the size of the current B can be increased by deleting two current
vertices and inserting three new vertices, do so.
When the size of B can no longer be increased in this way, test whether the
complement of B is a clique, and if not, delete two current elements of B and
insert two new elements to B, keeping B bipartite, until the complement of
the current B is a clique (or until all possible ways have been tried).

We now restrict our attention to chordal graphs G. There are polynomial
time algorithms to test whether or not a chordal graph is a-colourable (i.e., an
(a,0)-graph), or partitionable into b cliques (i.e., a (0,b)-graph) [123], and hence
we may suspect that recognizing chordal (a,b)-graphs is possible in polynomial
time for all positive integers (a,b). It is also known that a chordal graph is a-
colourable if and only if it does not contain an (a+ 1)-clique, and is partitionable
into b cliques if and only if it does not contain b + 1 independent vertices, and
we seek similar forbidden subgraph characterizations of chordal (a, b)-graphs.

Note that a chordal graph G is an (a, b)-graph if and only if the deletion of
some b cliques from G leaves an a-colourable graph, i.e., a graph without (a+1)-
cliques. In other words, G is an (a,b)-graph if and only if G contains b cliques
that meet (intersect) all (a + 1)-cliques of G. Let g(G,r) denote the minimum
number of cliques of G that meet all r-cliques (copies of K,) of G. We shall
design an efficient algorithm to compute g(G,r) for chordal graphs G; note that
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this solves the recognition problem for chordal (a,b)-graphs, as g(G,a+1) <b
if and only if G is an (a, b)-graph.

We say that two r-cliques in G are independent if no vertex of the first
clique is adjacent to a vertex of the second clique. This means, in particular,
that independent r cliques must be disjoint. Let f(G,r) denote the maximum
number of independent r-cliques in a graph G. It is clear from these definitions
that f(G,r) < g(G,r), as a clique of G cannot meet two independent r-cliques. In
general this inequality can be strict, but for chordal graphs we have an equality.

Theorem 5.45 If G is a chordal graph, then f(G,r) = g(G,r) for all positive
integers r.

Note that when r = 1, this is the well-known fact that chordal graphs have
independence number equal to the minimum number of cliques needed to cover
all vertices [123].

Proof Since f(G,r) < g(G,r) holds in general, it only remains to prove the
opposite inequality. We shall describe an algorithm which, for any chordal graph
G, identifies k£ independent r-cliques in G, as well as k cliques that cover all
r-cliques of G. This means that both f(G,r) and g(G,r) are equal to k.

Algorithm 9
Input: A chordal graph G.

Task: Find in G independent r-cliques Ay, As,---, Ax as well as cliques
Bi1,Bs, - -, By that meet all r-cliques of G.
Action: Compute a perfect elimination ordering wuy,us, - -- ,u, of G. With

this ordering of the vertices of G, we perform as many of the following iterations
as possible.

In the i-th iteration (i = 1,2, --- , k), we define the r-clique A4;, and the clique
B, as follows. Let uy be the first remaining vertex which is the (r — 1)-st
remaining neighbour of some remaining vertex u,. Then A; consists of w,
together with its first (r — 1) remaining neighbours, up to and including uy,
and B; consists of uy together with all its remaining neighbours u, with ¢ > f.
Now remove from G all the vertices of A; and of B;.

It is clear that at the end of Algorithm 9, we will have k cliques B; that meet
all r-cliques of G, since otherwise the algorithm would have performed another
iteration. We also have k r-cliques A;; it remains to show that these r-cliques
are independent. Thus suppose there is an edge between A; and A;, with i < j.
Specifically, assume that some vertex us of A; is adjacent to some vertex u; of
Aj. Let a; be the last vertex of A;, and a; the last vertex of A;. Note that a;
precedes a;, and that a; is also the first vertex of B;, which was entirely removed
from G before A; was constructed. Hence we will have reached a contradiction,
if we can show that a; is adjacent to a vertex of A; which follows a;. If u; follows
a;, then ug is adjacent to both a; and u; which follow it, and hence a; is adjacent
to uy € Aj, and u, follows a;, as claimed. If u, precedes u; and u; precedes a;,
then u; is must be adjacent to a;, since us is adjacent to both of them. Therefore
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u¢ is adjacent to both a; and aj, and both follow it, whence a; is adjacent to
a; € Aj, and a; follows a; as claimed. The last possibility is that u, follows u,.
In this case us, must be adjacent to a;, since u; is adjacent to both of them, and
both follow u;, and finally a; must be adjacent to a;, since u, is adjacent to both
of them, and both follow u,. This completes the proof. O

Corollary 5.46 A chordal graph G is an (a,b)-graph if and only if it does not
contain (b+ 1)Ky41 as an induced subgraph. O

5.9 Remarks

The dichotomy classification in Theorem 5.2 was first proved in [168], and we
followed the proof from there; a new proof in [50] follows the same idea, but
uses the algebraic approach mentioned at the end Section 5.3. The difference
is most pronounced in the case of extra-ordinary graphs, i.e., in the proof of
Proposition 5.3. Digraph H-colouring problems were first studied by W. Gut-
jahr, E. Welzl, and G. Woeginger [129], in the context of applications to graph
grammars and interpretations, cf. [237-239]. The example in Fig. 5.7 (and the
proof of Proposition 5.10) is due to W. Gutjahr [130]. Theorem 5.14 is due to
T. Feder and M. Vardi [105,106]. The proof is extracted from [106]. Conjec-
ture 5.16 is first formulated in [24]; an interesting reformulation can be found
in [27]. Many special cases of the conjecture have been verified by J. Bang-
Jensen, G. McGillivray, and others [24,25,27]. (For instance, it has been proved
for vertex-transitive graphs [231].) A nice account of this is given in the sur-
vey by G. Hahn and G. MacGillivray [136], or the book of J. Bang-Jensen and
G. Gutin [23]. Our presentation here is based on the survey [158]. The example
in Fig. 5.11 is from [172]; the first (much larger) tree H with N P-complete H-
colouring problem was found in [129]. The algebraic approach to the dichotomy
problem, and the use of polymorphisms, as explained in Proposition 5.17, was
pioneered by P. G. Jeavons. (There have been earlier related developments by
R. Dechter and others [74].) The proof of Proposition 5.17 given here is from [193],
see also [192] and [53]. We also recommend the book of N. Pippenger [290]. The
connection of duality to polynomial time solvability, Theorem 5.20, was estab-
lished in [171]; cf. also [175,176]. As noted in the text, all known polynomial
cases of digraph H-colouring problems can be explained by bounded treewidth
duality. There are other known mechanisms for designing polynomial time H-
colouring algorithms, including datalog programs [105,106], and semidefinite pro-
gramming [8,107]. Yet they all seem to define the same class of polynomial time
solvable digraph H-colouring problems. The consistency check (Algorithm 2) is
a well-known procedure in artificial intelligence [232]. The X-underbar property
is from [129], where it was first used for designing polynomial time algorithms.
Theorem 5.27 is from [280]. The use of majority functions for designing polyno-
mial time homomorphism algorithms first appeared in [105, 106]. Section 5.6 is
based on [96]; the full classification for all graphs with loops allowed, Theorem
5.38, is from [99]. Motivated by these classification results, A. A. Bulatov has
recently proved dichotomy for all list constraint satisfaction problems [49] (cf.
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also [97]). The complexity of list k-colouring problems has been studied by J. Kra-
tochvil and Z. Tuza [208] and others cited there. The complexity of counting
homomorphisms and list homomorphisms has been studied in [51,52,76,85,170].
Parametrized complexity of homomorphism and list homomorphism problems
has been investigated by J. Diaz, M. Serna, D. M. Thilikos, and others, cf. the
survey [77], and also see [293]. Homomorphisms to trigraphs (under the name
of matrix partitions) were pioneered in [101,102]; Sections 5.7 and 5.8 are based
on [102,103,159,160]. In [102] all trigraph H-colouring problems for H with up
to four vertices have been classified as N P-complete or quasi-polynomial (admit-
ting an nOUogn) algorithm). Most, but not all, of the quasi-polynomial cases were
proved polynomial in [57,110]. There is one remaining case dubbed the ‘stubborn
case’ in [57]; a similar but simpler open problem is given in [97]. These prob-
lems are not likely to be N P-complete (because they admit a quasi-polynomial
algorithm), yet no polynomial algorithm is known for either of them. (It seems
dichotomy is less likely to hold for trigraph homomorphisms.) Clique cutsets
were first studied by E. Tarjan, and by S. Whitesides, each proving Corollary
5.43. Generalized split graphs were introduced by A. Brandstadt [39,40]. The
discussion of (a, b)-partitions for chordal graphs, in Theorem 5.45 and Corollary
5.46, follows [159,160]. In [103], it is shown that there are trigraphs H such that
list H-colouring is N P-complete even for chordal graphs.

Exercise 5 is due to W. Gutjahr, E. Welzl, and G. Woeginger. Exercise 6 is
from [27]; it is conjectured there that the conclusion can be extended to any
digraph G which includes some three vertices a, b, c and the arcs ab, ba, ac, cb.
Exercise 15 is from [207]. Exercise 16 is from [114]; the effect of degree re-
strictions on the complexity of H-colouring problems has been much studied
[100,114,133,170,198,207]. Exercise 17 is based on [163]. Exercise 8 is from [42];
cf. also [17]. Exercise 10 is from [169]. Exercise 20 is from [176]. Dichotomy for all
oriented cycles, including those of zero net length, has been proved in [95]. (Nev-
ertheless, no simple classification distinguishing polynomial time solvable and
N P-complete H-colouring problems for oriented cycles H is known.) Exercise
21 is from [209]; see also [109,210] and the papers cited there for similar results
on locally injective and locally surjective homomorphisms. Exercise 23 is based
on [85]; a full classification of the complexity of counting problems has recently
been achieved by A. A. Bulatov [51]. Exercise 27 is from [94]; the second problem
remains N P-complete for interval graphs and cographs [33], and for trees [56].

5.10 Exercises
1. Prove that for a fixed graph G the question whether or not G — H, for an
input graph H, can be decided in polynomial time.

2. Prove that if H is a core then the problems H-RET and H-COL are poly-
nomially equivalent. (Your proof should apply for any general relational
system H.)

3. Give a polynomial time algorithm for H-RET when H is a reflexive tree.
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4.

5.

10.
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Prove that if both the G-colouring and the H-colouring problems are poly-
nomial time solvable, then so is the (G x H)-colouring problem.
(a) Let H be a component of H’'. Prove that there is a polynomial time
reduction from the H-colouring problem to the H’-colouring problem.
(b) Let A be the digraph obtained from Cs by adding one vertex v and
all arcs vi,i € V(C_"g), and let B be obtained from Cs by adding one
vertex w and all arcs iw,i € V(Cs). Let H' = A x B.
Prove that the H’-colouring problem is polynomial time solvable.
Prove that H’ contains an induced subgraph isomorphic to the di-
graph H in Fig. 5.14, and that the H-colouring problem is N P-
complete.

H

FiG. 5.14. An N P-complete H-colouring problem for Exercise 5.

. Let H be a digraph which includes some three vertices a, b, ¢ with all arcs

ab, ba, ac, ca, be, cb. Prove that H-COL is N P-complete.
Prove that each interval graph admits an X-underbar enumeration.

. Prove that a reflexive graph has a conservative majority function if and

only if it is an interval graph. (This result is predicted by Theorem 5.35.)

. Let g be a positive integer. Let M be an edge-minimal graph of girth at

least g that is not three-colourable. Let ik be an edge of M, and let I be
obtained from M by deleting the edge ik, and adding a vertex j adjacent
to k. Note that I is three-colourable, but in any three-colouring the colours
of 4 and j have to be different (but are otherwise arbitrary). Use Lemma
5.5 to prove that three-colourability is N P-complete even when restricted
to graphs of girth at least g.

Extend the arguments to prove N P-completeness of the H-colouring prob-
lem restricted to graphs of girth at least g, for any fixed nonbipartite graph
H.

Prove that it is N P-complete to decide whether or not the core of a digraph
is an oriented tree. Prove that it is N P-complete to decide whether or not
a graph is a core.
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Show that the consistency check (Algorithm 2) can be implemented to run
in linear time.

Prove that asymptotically almost all graphs are ordinary. (Hint: An extra-
ordinary graph does not contain Ky.)

Prove that the relational system N, introduced in Section 1.8, is projective,
i.e., all idempotent polymorphisms of N are projections. (Hint: Show that
N admits no near-unanimity functions, as defined in Exercise 28, and that
an idempotent polymorphism which is not a near-unanimity function must
be a projection.)

For each trigraph H we introduce two symmetric binary relations E(H) and
N(H) as follows: E(H) = W(H)US(H) and N(H) = V(H)xV(H)-S(H).
Thus each trigraph H yields a binary relational system R(H) with vertices
V(H) and two binary relations E(H), N(H). A homomorphism of trigraph
H to trigraph H’ is any mapping of V(H) to V(H’) that is a homomor-
phism of the system R(H) to the system R(H'). (Hence homomorphisms
of trigraphs can be composed, as usual.) Prove that if G is a graph, ho-
momorphisms of G to a trigraph H as defined in the text are precisely
homomorphisms of R(G) to R(H).

A graph G is d-degenerate if its vertices can be ordered as uy, ug, - - , Uy, SO
that each v; has degree at most d in the subgraph induced by w; 1, , Up.
Prove the following dichotomy classification for d-degenerate graphs: H-
COL is polynomial if H is bipartite or contains Kg; otherwise H-COL is
N P-complete.

Prove that for graphs with maximum degree three, C5-COL is N P-complete.
Let U be the graph constructed in Proposition 1.24. Prove that for cubic
graphs, U-COL is polynomial time solvable.

Prove that for planar graphs, C5-COL is N P-complete.

[98] For graphs, the list H-colouring problem is polynomial time solvable if
H is a bipartite graph whose complement of H is a circular arc graph; and
is N P-complete otherwise. (A circular arc graph is an intersection graph
of a set of arcs on a circle [318].)

[25] Prove the following dichotomy theorem for tournaments H. If H is
acyclic, or has exactly one directed cycle, then H-colouring is polynomial
time solvable. If H has at least two directed cycles then H-colouring is
N P-complete.

[176] Find a polynomial time algorithm for the H-colouring problem when
H is any oriented cycle with nonzero net length. Find an oriented cycle H
of zero net length for which the H-colouring problem is N P-complete.
[209] A homomorphism f of a graph G to a graph H is locally bijective,
and G is a cover of H, if the neighbours of every vertex u in G are taken
bijectively to the neighbours of f(u) in H. (In particular, v and f(u) must
always have the same degree.) The H-cover problem asks whether or not
an input graph G is a cover of H.
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Prove that

(a) each Cy-cover problem is polynomial time solvable

(b) if H consists of ¢ cycles incident with one vertex but otherwise disjoint,
then the H-cover problem is polynomial time solvable

(c) if k > 3, then the Kj-cover problem is N P-complete.

[8,77] Let H be a graph with loops allowed. The problem of equitable H -
colouring asks whether or not an input graph G admits a homorphism f to
H such that the sizes of any two sets f~1(z),z € V(H), differ by at most
one element.

Prove the following dichotomy classification.

e If each component of H is a complete bipartite graph or a complete
reflexive graph, then the equitable H-colouring problem has a polynomial
time algorithm.

e Otherwise the equitable H-colouring problem is N P-complete.

[85] Let H be a graph. Prove the following dichotomy classification.

e If each component of H is a complete bipartite graph or a complete
reflexive graph, then the number of H-colourings can be found by a
polynomial time algorithm.

e Otherwise the problem of counting H-colourings is # P-complete.

[104] This exercise is restricted to reflexive digraphs; a reflexive digraph
is considered aycylic if it has no directed cycles other than the loops. A
homomorphism f of G to H is acyclic if each set f~1(x), x € V(H), induces
an acyclic subgraph of G. The acyclic H-colouring problem asks whether
or not an input digraph G admits an acyclic homomorphism to H. Prove
the following dichotomy classification.

e If H is acyclic then the acyclic H-colouring problem is polynomial time
solvable.
e Otherwise, the acyclic H-colouring problem is N P-complete.

[175] Prove that for an oriented path H we have G 4 H if and only if
there exists an oriented path P such that P — G but P /4 H.

[47] Recall the definition of a contraction from the last remarks in Section
1.3. Let H-CON denote the problem of deciding whether an input graph
G contracts to the fixed graph H.

Give polynomial time algorithms for K3-CON, K; 3-CON, and P»-CON;
prove that C4y-CON and P3-CON are N P-complete.

[94] Prove that for any fixed k one can decide in polynomial time whether
or not the achromatic number of an input graph G exceeds k. (See Exercise
16 in Chapter 1.)

If both G and k are part of the input, then show that it is N P-complete
to decide if G has a complete k colouring.
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[42] A near-unanimity function on H is a polymorphism f of H such that
fu1,ug,- - ,ux) = x if at most one wu; is not equal to x. The order of
the near-unanimity function is the order of the polymorphism, i.e., the
integer k. (Note that each near-unanimity function is idempotent, and a
near -unanimity function of order three is prescisely a majority function.)
Show that each reflexive chordal graph has a near-unanimity function.
(Hint: Use Algorithm 6.)

Show that a digraph H has a near-unanimity function of order k if and
only if every conflict with respect to H has at most k — 1 vertices.

[96] Show that for every bipartite graph H there exists a reflexive graph H’
such that H-RET and H'-RET are polynomially equivalent. Deduce that
dichotomy for reflexive retraction problems would imply dichotomy for all
constraint satisfaction problems.

[330] Let H be a reflexive chordal graph. Prove that if the consistency
check (Algorithm 2) succeeds for a graph G with connected lists L, then
there is a list homomorphism of G to H (with respect to the lists L). (Hint:
Consider, in each final list L*(u), the first vertex in the perfect elimination
ordering of H.)

[223] Prove that the class A of reflexive graphs that admit a near-unanimity
function is a variety.

Let B be the class of reflexive graphs G with the following property: when-
ever GG is a subgraph of H such that the retraction consistency check suc-
ceeds, then G is a retract of H. (The retraction consistency check is the
consistency check in which the lists are as follows: the list of each u € V(G)
is L(u) = {u}; all other lists are L(z) = V(G).)

(a) Prove that B is a variety.
(b) Prove that A C B.
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COLOURING-—VARIATIONS ON A THEME

The usual graph colourings are homomorphisms to complete graphs. They have
an extensive literature and constitute a basic part of graph theory. One of the
reasons that complete graphs offer a convenient scale is the fact that

Ki< Ko< Kyg<---.

(Recall that G < H stands for G — H and H /4 G.) In this chapter we shall look
at a number of variants of colouring that have been proposed, and sometimes
investigated without direct connection to homomorphisms, and illustrate the
utility of viewing them under the umbrella of the homomorphism framework.
(All these variants turn out to be homomorphisms to other special targets.)

In general, one can choose, instead of the family K,,,n € N, any fixed fam-
ily F of graphs, and investigate the largest or smallest (in some order) mem-
ber of F to which a given graph admits a homomorphism. In the first section,
we consider circular colourings, which are homomorphisms to a family of ra-
tional (or circular) complete graphs K,,q,p,q € N. In the second section, we
consider multicolourings, i.e., homomorphisms to the family of Kneser graphs
K(n,k),n,k € N. A discussion of T-colourings, oriented colourings, and acyclic
colourings completes the chapter. We argue that the uniting thread to all these
variants of colouring is the common perspective of graph homomorphisms.

6.1 Circular colourings

As noted above, we can view the family F = K; < Ko < --- as a scale that
allows us to associate to each graph G a positive integer—the chromatic number
of G—which in some sense measures the homomorphism capabilities of G. Just as
the set of natural numbers can be extended to the set of rationals, we can extend
F to a larger family, allowing us to measure the homomorphism properties of G
more finely.

Let us begin by refining the scale only for graphs that have chromatic number
three. There we have a natural calibrating family—namely the family of odd
cycles Cox41, k > 1, which satisfies

C3>Cs>Cr>---.

Each graph G with x(G) = 3 admits a homomorphism to Cs; on the other hand
G contains some odd cycle Cyj41, and hence does not admit a homomorphism
to any longer odd cycle. Thus there exists a largest odd cycle Cy.41 to which

192
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G admits a homomorphism. The larger the value ¢, the closer (in a sense) the
graph G is to being bipartite, and hence we choose to associate with G a more
specific ‘chromatic number’, namely 2 + 1/c.

To apply this way of thinking to graphs G with an arbitrary chromatic
number, we define the following family of calibrating graphs K, ,,, where p, q
are integers with 0 < ¢ < p. The rational complete graph K,,, has vertices
{0,1,---,p— 1} and edges {ij : ¢ < |i — j| < p—q} (cf. Fig. 6.1). Note that
K, /4 does not have any edges unless p > 2q, that K,/ is isomorphic to K, and
that K(sx41)/k is isomorphic to the odd cycle Cary1. Hence the family of ra-
tional complete graphs contains both the calibrating family of ‘integer complete
graphs’ K; < K5 < ---, and the calibrating family of odd cycles C5 < C5 < ---.

Denote |z|, = min{|z|,p — |z|}. Then |i — j|, is the circular distance between
the vertices ¢ and j on the circle with vertices {0, 1,--- ,p—1}. It is easy to verify
that ¢ < |i — j| < p — ¢ if and only if |i — j|, > ¢. In particular, the existence of
an edge ij in K/, depends only on the circular distance of ¢ and j. Graphs with
this property are called circulants, since their adjacency matrices are circulant
matrices. Our rational complete graphs K),/, are ‘large-step’ circulants, as the
circular distances that correspond to edges are precisely the distances which
are at least g. We note for future reference that each K, ., as all circulants, is
vertex-transitive.

0

3 2

F1G. 6.1. The rational complete graph Ks /5.

A homomorphism of G to K/, will be called a (circular) (p/q)-colouring of
G. Recall that K1 = K}, so a (p/1)-colouring is just a p-colouring in the usual
sense. Hence the set of all (p/q)-colourings of a graph enriches the set of all its
p-colourings. We call a graph (p/q)-colourable if it admits a (p/q)-colouring, and
define the circular chromatic number of a graph G, written as x.(G), as

Xc(G) = inf {I—; :Gis (p/q) — Colourable} .

Early papers refer to this concept as the star chromatic number, as the rational
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complete graphs can be nicely drawn in the shape of stars, cf. Fig. 6.1. The
vertex-transitivity of K/, implies that in a (p/q)-colouring we can arbitrarily
pick a vertex and colour it 0.

We have the following monotonicity property of the circular chromatic num-
ber (as in Corollary 1.8).

Proposition 6.1 If G — H, then x.(G) < x.(H).

Proof By definition, x.(G) is the infimum of all fractions p/q such that G —
K, It G — H, then H — K/, implies G — K,,/,, whence the conclusion.
O

In particular, we see that homomorphically equivalent graphs have the same
circular chromatic number.

An isomorphism of K 4,41) /1 to Cary1 can be viewed as a (2k+1, k)-colouring
of Cory1. We illustrate this in Fig. 6.2.

0

1 4
F1a. 6.2. A (5/2)-colouring of Cs.

Thus for any k, x.(Cort1) < 2+ 1/k. We shall soon prove that, in fact,
Xc(Caky1) = 2+ 1/k, Corollary 6.5. In particular we see that x.(G) could be
smaller than x(G), and arbitrarily close to x(G)—1. (Corollary 6.11 will establish
that it cannot be equal to x(G) — 1 or smaller.)

On the other hand, for complete graphs we have the following equality.

Proposition 6.2 y.(K,) = x(K,) =n.

Proof The fact that x.(K,) < x(K,) = n is obvious, since each n-colouring
is an (n/1)-colouring. Hence suppose that K,, admits a (p/q)-colouring, and let
¢t =0< ¢y < - < ey, be the colours of the vertices of K,,. Since we must have
each ¢;y1—¢; > q, as well as ¢, —c¢; < p—q, we conclude that (n—1)q < ¢, < p—g,
whence p/q > n. O

We begin by investigating the existence of homomorphisms amongst the
graphs K, /4. One important property of the family of complete graphs K,, was
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that K, — K, if and only if n < n’. Fortunately, we have a similar property
for the family of rational complete graphs.

Theorem 6.3 Let p/q > 2. Then K, ;; — Ky o if and only if p/q < p'/q’.

Proof The necessity of the condition will be proved using the No-Homomorphism
Lemma, i.e., Corollary 1.23. (Recall that each K/, is vertex-transitive.) Thus
we will need to know the independence number of K, /.

Claim The independence number of K, /4 is q.

The g vertices 0,1, -+ ,g—1 are independent in K, /,, therefore, the independence
number is at least g. On the other hand, any independent set S in K/, must be
included in the set {i —¢+1,i —q+2,--- 5,0+ 1,i+2,--- i+ q— 1}, for any
i € S. Moreover, for any j = 1,2,--- ,¢g — 1, S can contain at most one of the
adjacent vertices i — g + j, 7 + j. Therefore S has at most ¢ elements.

Since the independence ratio of K/, is ¢/p, there can be no homomorphism
Ky /q to Ky if p/q > p'/q' by the No-Homomorphism Lemma, Corollary 1.23.
If p/q < p'/q’, then we define f(i) = |iq'/q]. It is easy to see that for any
i <p-—1, wehave f(i) < p’ — 1, and a straightfoward calculation shows that if
qg<|i—j| <p—gqthen ¢ <|f(i)— f(j)] <p' — ¢ Thus f is a homomorphism
of Kp/q to Kp’/q" O

Of particular interest is the conclusion that K, /, and K, /o, with p/q = p'/q’
are homomorphically equivalent. This allows us to consider only (p/q)-colourings
with p, ¢ relatively prime, and speak meaningfully (up to homomorphic equiva-
lence) of rational complete graphs as K., where r is any rational r > 1. More
precisely, we shall write K, to mean K, ,, where p,q are relatively prime and
T =p/q.

We now return to the notion of the circular chromatic number. Since we have
shown that K, does not admit a homomorphism to any K, with v’ < r, we have
also the following fact.

Corollary 6.4 For each rational number r > 2, we have

Xe(Ky) =1
Applying this to r» = (2k + 1) /k, we obtain the following.
Corollary 6.5 For any odd cycle, x.(Cop+1) =2+ % O

A crucial property of x. is that the infimum in its definition is always attained,
i.e., can be replaced by minimum.

In order to obtain this result, we shall first analyse how deleting a vertex from
K, 4 affects its circular chromatic number. When ¢ = 1, we are deleting a vertex
of K, and obtain K,_1, lowering the chromatic (and circular chromatic) number
by one. For general values of ¢, the amount by which the circular chromatic
number is lowered can be calculated as follows. If integers p and g are relatively
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prime, with ¢ > 1 and p > 2¢q, then there exist unique positive integers p’ and ¢’
with 0 < p’ < p,0 < ¢’ < g such that pq’ — gp’ = 1. Note that it follows that
P _p 1

¢ q qq’

/

It turns out that the amount by which the circular chromatic number of K, , is
lowered after a deletion of a single vertex, is exactly the quantity 1/¢q’. Note that
the vertex deleted, which we call z, is arbitrary, since K/, is vertex-transitive.

Lemma 6.6 Let p and q be relatively prime, and p/q > 2. Let p' and ¢ be the
unique integers with pqg' — qp’ = 1, where 0 < p’ < p and 0 < ¢’ < q. Then for
any verter x, the graph K, ,; — x is homomorphically equivalent to K, . In

particular, we have
/

p
Xe(Kpq — ) = ?

Proof It suffices to prove the first statement, as homomorphically equivalent
graphs have the same circular chromatic number, and we have already established
that (K, /q) = p'/q. Consider first the sequence of vertices

07Q+172Q+17 ﬂ(p/_l)Q+17

of K,/4, reduced modulo p. When the vertices of K,,/, are drawn around a circle,
as in our figures, this sequence winds around the circle ¢’ times, since p’g+1 = pq’.
On the other hand, the sequence 0, ¢’,2¢’,- - - , (p’'—1)¢’ enumerates all vertices of
Ky g, and also winds around a corresponding circle ¢’ times. It is easy to check
that assigning the i-th terms of the sequences to each other is an isomorphism
between K, /. and the subgraph of K, /, induced by the vertex set X consisting
of0,g+1,2¢+1, -+, (p'—1)g+1. Note that ¢ ¢ X. We shall construct a retraction
of K/, — q to its subgraph induced by X. This will mean that K,,, — ¢, and
hence any K/, — ¥, is homomorphically equivalent to K/ .. The retraction
[ assigns to each vertex y of K, /4, different from ¢, the largest integer of X
smaller than or equal to y. It is a routine exercise to check that if y < 3’ have
y+q<y <y+p—gq, then f(y) +q < f(y') < f(y) + p — ¢, so that adjacency
is preserved. Since f(y) =y when y € X, we have indeed a retraction. |

Since p’/q' < p/q, we are in position to observe another similarity between
colourings by (integer) complete graphs K, and by rational complete graphs K.

Corollary 6.7 If G admits a (p/q)-colouring that does not use every colour
0,1,---,p— 1, there exists a (p'/q')-colouring of G with p’ /¢’ < p/q, which does
use every colour.

Proof A (p/q)-colouring of G that does not use every colour is a homomorphism
[:G — K, q—, for some vertex x. The composition of f with a homomorphism
g:Kpjq—x— Ky is a (p'/q')-colouring of G with p’/q’ < p/q and p’ < p. If
this colouring does not use every colour, we can further decrease the ratio p'/q’.
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As the integer p’ strictly decreases at each step, the process must terminate, with
a colouring which does use every colour. O

By Corollary 6.7, to determine the circular chromatic number of a graph with
n vertices, we only need to consider (p/q)-colourings with ¢ < p < n. As there
are only finitely many such pairs (p, ¢), the infimum is always attained and hence
can be replaced by minimum.

Corollary 6.8 For a graph G on n vertices, we have
. p
Xe(G) = mm{— :p<n,G— Kp/q}
q

In particular, x.(G) is a rational number, and its computation is a finite problem.
We can now conclude the following fact from Theorem 6.3.

Corollary 6.9 If x.(G) <r, then G — K,. O
Using Proposition 6.1 we also conclude the following.

Corollary 6.10 x.(G) <2+ 1/k if and only if G — Capy1- O
We also obtain the following inequalities.

Corollary 6.11 x(G) — 1 < x.(G) < x(G)

Proof The upper bound follows from the definitions. We prove the lower bound
by contradiction. Suppose x.(G) < x(G) — 1. By Corollary 6.8, G admits a p/g-
colouring with p/q < x(G) — 1. Theorem 6.3 implies that K/, — K. where
¢ = x(G) — 1, and by composition we also have G — K., a contradiction. o

Thus x(G) is exactly the ceiling of x.(G).

In particular, two graphs of the same chromatic number may have different
circular chromatic numbers, and hence the circular chromatic number provides
us with a much ‘finer scale’ of colourability.

We conclude this section by presenting two equivalent definitions of x..

Let C be a circle of length r. A C-colouring of a graph G is an assignment
of unit length open arcs of C' to the vertices of GG, so that adjacent vertices are
assigned disjoint arcs.

Theorem 6.12 Let G be a graph, and let R be the set of all real numbers r such
that G admits a C-colouring for a circle C of length r. Then x.(G) = inf R.

Proof Suppose G is a graph. It suffices to prove that for any rational number
r = p/q, there exists a C-colouring of G for a circle C of length r if and only if
there exists a (p/q)-colouring of G. We may view C' as obtained from the interval
[0, 7] by identifying the two ends. Thus each point of C' is associated with a real
number ¢t with 0 < ¢ < r.

Suppose G admits a C-colouring ¢, with a circle C of length r. For each
vertex = of G, let ¢~ (x) be the counterclockwise endpoint of the associated arc
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c(x). Then for any edge zy of G we have 1 < |¢™(z) — ¢ (y)] < r — 1. Let
¢:V(G) —{0,1,--- ,p— 1} be defined as ¢(z) = |¢ (z)q|. Then for any edge
xy of G, q¢ < |p(x) — d(y)| < p—q. Hence ¢ is a (p/q)-colouring of G. Conversely,
given a (p/q)-colouring ¢ of G, we define a mapping ¢~ : V(G) — [0,7) as
¢ (z) = ¢(z)/q. Then for any edge zy of G, we have 1 < |¢™(2) —c (y)] <r—1.
Let each ¢(z) be the unit length open arc with counterclockwise endpoint ¢~ ().
It is easy to see that c is a C-colouring of G where C has length r. O

This reformulation of x.(G) is very appealing, as it can be shown (Exercise
12) that when the circle is replaced by a line segment, and the circular arcs also
by line segments, we obtain an equivalent definition of the ordinary chromatic
number x(G). Thus the circular chromatic number is truly a ‘circular’ version
of the usual chromatic number.

Recall that an orientation of a graph G is a digraph, say G , obtained from G
by assigning a unique direction to each edge of G. The orientation G is acyclic
if it contains no directed cycle.

Let C be a cycle of G, and choose a fixed direction around C. For any orien-
tation G of G, we denote by C7T the set of arcs of G that are in C in the forward
direction, and by C'~ the set of arcs of G that are in C in the backward direction.

Theorem 6.13 When G is a forest, x.(G) = 2. Otherwise (G contains a cycle),
Xc(G) is the minimum, over all acyclic orientations G of G, of the maximum,
over all cycles C' of G, of

g Al

(ol

Proof Suppose x.(G) = p/q and cis a (p/q)-colouring of G. Let G be obtained
from G by orienting each edge xy from x to y just if ¢(x) < ¢(y). Clearly, G is
an acyclic orientation of G. Then each edge zy of G has g < cly) —c(z) <p—gq.
If Cis a cycle of G and e = zy an edge of C, we let f(e) = c(y) — c(x).
Then 3 co+v fl€) = Yeec- fle)- As 3 oco+ fle) = |CFlg and 3 - f(e) <
|C~|(p — q), we conclude that

Conversely, suppose Gisan acyclic orientation of G. We may define an integer
mapping c on the vertices of G as follows. For each oriented walk W in G et W
and W~ be the sets of forward edges and backward edges of W, respectively,
and let f(W) = ¢|W*| — (p— q)|]W~|. For each vertex z of G, let

c(x) = max{f(W) : W is a walk of G that ends at x}.

Since for every cycle C' of G we have |CF|/|C™| < (p — q)/q, it will suffice
to consider only oriented paths W. (Revisiting a vertex results in no greater
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value of f(W).) There are only finitely many oriented paths, and hence ¢(x) is
well-defined.

Suppose zy is an arc of G and c(z) = f(W), where W is a walk of G that
ends at . Then the concatenation W (zy) is a walk that ends at y. Hence c(y) >
fW(zy)) = f(W) +q, ie., c(y) — c(z) > q. If c(y) = f(A), for a walk A that
ends at y, then A(yz) is a walk of G that ends at x. Hence ¢(x) > f(A(yz)) =
f(A) = (p—q), ie., c(y) —c(x) < p—q. Let ¢(x) be the value congruent to c(z)
modulo p, which lies between 0 and p — 1. Then ¢ is a (p/q)-colouring of G.
O

We can now easily derive Theorem 2.52.

Corollary 6.14 A nearly bipartite graph always retracts to any shortest odd
cycle.

Proof Recall that a graph G is nearly bipartite if it admits an orientation Gin
which each cycle has net length at most one. If the minimum length of an odd
cycle in G is 2k + 1, then the greatest ratio of [CH|/|[C7|+1is (k+1)/k+1=
2+ 1/k. Thus x.(G) <24 1/k and hence G — Caj41. Since Caxy1 is a core, a
homomorphism of G to Coy1 followed by a suitable isomorphism is a retraction
of G to any shortest odd cycle H in G. O

Note that the expression in the theorem, 1 + |C*|/|C~|, can also be writ-
ten as |C|/|C~|. We also derive the following well-known property of the usual
chromatic number.

Corollary 6.15 The chromatic number x(G) is the minimum, over all acyclic
orientations G of G, of the maximum, over all cycles C' of G, of

IC Jﬂ
e+ i
Theorem 6.13 allows us to connect the circular chromatic number to a mea-
sure of concurrency used in heavily loaded resource-sharing systems. In such
a system, a process is represented by a vertex and two vertices are adjacent
whenever the two processes share a resource. In this way, we obtain a graph G
representing the resource-sharing system. Two adjacent vertices (corresponding
to processes sharing a resource) cannot operate concurrently. In a synchronous
model of of such a system (where a common clock controls all processes), a
schedule chooses, at each time period, an independent set of vertices to operate.
However, in order to ensure fairness in a heavily loaded system (dense graph),
it is assumed that a vertex which has just operated will not operate again until
all its neighbours have had their turns. To avoid deadlocks, schedules operate
by choosing an acyclic orientation G of the graph G, and operating on a set of
sinks (vertices of outdegree zero) in G.
Suppose X is an acyclic digraph and Y a set of sinks in X. If all arcs of X
incident with each y € Y are reoriented to lead out of y (so that y becomes a
source), we say that Y has been reversed in X.
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Lemma 6.16 If X is an acyclic digraph, and Y a set of sinks in X, then the
digraph X' obtained from X by reversing Y is also acyclic.

Proof Any directed cycle of X’ is not a cycle of X; thus it contains a vertex
y € Y. Note that the neighbours of y on the cycle are not in Y, since Y is an
independent set in X. Therefore, y was a sink in X, and hence is a source in X’,
which is impossible. O

Suppose G is a graph, with n vertices, representing a resource sharing system.
Formally, a schedule on G consists of an infinite sequence of acyclic orientations
Go, Gl, Gg, - of G, where each Gz—i—l is obtained from G by reversing a set of
sinks, denoted by S;. A vertex v of G that belongs to the set .S; is said to be
active in the i-th time interval; let A(v, k) denote the number of times vertex v
has been active in the first k£ time periods. The concurrency of a schedule is the
upper limit, as k tends to infinity, of the expression

> Av,k).

n
veV(G)

A schedule that operates by choosing an initial orientation and then reversing
one sink at a time does not seem to have a high degree of concurrency. It is in
fact easy to see that ZUGV(G) A(v, k) = k for all k, thus its concurrency is zero.

The highest concurrency of a schedule starting from a given acyclic orien-
tation Gy can be shown to be achieved when at each stage all the sinks are
reversed. Moreover, its concurrency can be shown to be computed as follows.

Theorem 6.17 [28] The mazimum concurrency of a schedule on G, starting
with a given acyclic orientation Gy, is equal to the minimum, over all oriented

cycles C in Gy, of |C~|/|C].

Let conc(G) denote the highest concurrency of any schedule on G. We have
the following consequence of the last two theorems.

Corollary 6.18
1

XC(G).

conc(G) =

6.2 Fractional colourings

One of the most natural generalizations of colouring consists of assigning to
each vertex, instead of just one colour, a set of k colours, and requiring that
adjacent vertices obtain disjoint sets of colours. Such an assignment is called a
k-tuple colouring, or a k-tuple n-colouring if a total of n colours is used. (We
shall always assume that 0 < k < n.) Obviously, a 1-tuple n-colouring is just the
usual n-colouring. Figure 6.3 illustrates a pairwise (2-tuple) five-colouring of the
pentagon Cs.

It is again easy to see that these multicolourings are homomorphisms to
suitable target graphs. Let K (n, k) denote the graph with vertex set consisting
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12

45 34

23 51

Fia. 6.3. A pairwise five-colouring of Cs.

of all k-element subsets of X = {1,2,---,n} (occasionally we shall choose a
different ground set X of n elements), and with two vertices adjacent just if the
subsets are disjoint. Then a k-tuple n-colouring of G is exactly a homomorphism
of G to K(n,k). These calibrating graphs K(n,k) are called Kneser graphs.
Kneser graphs contain the corresponding rational complete graphs.

Proposition 6.19 The rational complete graph K, ,, is isomorphic to an in-
duced subgraph of the Kneser graph K (p,q).

Proof Take for the ground set of K(p, q) the set X = {0,1,--- ,p—1}. It follows
from the definitions of K/, and K(p,q), that the mapping that assigns to each
vertex x = 0,1,---,p—1of K, /, the g-tuple {z,z+1,--- ,x+q—1} of K(p,q)
(addition is modulo p), is an isomorphism of K/, to the subgraph of K(p,q)
induced by these ‘circularly consecutive’ g-element subsets. For instance, in Fig.
6.4 we show (by heavier edges) how the graph K7/, can be viewed as a subgraph
of K(5,2). O

The fractional chromatic number of G, denoted x;(G), is the infimum of
the fractions n/k such that G admits a k-tuple n-colouring. The above figure
illustrates the fact that the fractional chromatic number of the pentagon is at
most 5/2. In fact we shall soon see that it is exactly 5/2, Corollary 6.25. For
a fixed k, the minimum n such that G admits a k-tuple n-colouring is called
the k-tuple chromatic number of G, and denoted x*(G). Therefore, x((G) =
infx*(G)/k.

We conclude from Proposition 6.19 the following lower bound on x.(G) (the
upper bound is from Corollary 6.11).

Corollary 6.20 For each graph G, x;(G) < x.(G) < x(G). O

Since x7(G) is the infimum of the fractions n/k such that G — K(n, k), we
again have monotonicity of the fractional chromatic number in the homomor-
phism order, as in Proposition 6.1 and Corollary 1.8.
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12

45 34

'

23 15

F1G. 6.4. The Petersen graph K (5,2) contains K5/, as an induced subgraph.

Proposition 6.21 If G — H, then x;(G) < xs(H). O

The fractional chromatic number is the solution of a natural linear program.
We begin by formulating the ordinary chromatic number as a 0, 1 linear program.
Let G be a graph, and for each independent set I C V(G) let 21 be a 0, 1 variable.
An n-colouring of G is a set of n independent sets I which partition V (G). If we
choose values x; = 1 for the chosen sets I and values x; = 0 for the other sets
I, we have a solution to the system

E Ty =n
I

D ar=1, forallveV(G).
vel
The first equation indicates that exactly n independent sets I have been chosen.
The second set of equations indicates that each vertex v of G is in ezactly one
chosen independent set. Conversely, any 0,1 solution to the above equations
corresponds to an n-colouring of G.
Thus we obtain the following result.

Theorem 6.22 The chromatic number x(G) of a graph G is equal to the opti-
mum value of the integer linear program

min E Ty
I

Zx; =1, for all v € V(G)

vel
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r; = 0,1, for all I independent.
O

Consider now the continuous relazation of this integer linear program. What
will be the effect of relaxing the constraint z; = 0,1 to xy > 07 Clearly, we
should never need to make a value x; greater than one, thus we can take the
value z; to mean the ‘degree’ to which the independent set I is to be taken.
This view is aided by the fact that a linear program with integer coefficients is
known to have an optimum with rational values of the variables [66]. Consider
then a rational optimum z, I independent, of our linear program. (Our program
is feasible and bounded, and hence does have an optimum.) We may assume that
all fractions x; have the same denominator k. By multiplying through by k& we
make sure that all values of z; are integers. If the sum

>
1

has value n then we have chosen n independent sets I, with repetition allowed,
which cover each vertex of G exactly k times, i.e., we have a k-tuple n-colouring
of G. Since we multiplied by k, the original fractional solution has value n/k.
On the other hand, it is clear that any k-tuple n-colouring of G gives rise to a
feasible solution of the linear program: it corresponds to n independent sets I
covering each vertex k times, so if each variable x; is set to 1/k we obatin a
feasible solution of value n/k. Therefore we have the following conclusion.

Theorem 6.23 The fractional chromatic number of a graph G is the minimum
fraction n/k such that G admits a k-tuple n-colouring. In particular, x;(G) is
always a rational number. O

Before leaving linear programs behind, we observe that we can change our

program to
min E Ty
I

le > 1, for all v € V(G)

vel

xy > 0, for all I independent,

without changing its solution. Indeed, any solution of this modified program can
be changed to be a solution of the original program as follows. Whenever a vertex
v has ) ;x; > 1 we decrease the value of some xy, I independent, v € I, and
increase by the same amount the value of 2;_, (subset of an independent set is
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again independent). This modified program is in the standard form [66], and its
dual can be formulated as follows.

max Z Yo
v

Zyv < 1, for all I independent
vel

yp > 0, for all v € V(G).

This linear program assigns nonnegative values y, to vertices v of G, so that the
sum of the values over any independent set is at most 1, and tries to maximize
the total sum of values. Clearly, if all values y, are integers, i.e., 0 or 1 (given the
constraints), the set of vertices v with y,, = 1 will define a maximum clique in G.
Thus the solution to this linear program is called the fractional cligue number of
G.

The importance of the fractional clique number is that it allows us to obtain
lower bounds on x;(G). Indeed, any solution y,,v € V(G), of the dual linear
program yields the lower bound ) v, < x;(G). (We are using a well-known
property of primal and dual linear program [66].)

Corollary 6.24 Suppose G is a graph with n vertices and independence number
«. Then
xf(G) =

Q13

Corollary 6.25 For every integer k > 1

Xf(Cory1) =2+ 1/k.

Proof Since Cori1 = K(opy1)/k, We have x(Cory1) < Xe(Corg1) = 2+ 1/k.
(A k-tuple 2k + 1-colouring of Cak41 is illustrated, in the case k = 2, in Fig 6.3.)
On the other hand, x(Car+1) > (2k + 1)/k by Corollary 6.24. O

At this point it would be nice to describe explicitly when K (n, k) — K(n'/, k).
Unfortunately, this turns out to be a difficult problem. Figure 6.5 illustrates the
homomorphisms that are known to exist. To avoid trivialities, we shall only
consider Knese graphs K(n, k) with n > 2k.

Proposition 6.26 For all integers n, k, with n > 2k and k > 1,

1. K(n,k) - K(n+1,k)
2. K(n,k) — K(tn,tk), for every positive integer t
3. K(n,k) = K(n—2,k—1), for k> 1.
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K(9,4) — K(10,4)—=K(11,4)— K(12,4)—= K (13,4)—=

|

K(3,1) —= K(4,1) — K(5,1) —= K(6,1) — K(7,1) —=

FiG. 6.5. Homomorphisms among the Kneser graphs.

Proof Statement 1 is obvious from the definition, as K(n,k) is actually a
subgraph of K(n + 1,k), if the ground sets are taken to be {1,2,--- ,n} and
{1,2,--+,n,n+ 1} . Statement 2 is best seen if the ground set of K (n,k) is as
above, but the ground set of K (tn,tk) is taken to be {1,2,--- ,t} x {1,2,--- ,n}.
This allows us to map each vertex {x1,z2, -+ ,2zr} of K(n,k) to the vertex
{1,2,-- ,t} x{x1, 22, - ,xx} of K(tn,tk). This is easily seen to be a homomor-
phism. To prove 3, we shall transform each k-element subset A of {1,2,--- n}
into a (k — 1)-element subset A’ of {1,2,---,n — 2}, in such a way that disjoint
sets remain disjoint after the transformation. The first idea for such a transfor-
mation might be to simply eliminate the largest element of A. Unfortunately,
this will not eliminate both n and n — 1 from those sets A that contain both of
them (but will work fine for all other sets A). Hence we define A’ as follows.

If A does not contain both n and n — 1, then A’ = A — maxA. Otherwise
A'=A—{n,n—1}U{z}, where z is the maximum element absent from A.

It only remains to prove that 4; N Ay = O implies A} N A, = @. If not,
it could only have been the process of adding = that created an intersection.
Obviously both sets A, As could not have been added to (only one can contain
n,n—1), so suppose x was added to Aj, but already lies in Ay. Then it is easy to
see that x must have been the largest element of As and hence does not belong
to Aj. O

It seems possible that no other homomorphisms amongst the Kneser graphs
exist, apart from the above three kinds and their composition (as illustrated in
Fig. 6.5). As always, the nonexistence of homomorphisms is harder to demon-
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strate. An easy case is the following.
Proposition 6.27 If2 < n'/k' <n/k, then
K(n,k) /A K(n', k).

Proof According to the Claim in the proof of Theorem 6.3, the independence
ratio of K,/ is k/n. Proposition 6.19 implies that K/, — K(n,k), and hence
i(K(n,k)) < i(K,/k) = k/n, by the No-Homomorphism Lemma (Corollary
1.23). On the other hand, the set S of all k-tuples of {1,2,--- ,n} which contain
the element 1 forms an independent set in K (n, k), with (Zj) vertices, whence
the independence ratio is i(K (n, k)) = k/n.

Since each (K (n,k)) = k/n, the result follows by one more application of
the No-Homomorphism Lemma. O

Note that in the proof above we have derived the following fact, known as (a
part of) the Erdés-Ko-Rado Theorem [91].

Corollary 6.28 The independence number of the Kneser graph K(n,k) (with
n > 2k) is (z:i) O
Proposition 6.1 is a useful tool to demonstrate nonexistence of certain homo-
morphisms amongst the Kneser graphs. (Equivalently, the No-Homomorphism
Lemma, Corollary 1.23, can be used, cf. Exercise 14.)
The strongest result on the nonexistence of homomorphisms amongst the
Kneser graphs is the following theorem of Lovéasz.

Theorem 6.29 For every n,k,n > 2k
X(K(n,k)) =n—2k+ 2.

Proof The fact that x(K(n,k)) < n — 2k + 2 follows from Proposition 6.26,
since

Knk)—- Kn—-2k—1) - Kn—-4,k—2)---— K(n—2k+2,1).

Thus the difficult part of the theorem is equivalent to showing that K(n,k) 4
K(n—2k+1,1). Lovész’s proof, and most subsequent proofs of this result used
topology (either directly or indirectly), usually in some form of Borsuk’s Antipo-
dal Theorem [235]. We shall use the following geometric result, which is an easy
consequence of Borsuk’s Antipodal Theorem [235].

Lemma 6.30 [79] Assume that, for each i = 1,2,--- /d, we have a family C;
of compact convex sets in d-space which does not contain two disjoint sets. Then
some hyperplane intersects all sets of all families C;.

The trick in applying this geometric lemma is to choose for K (n, k) the base
set X of n points in general position in d-space. Then each vertex v of K(n, k)
corresponds to a finite set S, in d-space, and the convex hull C, of the set S, is
a compact convex set.
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Suppose now that there is a homomorphism f : K(n, k) — K4, and consider
the associated partition Fy, Fa,---, Fy of V(K (n,k)) into independent sets of
K(n,k). For each ¢ = 1,2,--- ,d, let C; denote the set of all C,,v € F;. Since
F; is an independent set, no two such C, can be disjoint (since no two S,’s can
be disjoint). According to the geometric lemma, some hyperplane P intersects
all Cy,v € V(K (n,k)). Since the base set X of n points was chosen in general
position in d-space, P can contain at most d of them, and so one of the two
halfspaces determined by P contains at least (n —d)/2 points. Thus (n—d)/2 <
k — 1, else some k-element subset S, of X (and hence also the corresponding
C,) would have been disjoint from P. However, this inequality implies that d >
n — 2k + 2, as claimed. O

Corollary 6.31 Ifn' — 2k’ < n — 2k then K(n,k) / K(n', k).

These results go some way towards proving that there are no homomorphisms
amongst the Kneser graphs other than those illustrated in Fig. 6.5. Each row in
the figure contains all K (n, k) with a fixed k; each column contains all K (n, k)
with a fixed value of n — 2k. The three kinds of homomorphisms from Proposi-
tion 6.26 go to the right (corresponding to item 1 of the proposition), or down
(corresponding to item 3), and go from K(n,k) to all K(tn,tk) (item 2). The
last corollary implies that there can be no homomorphism from a graph in one
column to any graph in a column to the left. Proposition 6.27 implies that no
homomorphisms can be any ‘steeper’ than those of Proposition 6.26, item 2. We
illustrate the situation again in Fig. 6.6.

From K (n, k) there is a homomorphism to K((t — 1)n, (t — 1)k), and hence
to all Kneser graphs below and to the right of K((t — 1)n, (t — 1)k); there is
also a homomorphism to K (tn,tk), and to all Kneser graphs below and to the
right of K (tn,tk). It is also known that there are no homomorphisms of K (n, k)
into any Kneser graphs on the hypotenuse of the marked triangle, i.e., that
K(n,k) 4~ K(n',k') when n/k = n’/k' > 2 and k does not divide k', Exercise
13. Since no homomorphisms can go to the left, or any steeper than those to
K((t — 1)n,(t — 1)k) and K (¢n,tk), this leaves open just the marked triangle.
(There is one such triangle for each value of ¢t > 2.) The general belief is that
K (n, k) does not admit homomorphisms into the interior of the marked triangle,
for any values of t,n, k with t > 2,n > 2k, k > 1. Clearly, it suffices to prove that
K (n, k) is not homomorphic to the Kneser graph in the lower right corner of the
triangle, since all others are homomorphic to it. In other words, the following is
the most natural conjecture.

Conjecture 6.32
K(n,k) /A K(n—2k+1,tk —k+1).

There is another important connection between the rational complete graphs
K/, and the Kneser graphs K (p, q).

We say that two k-tuples of nonnegative integers x; < xo < --- < x and
Y1 < y2 < - < yg are interlaced, if 1 < y1 < 2 < Yo < -+ < xR < Y OT



208 COLOURING

K(tn,tk)

|

K(th—-2,tk-1)

|

|

—= K(tn—2k+1tk—k+1) +—= K(tn—2k+2tk—k+1)
|

|

K(t=Dn,(t-Dk) —= - —= K(tn-2k-1tk—k) —= K(tn—2k tk—k)

K(n,k)

F1a. 6.6. Homomorphisms from the Kneser graph K (n, k).

Y1 < o1 < Yo < To < -+ < yp < . An interlaced k-tuple n-colouring of G is
an assignment of k-tuples of integers from 0,1,--- ,n — 1 to the vertices of G
such that adjacent vertices obtain interlaced k-tuples. Of course, an interlaced
k-tuple n-colouring of G is a homomorphism of G to an obvious target graph:
I(n, k) s the spanning subgraph of K (n, k) (that is, one containing all the vertices
of K(n,k)), in which two k-tuples are adjacent just if they are interlaced. The
interlaced chromatic number of G, denoted x;(G), is the infimum of the fractions
n/k such that G admits an interlaced k-tuple n-colouring.

Recall that K/, is (isomorphic to) an induced subgraph of K (p, q) (Proposi-
tion 6.19), i.e., contains some vertices of K (p,q) and all edges between them. In
contrast, I(p,q) contains all vertices of K(p,q) and some edges between them.
Yet, surprisingly, the two graphs turn out to be homomorphically equivalent,
and so the interlaced chromatic number and the circular chromatic number are
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equal.

Theorem 6.33 The graphs K, ,, and I(p,q) are homomorphically equivalent,
forall1 < q <p.

Proof We first construct a homomorphism f : K,,, — I(p,q). For each = €
{0,1,--- ,p—1}, we set f(x) to be the g-tuple

< [z ot

q q q

To see that this is a homomorphism, we shall show that if ¢ < |z —y| < p — g,
then the two g-tuples f(z) and f(y) are interlaced. Indeed, for any ¢ we have

15220225 s o]

Now we shall construct a homomorphism g : I(p, q) — K,/4. We shall com-
pare each g-tuple X = 21 < @2 < -+ < x4 of I(p,q) to the ‘evenly spread’
rational numbers p/q < 2p/q < --- < p. The image g(X) is defined to be the
product ig (reduced modulo p), with i being the subscript where i(p/q) — x; is
minimized (ties are broken arbitrarily). To see that this is a homomorphism, we
shall show that if X =21 <22 < --- <zgand Y =y; < ya < -+ < yq are
interlaced, say 1 < y1 < 2o < Y2 < +-- <z < Yk, and if ¢ minimizes i(p/q) — z;
and j minimizes j(p/q) — y;, then we must have

a<|(i—-j)a <p—q

(modulo p).
Assume first that ¢ < j. The minimality of ¢ and j implies that

.p . p
i——x; < (F+1)= —wj0
q q

and
2 —Yj <i —y,
q q
ie.,
(J—9)p < (yj —wi)q
and

(Tjr1 —zi)ga < (j+ 1 —i)p.
Because of the interlacing of X and Y we must have y; —y; +1 < y; — z; <
Zj41 — x; — 1, and hence
G—ip+q<(yj—yi+1g<(y; —wi)g < (zjp1 —2i—1)g<(G—i)p+p—q

whence ¢ < (j —i)q < p— g, modulo p, as desired. (When j = g we actually have
to make a small modification, which we leave to the reader.)
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In case i > j, we derive z;—x;41+1 < 2;—y; < y;—y;—1 from the interleaving
of X and Y, and using the reversed inequalities (i — j — 1)p < (z; — xj4+1)¢ and
(yi — yj)q < (¢ — j)p from above, we derive

(i—j=Dp+a< (@i—zj41+1)qg < (i—y;)g < (yi—y;—1)g < (i—j—1)p+p—q,
implying ¢ < (i — j)¢ < p — ¢ modulo p. O
Corollary 6.34 For all graphs G, we have x;(G) = x.(G). O

6.3 T-colourings

In Section 1.8 we discussed a frequency (or channel) assignment problem. In
its simplest form, the problem may be modelled as follows. Let T be a fixed
finite set T" of nonnegative integers including 0. A T-colouring of a graph G is
an assignment f of nonnegative integers to the vertices of G such that |f(u) —
f(u)] € T for all edges uu' of G.

The graph G corresponds to possible interference among transmitters, f as-
signs frequencies to transmitters, and T consists of disallowed distances between
frequencies assigned to transmitters that could interfere. The set T is character-
istic of particular frequency assignment problems; for instance the assignment
problem for UHF television used to need sets such as T'= {0,7, 14,15} [244].

Given the small spectrum of available frequencies, the typical frequency as-
signment problem asks for the smallest span of an assignment. The span of f is
the difference between the maximum and minimum values of f(u) over u € V(G).
The span of G, denoted by spr(G), is the minimum span of a T-colouring of G.
(Minimizing the span is not the only possible objective; see Exercise 6.) When
computing the span of G, we may assume that the minimum value is f(u) = 0;
hence the span of G is the smallest maximum value of f(u),u € V(G), over all
T-colourings of G.

We now observe that T-colourings are once again homomorphisms to a special
family of graphs. Let G(T') be the infinite graph with the vertex set 0,1,2,-- -,
in which vertices i and j are adjacent just if |i — j| € T. Then a T-colouring
of G is precisely a homomorphism of G to G(T'). Since T contains 0, the graph
G(T') has no loops; since T is finite, G(T') contains cliques of arbitrary size, and,
in particular, every G is homomorphic to G(T'). Denote by Gp,(T) the subgraph
of G(T) induced on the vertices 0,1,2,---,p — 1. We have proved the following
fact.

Proposition 6.35 For any set T,

spr(G) =p—1,
where p is the smallest integer such that G — Gp(T). O
Corollary 6.36 For any set T, if G — H then spr(G) < spr(H). O

Thus, homomorphically equivalent graphs have the same span, and, in par-
ticular, we may restrict our attention to cores.
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Corollary 6.37 If C is the core of G, then spr(G) = spr(C). O

For graphs whose cores are cliques, this reduces the problem to computing
spans of cliques (see also Exercise 3). If T satisfies an additional property, this
is so even for graphs whose cores are not cliques.

Proposition 6.38 Suppose T is a set such that each Gp(T) is homomorphically
equivalent to a clique.
Then
spr(G) = spr(Kyq))
for all graphs G.

Proof We have spr(G) < spr(Ky(q)) since G — K, (). On the other hand,
if G — G,(T') and Gp(T') is homomorphically equivalent to K, then G — K.,
whence x(G) < w. Therefore, K, (g) — K, and hence K, ) — G,(T). O

Unfortunately, even computing the span of cliques turns out to be a difficult
problem. However, we have the following asymptotic result.

Theorem 6.39 For ecach set T there exists a rational number rr such that

lim L)T(Kn) =rr.
n—oo n
More precisely, r will turn out to be the fractional chromatic number of the

complement of the graph G(T). For simplicity, let us denote the complement of
G(T) by H(T), i.e., the vertices of H(T) are nonnegative integers, and ij is an
edge of H(T) just if ¢ # j and |i — j| € T. We will show that ro = xs(H(T))
satisfies the assertion in Theorem 6.39. (The definition of the fractional chromatic
number applies without difficulty to infinite graphs.)

Proof Let s, = spr(K,) and m = max(T"). We focus on the ratio s,/n. For
each n, there exists a T-colouring f,, of K, such that f,(1)=0< f,(2) <--- <
fn(n) = s,. We now define an n-tuple colouring of H(T). To each vertex j of
H(T), we assign the n-tuple consisting of the integers

j_fn(n)<j_fn(n_1)<"'<j_fn(2)<j_fn(1):ja

with all differences reduced modulo s, +m+1. We claim that adjacent vertices of
H(T) will obtain disjoint sets of colours. Indeed, let j and j’ be adjacent vertices
of H(T),say,j <j and j'—j € T.If j— f,(¢) ~ j'— fn(¢') modulo s, +m+1 for
some i,4’, then f,, (i) — fn(?) = 7'— 7 modulo s,, +m+1. Since 0 < j'—j < m and
—8n < fu(i') = fn(i) < sn, we must have f,,(i')— fn(i) = j'—j € T, contradicting
the definition of f,,. Therefore,

for any integer n.
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On the other hand, consider the subgraph H,, of H(T) induced by the vertices
0,1,2,---,5sp. It follows from the definition of f,, that the set f,(1), fn(2),- -,
fn(n) is a maximum independent set in H,,. Therefore,

X)) 2 Xy () 2 50+

the last inequality being a consequence of Corollary 6.24.
In conclusion, we have, for any n,
_m +1 < Sn

() = 22 < 2 () -

Since both the upper and lower bound have the limit x s (H(T'), we have
limp o0 spr(Kn)/n = x5 (H(T)). =

Corollary 6.40 For every set T,

Jim PP )
O

Corollary 6.41 Suppose T consists of integers without a common divisor greater
than one. Then rp = 2 if and only if all nonzero members of T are odd. O

6.4 Oriented and acyclic colourings

In this section we shall consider oriented graphs, i.e., digraphs without opposite
arcs. Recall that if the graph G is the underlying graph of the oriented graph
G’, then G’ is called an orientation of G.

For oriented graphs there is a natural analogue of the usual chromatic num-
ber. The chromatic number of a graph G can be viewed as the smallest number
of vertices in a graph H such that G — H. Indeed, such a graph H must be
complete, else we could find a smaller graph H' with H — H’ and hence G — H’
(H' obtained from H by identifying any pair of nonadjacent vertices). If we apply
a similar definition to oriented graphs, we arrive at the concept of the oriented
chromatic number x,(G) of an oriented graph G: x,(G) is the minimum number
of vertices in an oriented graph H with G — H. Note that it is no longer true
that H must have all pairs of vertices adjacent - the trick of identifying a pair of
nonadjacent vertices may fail because such an identification could produce oppo-
site arcs. For instance, the oriented chromatic number of a directed four-cycle is
four, since any two nonadjacent vertices are joined by a directed path of length
two and hence cannot be identified. For the same reason, the oriented chromatic
number of a directed five-cycle is five. On the other hand, x,(Cs) = 3.

The ‘partition view’ of oriented colourings is particularly useful. An oriented
k-colouring of an oriented graph G is a partition of V(G) into k independent sets
S1,82,- -+, Sk such that any two sets S; and S; have all arcs between them (if
any) oriented in the same direction, i.e., either all from S; to S; or all from S;
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to S;. Then the oriented chromatic number of G, x,(G) is the minimum integer
k such that G admits an oriented k-colouring.

An oriented k-colouring of G may equivalently be viewed as a function f
on the vertices of G such that adjacent vertices obtain different colours, and
there do not exist two different arcs zy, 2zt € E(G) such that f(z) = f(¢) and
fly) = f(2).

We can extend the definition to graphs G. The oriented chromatic number of
a graph G, also denoted by x,(G), is the maximum x,(G’) over all orientations
G’ of G. Thererfore, the oriented chromatic number of a graph G is the oriented
chromatic number of a ‘worst’ orientation of G.

Consider a graph with n vertices, m edges, and oriented chromatic number
at most k. There are 2™ different orientations of the graph, and each partition
of the vertices into k classes can be an oriented k-colouring for at most 2(5) of
these orientations. Since there are at most k™ such partitions, we must have the
inequality

om < 9(3) . g,

The following example is instructive. In Fig. 6.7 we depict a graph obtained
from K,, by subdividing each edge. Its chromatic number is two, yet its oriented
chromatic number is at least n, since we can orient it so that any pair of the
original vertices is joined by a directed path of length two and hence must obtain
a different colour.

F1G. 6.7. A bipartite graph with oriented chromatic number greater than four.

Proposition 6.42 If G is a tree, then x,(G) < 3.

Proof Every oriented tree admits a homomorphism to Cs (the directed three-
cycle). We can arbitrarily choose the image of one vertex of the tree, and then all
other images are determined recursively from the definition of a homomorphism.
Specifically, suppose the vertex v is mapped to i. If vw is an arc of the tree G,
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then w will be mapped to ¢ + 1 (modulo 3); and if wv is an arc of G, then u will
be mapped to i — 1 (modulo 3). O

Note that the same proof shows that every oriented tree admits a homomor-
phism to the directed four-cycle Cy. Moreover, an oriented tree which is coloured
by two colours (so that adjacent vertices have different colours) admits a homo-
morphism to Cy in which vertices of one colour are mapped to 0,2 and vertices
of the other colour to 1,3. (Recall that Cy has vertices 0,1, 2, 3.)

It is in general not true that the oriented chromatic number of G is at most
the greatest oriented chromatic number of its components. For instance, if A is
the directed three-cycle and B the transitive triple (Fig. 6.8), then each have
oriented chromatic number three but their disjoint union has oriented chromatic
number four. On the other hand, it follows from the above proposition, and the
remarks following it, that any oriented forest has on oriented three-colouring,
and any oriented two-coloured forest has a homomorphism to Cy in which all
vertices of one colour have even images and all vertices of the other colour have
odd images.

A B
F1c. 6.8. A digraph of oriented chromatic number four.

There is an interesting connection between oriented colourings and another
variant of colouring. An acyclic k-colouring of a graph G is a k-colouring of GG in
the usual sense, in which every cycle uses at least three colours. (In other words,
a colouring of GG is an acyclic colouring just if all the bicoloured sets of vertices
are forests.) The acyclic chromatic number, xq(G), of a graph G is the minimum
integer k such that G admits an acyclic k-colouring.

In analogy with the Four Colour Theorem, it has been proved [37] that every
planar graph admits an acyclic five-colouring. The proof is not as difficult as the
proof of the four-colour theorem (and is done without the aid of a computer),
but it is difficult—and uses an ‘unavoidable set’ of some 450 ‘reducible’ config-
urations. It is also known that this is best possible, i.e., there are graphs which
cannot be acyclically four-coloured.

Theorem 6.43 If G admits an acyclic k-colouring, then x,(G) < k2F~1.

Corollary 6.44 Every oriented planar graph admits an oriented 80-colouring.
O
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Corollary 6.45 Graphs with bounded degree, or trecwidth, or genus, have bounded
oriented chromatic number.

Proof 1t is known that graphs of bounded degree, or treewidth, or genus, have
bounded acyclic chromatic numbers [69, 206]. O

We now proceed with the proof of the theorem. Let ¢ be an acyclic k-colouring
of G. Consider any two colours i and j, say i < j. The set of vertices v of G with
c(v) =i or c(v) = j induces a forest in G, which we shall denote by F; ;. Each
orientation G’ of G yields a corresponding orientation Fj ; of Fj ;. Note that the
vertices of Fz' ; are coloured by ¢ with the two colours 7 and j, so that adjacent
vertices have different colours. As observed above, there is a homomorphism
Cij: Fz’] — C}y such that all vertices v with ¢(v) = ¢ map to even vertices of Cy
and all vertices v with ¢(v) = j to odd vertices of Cy.

We now define a mapping on the vertices of G’. Each vertex v of G’ belongs

to k — 1 bicoloured forests. Suppose ¢(v) = I; then v lies in the oriented forests
Fl/,lv FQI,lv T 7F1llfl,la F‘l/,lJrlv T 7El,k'
We define

f) = (ei(v), ca(v), s a-1,(v), car1(v), - e r(v)).

The number of possible values f can take is k - 2°~1, since there are k possible
values of [, and for each of them every other component of f(v) has only one of
two possible values (those for ¢;; are 0,2 and those for ¢ ;,1,3).

We claim that f is an oriented colouring of G’. Indeed, it is clear that the
colours of adjacent vertices are distinct, since they have different colours under
the colouring c. Thus it remains to verify that the homomorphic image f(G’) is
an oriented graph, i.e, that there do not exist arcs zy, 2t € E(G’) with f(z) =
f(#), f(y) = f(2). Otherwise, assume zy, zt are such arcs. Then c¢(x) = ¢(t) and
c(y) = ¢(z). Without loss of generality assume that c(z) = ¢(t) =i < j =
c(y) = c(z). Then =,y, z,t are all vertices of I} ;, and ¢; ; is a homomorphism
of F}; to Cy. This is impossible as it would imply that both ¢; j(z)c; ;(y) and
i j(2)ci;(t) = cij(y)ei;(x) are arcs of the oriented graph Cy. O

On the other hand, it is known that there exist oriented planar graphs with
oriented chromatic number at least 16 [317]. The construction is quite involved,
so we present instead, in Fig. 6.9, an oriented graph of chromatic number 15. It is
easy to check that it has, between any two nonadjacent vertices, a directed path
of length two. Hence it does not have a homomorphism to a smaller oriented
graph—its oriented chromatic number is equal to its number of vertices, i.e., 15.

Theorem 6.46 Fvery oriented outerplanar graph admits an oriented seven-
colouring.

Proof We shall show that every oriented outerplanar graph admits a homo-
morphism to the quadratic residue tournament T' on 7 vertices, depicted in Fig.
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Fia. 6.9. A planar graph of oriented chromatic number 15.

6.10. (The vertices are 0,1,2,3,4, 5,6, and the arcs are 7j such that j — ¢ is con-
gruent to 1,2, or 4 modulo 7—the quadratic residues modulo seven.) Otherwise,
suppose that G is the minimum counterexample, an oriented outerplanar graph
which does not admit a homomorphism to 7" and with the smallest number of
vertices. We may assume that G is maximal outerplanar. Thus G contains a
vertex x adjacent to precisely two other vertices y, z. Let G’ denote the oriented
graph obtained from G by removing x and adding yz if yz, zy € E(G). Then G’
is also outerplanar and hence has a homomorphism to T". The images of y, z are
two distinct vertices of T'. It is a nice property of T' that for any two distinct ver-
tices and any choice of directions there is a vertex joined to the chosen vertices
in the chosen directions. Hence the homomorphism of G’ to T' can be extended
to G. O

4 3
Fi1a. 6.10. The quadratic residue tournament 7' on seven vertices.

Figure 6.11 shows an oriented outerplanar graph G which has x,(G) = 7.
(Note how the planar graph in Fig. 6.9 is constructed from two copies of this G.)

It is a suprising fact, that the oriented and acyclic chromatic numbers are
very closely related. Not only is the oriented chromatic number bounded by a
function of the acyclic chromatic number, but also conversely, the acyclic chro-
matic number is bounded in terms of the oriented chromatic number.

We first give a bound in terms of the oriented chromatic number, assuming
the edges of the graph can be covered by a bounded number of trees.
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Fic. 6.11. An outerplanar digraph with oriented chromatic number seven.

Proposition 6.47 Let G be a graph. Suppose xo,(G) < k, and E(G) can be
partitioned into q forests. Then xo(G) < k971,

Proof Assume T1,T5,---,T, are forests whose edge sets partition E(G). Let
Gy be an arbitrary orientation of G, and let G; be obtained from Gq by re-
versing all the arcs in T;, i = 1,2,---,q. Let f; be an oriented k-colouring of
G;. We can now define an acyclic colouring of G by giving each = the colour
(folz), fi(z), -+, fq(x)). It is clear that adjacent vertices of G obtain different
colours, as each f; gives them different images. Assume that there is a cycle C
in G whose vertices are alternatingly coloured by two colours, say

(ap,a1,--- ,aq) and (b, b1,- - ,by).

Since fy is an oriented colouring of Gy, all edges between vertices of Gg coloured
aop and those coloured by go in the same direction, thus C' is oriented in Gg
without a directed path of length two. The same argument applies for each G;—
however, this cannot be true as there is a forest T; that contains (and hence
reverses) some, but not all, arcs of C. O

It is a fundamental result of Nash-Williams [254] that the minimum number
of forests to cover the edges of a graph G is equal to the maximum of

i)

over all subgraphs H of G.

Theorem 6.48 Any graph G with x,(G) = k can have its edges covered by at
most [logk + k/2] forests.

(The logarithms are base two.)

Proof Let H be a subgraph of G with n vertices and m edges. If n < k, then
m/(n —1) < n/2 < k/2. Thus assume that n > k. Since xo(H) < x0(G) < k,

k

we can apply the inequality 2(2>k” > 2™ proved just prior to Proposition 6.42,
showing that logk > m/n — (%) /n. Hence we have
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>

Therefore m/(n — 1) <logk + k/2. O
Corollary 6.49 If G admits an oriented k-colouring, then

Xa(G) < k1+[k/2+log k]

d

We know this bound is not optimal—in fact we have ignored some obvious
ways of significantly improving the bound. At this point we just note that y, is
bounded by a function of x,.

6.5 Remarks

In writing Section 6.1 we have benefited from an early version of X. Zhu’s com-
prehensive survey [352]. We have tried to offer a different perspective from the
published version, which is widely read. The circular chromatic number was
introduced by A. Vince in [332] (and called the star chromatic number). The
more combinatorial view taken here was pioneered in [35]. Theorem 6.12 is due
to X. Zhu [345], and it marked the beginning of the real appreciation of this
concept, now generally believed to be an important extension of the chromatic
number. A wealth of generalizations of classical results about ordinary colour-
ings have been extended to circular colourings, including, say, Corollary 3.13:
for each rational number v > 2 and any integer £ > 3 there exists a graph G
of girth at least £ and circular chromatic number r [282,346], see also [283].
Theorem 6.13 is due to L. Goddyn, M. Tarsi, and C. Q. Zhang [121]; Corollary
6.15 is due to G. J. Minty [246]. Theorem 6.17 and the application in maximum
concurrency are due to [28], which also contains a proof of Corollary 6.34. A
more combinatorial proof is given in [29]; Theorem 6.33 and its use for Corollary
6.34 is due to X. Zhu. Fractional colourings were introduced by D. Geller and
S. Stahl [118,319], who proved the basic results in Proposition 6.26, and Kneser
graphs arose from [201]. M. Kneser also conjectured Theorem 6.29, first proved
by L. Lovdsz [226]. The proof given here is adapted from V. L. Dolnikov [79];
see [235]. These techniques have been further developed in [14]. Conjecture 6.32
has been formulated independently (in equivalent ways) by several people, start-
ing as early as [320]. Progress has been made [65,117]; we refer to [122] for a
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summary. The best results to date seem to be due to Y. Kirsch and M. Perles; in
an unpublished work they have verified the conjecture for all £ < 3. The integer
programming formulation of the fractional chromatic number, Theorem 6.22, is
from [65], where it is also attributed independently to E. N. Gilbert; a game-
theoretic formulation from [67] is given in Exercise 22. For a general overview
of fractional colourings, cliques, and so on, we recommend [314]. The interest
in T-colourings arose from applications in frequency assignments [137,301]; the
connection to graph homomorphisms was first made in [221], which also con-
tains Proposition 6.38; see also [127,220] and papers cited there. Theorem 6.39
was first proved in [299]. Acyclic colourings were investigated in the sixties by
B. Griinbaum [131] and others [37]. Oriented colourings arose in connection with
B. Courcelle’s study of monadic second order logic in graphs [69]. Theorem 6.43
is from [300], Theorem 6.48 and Corollary 6.49 are from [206].

Exercise 5 is from [209]; the study of (2,1)-colourings is motivated by fre-
quency assignment problems [88]. Exercise 16 is based on [117], where it is shown
that, more generally, if P # N P then there can be no approximation algorithm
for the chromatic number that guarantees to colour an n-chromatic graph with
at most gn + d colours, for any ¢ < 2. Exercise 20 is from [134,348]. It is not
known whether the parameter I(G) is always a rational number. Exercise 24 is
from [177]; the question of gaps amongst the possible circular chromatic numbers
of series-parallel graphs, and other families of graphs given by forbidden minors,
are discussed in [288,219,351].

6.6 Exercises

1. Prove that xx1¢(G) < xx(G) + x¢(G), for any graph G and integers k, /.
Deduce that x¢(G) = limg—oo xx(G)/k.

2. Prove that if the complement of G is disconnected, then x.(G) = x(G).

3. Let G be a graph with maximum clique size w and chromatic number Y.
Show that for any T we have spr(K,) < spr(G) < spr(Ky).

4. Prove that spr(Kpmin) > spr(Km) + spr(K,) with the inequality being
strict unless m or n is 0. Deduce that lim s, /n exists.

5. A homomorphism f of a graph G to a graph H is locally injective if distinct
neighbours of any vertex x are mapped to distinct neighbours of f(z). A
mapping [ : V(G) — V(H) is a (2,1)-H-colouring if adjacent vertices of
G are mapped to vertices of H of distance at least two, and vertices of G
of distance two still map to different vertices of H.

Prove that f : G — H is a (2,1)-H-colouring if and only if f is a locally
injective homomorphism of G to the complement of H.

6. Prove that for T = {0} we have spr(G) = x(G) — 1.

Prove that for any T', and all graphs GG, the minimum number of distinct
values f(u),u € V(G), over all T-colourings f of G, is equal to x(G).

Show that for G = C5 and T = {0,1,4,5} there is no T-colouring f that
simultaneously minimizes the span of f and the number of distinct values

fu),u e V(G).
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10.
11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

COLOURING

. Prove the converse of Proposition 6.38.
. Assume T = {0,1,2,---,7} U S where S contains no multiples of r + 1.

Show that G(T") is homomorphically equivalent to a clique and compute
spr(H), for any graph H.

. One can consider k-tuple T-colourings, assigning a k-tuple of nonnegative

integers to each vertex, with all differences between integers assigned to
adjacent vertices being outside of T. The span of a k-tuple T-colouring
is the difference between the largest and smallest integers used in any of
the k-tuples. For T' = {0,1} show that a graph G with x(G) = 3 has
sp%(G) = 6 if and only if G — Cs.

Let T consists of 0,a, and b, where ged(a,b) = 1 and a,b have different
parity. Prove that rp = 2(a + b)/a + b — 1. (Hint: Use Corollary 6.40.)
Prove that x¢(G) = x(G) if |V(G)| = x(G)a(G).

Prove that x(G) is the infimum of the set of rational numbers r such that
the vertices of G can be assigned to unit length open subintervals of (0, ),
so that adjacent vertices are assigned disjoint intervals.

Prove that K(n,k) — K(n',k’) with n/k = n’/k’ > 2 if and only if k
divides k'

Derive the No-Homomorphism Lemma, Corollary 1.23, from Proposition
6.21 and Corollary 6.24.

Recall the lexicographic product from Exercise 14 in Chapter 2: G[H]| has
the vertex set V(G) x V(H) and edges (u,v)(u',v") where uu’ € E(G), or
u=u"and v’ € E(H).

Prove that x(G[H]) = Xy(#m)(G)-

Prove that x3(K(7,3)) = 7 and x4(K(7,3)) = 10.

Deduce that no polynomial algorithm can guarantee to colour a 7-colourable
graph by at most 9 colours, unless P = N P.

Prove that x,(G) is unbounded for bipartite graphs, but that x,(G) <
f(max(x(H))), where the maximum is taken over all minors H of G.

Let U be the unit distance graph, in which the vertices are the points in the
plane and two vertices are adjacent just if they have distance one. Prove
that the chromatic number of U is 4,5, or 6.

[115] Prove that if x.(G) = x(G) then for any graph H we have x.(G[H]) =
Xe(G)x(H). (The lexicographic product G[H] is defined in Exercise 15
above.)

[134,348] Recall the independence ratio i(G) from Corollary 1.23 (the No-
Homomorphism Lemma).

Show that i(GOH) < min(i(G),i(H)).

Let G = @, G = GoOG¥*—1 for k > 1, and let I(G) = limi(G¥) as k
goes to infinity.

Show that I(G) = i(G) if GOG — G.

Show that G — H implies that I(H) < I(G).

Show that 1/I(G) lies between x;(G) and x.(G).
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22.

23.

24.
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[329] Prove that K (n,k) and K* are homomorphically equivalent.

[67] Prove that x;(G) = 1/v where v is the value of the following two-
person zero-sum game on G. Player A chooses an independent set I while
player B chooses a vertex x. The payoff to player B is 1 if x € I, and 0
otherwise.

[43] The k-th power of a directed path P, has vertices 0,1, , k (like ﬁk),
and arcs ¢j such that 0 < 7 —1¢ < k.

Prove that the minimum power of a directed path to which a given digraph
G is homomorphic is equal to the maximum imbalance (ratio of forward
and backward arcs) in any cycle of G. Deduce the second statement in
Proposition 1.13.

[177] Prove that a series-parallel graph G has x.(G) < 8/3 if it has no
triangle, but y.(K3) = 3. (Series-parallel graphs are defined in Exercise 7
in Chapter 4.)
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